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ABSTRACT:

In the present paper, we study the geometry of totally contact umbilical radical transversal lightlike submanifolds and
totally contact umbilical CR -submanifold of an indefinite Sasaki-like almost contact manifold with B -metric. We
investigate the necessary and sufficient condition for the characterization of the induced connection to be a metric
connection. Finally, we have proved that for a totally contact umbilical CR -submanifold, totally contact umbilical radical
transversal lightlike submanifold is a totally geodesic radical transversal lightlike submanifold.
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1. INTRODUCTION

Yano and Kon[12] introduced the geometry of contact CR submanifolds of a Sasakian manifold (odd dimensional

manifold). Further, Matsumoto[8] studied totally umbilical submanifolds of contact CR submanifolds. Since contact
geometry has its wider applications in the theory of differential equations, optics and phase spaces of a dynamical system,
therefore it becomes an impotant topic of discussion. Ganchev et al. [7] initiated the study of odd dimensional manifolds

known as an almost contact manifolds with B -metric which serves as a natural analogue of the geometry of the almost
complex manifolds with Norden metric.

The lightlike submanifolds were introduced and studied by Duggal and Bejancu[4]. Recently, Yildirim and Sahin[11]
introduce the notion of radical transversal lightlike submanifolds of an indefinite Sasakian manifold and obtained many
interesting results. Nakova[10], clubbed together the geometry of CR -submanifolds and lightlike submanifolds of almost
complex manifold with Norden metric. This motivated us to club these geometries in odd dimensional case.

The growing importance of lightlike submanifolds in mathematical physics, especially in relativity, motivated us to study
radical transversal lightlike submanifolds extensively. Here, we introduce and study totally contact umbilical radical
transversal lightlike submanifolds of Sasaki-like almost contact manifolds with B -metric.

The paper is arranged as follows. In section 2, we recall some definitions for almost contact manifolds with B -metric and
give basic information on the lightlike geometry required for this paper. Section 3 is devoted to the study of the geometry

of totally contact umbilical radical transversal lightlike submanifolds and totally contact CR -submanifolds. In section 4, we
give geometric conditions for the induced connection to become a metric connection and further proved that for a totally

contact umbilical CR -submanifold, the totally contact umbilical radical transversal lightlike submanifold becomes totally
geodesic submanifold.

2. PRELIMINARIES
2.1 Almost Contact Manifolds with B -metric

Let (M?™™,0,£,77) be an almost contact manifold with B -metric @ , i.e. an almost contact structure (,,77)

consisting of a tensor field ¢ of type (1,1) a vector field £ and a 1-form 77 on M satisfying the following algebraic
conditions :

P*(X)==X+n(X)¢, n()=1, ¢{=0, s =0. (2.1.1)
An almost contact manifold (M, ®, é’, 77) admits a semi-Riemannian metric § such that[7]
g(eX, oY) ==g(X,Y)+en(X)n(Y), &=41, (2.1.2)

for arbitrary vector fields X and Y on I\W
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The associated metric (j of § on M is defined by

a(X,Y)=g@X.Y)+n(X)n(Y), (2.1.3)

for arbitrary vector fields X and Y on M and 6 is also a B - metric on M . The manifold (M, @, <, 7, a) is also

called an almost contact manifold with B -metric. Both the metrics § and (j are indefinite of signature (N+1,nN).

The following corollaries are valid for an almost contact manifold with B -metric :

n(X)=g9(X,q), 9(@X,Y)=g(X,eY). (2.1.4)

Let V and V denote the Levi-Civita connection for the metric g and 6 respectively. The tensor field F of type
(0,3) on M is defined as

F(X,Y,2)=g((Vx9)Y.2)
and the following general properties holds[7] :

F(X,Y,Z2)=F(X,Z,Y)=F(X,oY,pZ) = F(X,Y,Z2)+n(Y)F(X,{,Z2)+n(Z)F(X,Y,J),
(2.1.5)

forany X,Y,Z eT(TM). The relations of F with V¢ and V7 are given by :

(Vi)Y =9(Vi & Y)=F(X,9Y, &), n(Vy$)=0, o(Vyp)g =V, (2.1.6)
Let {&,,¢3}, (1=1,2,.....,2n) be abasis of T,M and (g") be the inverse matrix of g; then for X € (T, M),
the following 1-forms are associated with F :
0(X)=g"F(e.e,, X), 0 (X)=g"F(e. ¢, X), o(X)=F( ¢ X), 2.1.7)
Using above equation, we have
o()=0 6 (¢pX)=-0(p°X) - (X).

An almost contact structure (¢, £, 77) is said to be normal if and only if Nijenhuis tensor denoted by N vanishes[3] and

the manifold (M, ¢, <, 77, Q) is called normal almost contact manifold. The Nijenhuis tensor N of the almost contact
structure is defined by

N =[p,@]+dn®, (2.1.8)
N(X,Y) =@’ [X,Y]+[eX, Y 1-p[oX Y]- o[ X, oY ]+dn® .

In [7] Ganchev et al. defined eleven basic classes F (i =1,2,....11) of almost contact manifolds with B -metric and

gave a classification of almost contact manifolds with B -metric with respect to tensor F . The special class F0 defined
by the condition F(X,Y,Z) =0 belongs to each of the basic classes. So, throughout this paper, we will consider the

class F.

Definition 2.1.[9] An almost contact manifold (I\W,(p,g,n,g) with B - metric is known as Sasaki-like if the

structure tensors (0,4’,77, g satisfy the following equalities

F(X,Y,Z)=F(.,Y,Z)=F(,¢,2) =0, (2.1.9)

F(X,Y,$) =—g(X,Y). (2.1.10)

Also, the covariant derivative 6(0 satisfy the following equality
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(V@)Y ==g(X,Y)& =n(Y)X +2n(X)n(Y)S (2.1.11)

In this paper, we call these manifolds as indefinite Sasaki-like almost contact manifold with B -metric.

2.2 Lightlike Submanifolds Of Semi-Riemannian Manifolds

In this section we recall some basic notations and fundamental equations for lightlike submanifolds of semi-Riemannain
manifolds. An M -dimensional submanifold (M, Q) immersed in a real (M+ N)-dimensional semi-Riemannian

manifold (M, §) of constant index g suchthat m,n>1, 1<g<m+n-1and § be the induced metric of 6 on
M . Then M is called a lightlike submanifold of M if 6 is degenerate metric on the tangent bundle TM of M . For
a degenerate metric g on M, TM™ is a degenerate N -dimensional subspace of TXI\W. Thus both TXM and

Txl\/l L are no longer complementary but degenerate orthogonal subspaces of ™ . So, there exists a subspace called
radical or null subspace, that is,

Rad(TM)=TMNTM".
Further, if the mapping Rad (TM): x e M — RadT,M , defines a smooth distribution of rank I >0 on M then the

submanifold M is called an I -lightlike submanifold of M(for detail see [4]) and Rad (Tl\/l) is known as the radical

distribution on M and a semi-Riemannian complementary distribution S(TM) of Rad(TM) in TM s called Screen
distribution, that is,

TM = RadTM L S(TM), (2.2.1)

and S(TM™) is a complementary vector subbundle to RadTM in TM™. Let tr(TM) and Itr(TM) be

complementary (but not orthogonal) vector bundles to TM in TM' |y and to RadTM in S(TM*)" respectively.
Then, we have

tr(TM) = Itr (TM) L S(TM ™). (2.2.2)
TM |,, = TM @1r (TM) = (RadTM @ltr (TM)) L S(TM) L S(TM*). (2.2.3)
T™M = Rad (TM) L S(TM)

and S(TM™') is a complementary vector subbundie to Rad(TM) in TM*. Let tr(TM) and Itr(TM) be

complementary (but not orthogonal) vector bundles to TM in TM |y andto Rad(TM) in S(TM ™)™ respectively.
Then, we have

tr(TM) = Itr (TM) L S(TM ),
TM |, =TM ®tr(TM) = (Rad (TM) @ ltr (TM)) L S(TM) L S(TM ™).

We have studied the following possible four cases with respect to the dimension M and codimension N of M and rank

Ir of RadTM :
1. r-lightlike, if 0 <r <min(m,n);
2. coisotropic, if 1<r=n<m, S(TM™*) ={0};
3. isotropic,if 1< r=m<n, S(TM) ={0};
4. totally lightike, if 1< r=m=n, S(TM) ={0}=S(TM™").

Let U be a local coordinate neighborhood of M and consider the local quasi-orthonormal fields of frames of M along
M,on U as {&,....& W, ,.. W, N,,..,N,, X, ,..., X, }, where {&,..., &}, {N,,..., N, } are local lightlike
bases of I'(RadTM |,), T'(ltr(TM)|,) and {W,,,... W }{X,;,...., X, } are local orthonormal bases of
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C(S(TM™)|,) and T(S(TM)],), respectively. For this quasi-orthonormal fields of frames, we have the following
theorem :

Theorem 2.1.q4)) Let (M,g,S(TM),S(TM™)) be an T -lightlike submanifold of a semi-Riemannian manifold
(M, @) . Then there exists a complementary vector bundle Itr (TM) of Rad(TM) in S(TM*)" and a basis of

[(Itr (TM)|,) consisting of smooth section {N,} of S(TM*)" |, where U is a coordinate neighborhood of M ,
such that

g(N,,&)=90,, G9(N,,N,)=0, forany abe{l2,..,r},
where {&,,..., &, } is a lightlike basis of ['(Rad (TM)).

Let § denote the Levi-Civita connection on M , then using the decomposition (2.2.3), the Gauss and
Weingarten formulae are given as :

V.Y =V,Y +h(X,Y), V,U=-AX+ViU, (2.2.4)

for any X,Y e['(TM) and U €I"(tr(TM)), where {§XY,AJX} and {h(X,Y),VLU} belong to T(TM)
and I'(tr(TM)), respectively. Here V is a torsion-free linear connection on M , h is a symmetric bilinear form on

F(I'M) which is called second fundamental form, AJ is a linear a operator on M and known as shape operator.

According to (2.2.2), considering the projection morphisms L and S of tr(TM) on Itr(TM) and
S(TM™), respectively, then (2.2.4) becomes

VY =V, Y +h'(X,Y)+h*(X,Y), V,U=-AX+D\U+D:U, (2.2.5)
where we put
h'(X,Y) = L(h(X,Y)), h*(X,Y)=S(h(X,Y)),
D\U =L(ViU), DU =S(VyU).

As h' and h® are T(Itr (TM)) -valued and T'(S(TM™)) -valued respectively, therefore these are known as the

lightlike second fundamental form and the screen second fundamental form on M . In particular,
V,N=-AX+V N+D*(X,N), V,W=-A,X+VW+D'(X,W), (2.2.6)

where X e '(TM), N eI'(Itr (TM)) and W e I'(S(TM ™)) . Using (2.2.5)-( 2.2.6), we obtain

g(h*(X,Y),W)+g(Y,D'(X,W)) = (A X,Y), (22.7)
g(h' (X,Y),&)+a(Y,h' (X,£)+d(Y, V&) =0, (22.8)
9(A,X,N) =g(D*(X,N),W), (2.2.9)
g(AX,PY)=g(N,V,PY), (2.2.10)

where P is the projection morphism of TM on S(TM), for any X,Y eI'(TM), &el'(RadTM) and

W eT'(S(TM™)). Using (2.2.1), we can induce some new geometric objects on the screen distribution S(TM) on
M as

VPY =V, PY +h"(X,PY), V,&=-AX+V})¢E, (2.2.11)

for any X,Y €e['(TM) and &eIl'(RadTM), where ﬁ;PY,A;X} and {h"(X,Y),Vx&} belong to
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I['(S(TM)) and T'(RadTM), respectively. V' and V' are linear connections on complementary distributions
S(TM) and RadTM , respectively. h™ and A" are I'(RadTM) -valued and I"(S(TM)) -valued bilinear forms and

h” is called the second fundamental form of screen distribution S(TM ) . Using (2.2.5) and (2.2.11), we obtain
g(h'(X,PY),&)=g(AX,PY) and g(h'(X,PY),N)=g(A,X,PY),
forany X,Y eI['(TM), £ eT'(RadTM) and N e I'(ltr (TM)).

It is well known that for non degenerate submanifolds, the induced connection V is a metric connection. But this

is not true incase of lightlike submanifolds(degenerate submanifolds). Indeed, considering V a metric connection, we
have

(V9)(Y,Z)=g(h'(X,Y), Z)+g(h'(X,2),Y),
forany X,Y,ZeI'(TM).

3.1 Radical Transversal Lightlike Submanifold Of An Sasaki-Like Almost Contact
Manifold With B -Metric

In this section, we recall the definition of radical transversal lightlike submanifold of an Sasaki-like almost contact manifold
with B -metric.

Definition 3.1.1 Let (M,d,S(TM),S(TM)") be a lightlike submanifold of a Sasaki-like almost contact
manifold with B -metric (I\W, 0,0, 5) . Then M is called radical transversal lightlike submanifold of M if

¢ (RadTM) = ltr (TM), (3.1.1)
@(S(TM)) = S(TM). 3.1.2)

Let (M, §) be a radical transversal lightlike submanifold of a Sasaki-like almost contact manifold with B -metric

(I\W,a, g, a) .Let P and S be the projection morphisms on radical distribution and screen distribution, respectively.
Then forany X € ['(TM), we have

X =SX +PX (3.1.3)
where SX € I'(S(TM)) and PX € '(RadTM). Applying ¢ to (3.1.3), we obtain
X =TX+0QX (3.1.4)

where TX and QX are the tangential and transversal components of @X , respectively.

Similarly,

oJ =tU + fU (3.1.5)
forany U e I'(tr (TM)) , where tU and fU denote the sections of I'(TM) and tr(TM) respectively.

Using the definition of Sasaki-like almost contact manifold with B -metric, the covariant derivatives of above tensor fields
are defined as:

(VXT)Y = Ag X+ (X,Y) = G(X,Y)S =n(Y)X +27(X)n(Y)S (3.16)
h'(X,TY)+ V!, QY —QV,Y =0 (3.L.7)
h*(X,TY)+D*(X,QY)—¢h*(X,Y)=0. (3.1.8)

In [11], Sahin investigated the integrability conditions for the screen distribution and radical distribution for a radical
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transversal lightlike submanifold of an indefinite Sasakian manifold. Here, we prove that the result also hold true for radical
transversal lightlike submanifold of an indefinite Sasaki-like almost contact manifold with B -metric.

Lemma 3.1.2 Let (M, Q) be a radical lightlike submanifold of a Sasaki-like almost contact manifold with B -metric
(M, o,n, ¢, 0, 6) . Then we have

1. the screen distribution S(TM) is integrable if and only if

h'(X,¢Y) =h'(Y,¢X)
forany X,Y e I'(S(TM))

2. the radical distribution Rad (TM) is integrable if and only if

AxY = Agr X
forany X,Y eI'(RadTM).

3.2 Contact CR-submanifold Of An Sasaki-Like Almost Contact Manifold With B -
Metric

Definition 3.2.1[13] A submanifold (M, @) of a (2n+1)-dimensional Sasaki-like almost contact manifold with
B -metric M with structure tensors (,£,n7) is called a contact CR -submanifold if there exists a differentiable

distribution D :X — D, < T,M and the complementary orthogonal distributon D" :X —>D; cT,M on M
which satisfies the following conditions:

- 4eb,
gD, cT,M foreach Xxe M,
- @D =T M ™ for each point Xe M .

The complementary orthogonal distribution of @D in TM ™ is denoted by 7 . Then the tangent bundle ™
of |\W has the following decomposition (for detail study on contact CR -submanifolds, see [12])
TM=TM LTM*=TM LgD* L z=D L D* LoD"* L 7.

The usual definition of totally umbilical submanifolds does not work for submanifolds of indefinite Sasaki-like almost
contact manifold with B -metric. Therefore, we need the following definition[13] :

Definition 3.2.2 Let (M,g) be a contact CR -submanifold of a Sasaki-ike almost contact manifold

(M, ®, 4’,77, g) with B -metric. Then M is called a totally contact umbilical manifold if the second fundamental form
of M s of this form

h(X,Y) =[9(X,Y) =n(X)n(Y)]a +n(X)h(Y, L) +n(Y)h(X, <) (3.2.1)

for any vector fields X,Y e (TM) and a e T(TM™). In particular, & =0, implies that (M, Q) is a totally

contact geodesic manifold. For contact CR -submanifold, we quote the following result[13]:

Lemma 3.2.3 Let (M, Q) be a totally contact umbilical CR -submanifold of a Sasaki-like almost contact manifold
(M, 9,£,n,9) with B -metric. Then (M, g) is totally contact geodesic in M if dim(D*) > 2.

4. MAIN RESULTS

The above definition also hold true for a lightlike submanifold (M, g) A lightlike submanifold of an indefinite Sasaki-like

almost contact manifold with B -metric is said to be totally umbilical if, for any X,Y € (M),
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h'(X,Y) =[G(X,Y)=n(X)n(Y )y +7(X)h'(Y,$) +n(Y)h'(X,$) (4.1

h*(X,Y) =[g(X.Y) =n(X)n(V)la, +n(X)h*(Y,O)+n(V)h*(X.8) @2
where o, € S(TM)" and ¢, € ltr (TM).

Theorem 4.1 Let (M, Q) be a totally contact umbilical radical transversal lightlike submanifold and (M, Q) be a

totally contact umbilical CR -submanifold of a Sasaki-like almost contact manifold with B -metric (I\W, (5,77, é’, g, 6) .
Then the holomorphic distribution D of totally contact umbilical CR -submanifold (M, g) is integrable if and only if the
screen distribution S(TM) of radical transversal lightlike submanifold (M, @) is integrable.

Proof. Let X,Y eT'(D) and N e '(¢(D)") then using (2.1.2), (2.1.3) and (2.2.4) , we have

g([X,YLeN) =g(X,YIN)
=g(h'(X,Y)=h'(Y,X),N)

where X,Y €I'(S(TM)) and N eI'(ltr(TM)). Further, using the definition of totally contact umbilical radical
transversal lightlike submanifold, we have

g(IX, YL eN) = (=g(X,Y)+g(Y, X)) (e, N) =0
and hence the above result follows.
Theorem 4.2 Let (M, @) be a totally contact umbilical radical transversal lightlike submanifold and (M, g) be a

totally contact umbilical CR -submanifold of a Sasaki-like almost contact manifold with B -metric (I\W, (5,77, é’, g, 6) .
Then, o, =0.

Proof. Forany X € ['(S(TM)—¢) and using (2.1.11) and (3.1.6), we have
g(X, X)& = =(VxoX +h'(X,X) +h*(X, X))
+(TV, X +QV, X +¢h' (X, X)+¢h* (X, X)).

Comparing the screen transversal parts of above equation, we get

h*(X,¢X) = ¢h*(X, X) (4.3)
further using the definition of totally contact umbilical radical transversal lightlike submanifold, we have
g(X, X)g(a,,@N)=0. (4.4)

then the non degeneracy of S(TM) and S(TM*) implies that ¢, = 0.

Theorem 4.3 Let (M, Q) be a totally contact umbilical radical transversal lightlike submanifold and (M, g) be a
totally contact umbilical CR -submanifold of a Sasaki-like almost contact manifold with B -metric (I\W, (5,77, g“, g, 6) .
Then o, =0.

Proof. Let (M, g) be a totally contact umbilical CR -submanifold and let X € ¢(7r) then using the definition

of Sasaki-like almost contact manifold with B -metric, we have
VX =V X+ (Vi) X
Taking the tangent components of above equation, we obtain

9(X, X)g = Ay X +oV, X +gh' (X, X)+¢h*(X, X) (4.5)
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forany Y e ['(D)
(Ax X +gh'(X, X),¢Y)=0.

using (2.1.3), we have
G(Ax X +¢h' (X, X),Y)=0.
from (2.2.7), we get
g(hs(X,Y),eX)+h'(X, X),pY) =0.
using (4.1)
g(X,X)q (e, ¢Y)=0.
the above equation holds true if and only if ¢, = 0.

Theorem 4.4 Let (M, Q) be a totally contact umbilical radical transversal lightlike submanifold and (M, Q) be a

totally contact umbilical CR -submanifold of a Sasaki-like almost contact manifold with B -metric (I\W, »,1n,¢,4, 6) )

then (M, (j) is a totally contact geodesic radical transversal lightlike submanifold.
Proof. Using Theorem 4.2 and Theorem 4.3, the result holds true.
Theorem 4.5 Let (M, Q) be a totally contact umbilical radical transversal lightlike submanifold and (M, g) be a

totally contact umbilical CR -submanifold of a Sasaki-like almost contact manifold with B -metric (I\W, »,n,¢,3, 6)

such that V& € T(TM) then the induced connection V' becomes a metric connection on (M, ).

Proof. Using Theorem 4.3, we have @, = 0. Since V, ¢ e ['(TM) implies h'(X,£) =0 therefore using definition of
totally contact umbilical submanifold, we obtain

h' =0, (4.6)
then using Theorem 2.2 in [[4], page159], the induced connection V becomes a metric connection on (M, @).
Theorem 4.6 Let (M, Q) be a totally contact umbilical radical transversal lightlike submanifold and (M, Q) be a
totally contact umbilical CR -submanifold of a Sasaki-like almost contact manifold with B -metric (I\W, »,n,¢,4, 6)

such that V& € T(TM) then (M, @) becomes a totally geodesic radical transversal lightlike submanifold.

Proof. Using Theorem 4.2, we have @, = 0. Since V¢ e [(TM) implies h*(X,£) =0 therefore using definition
of totally contact umbilical submanifold, we obtain

h® =0, 4.7)
Then using (4.6) and (4.7), the result follows.
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