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Abstract

In this paper we study the oscillation and asymptotic behavior of the third order neutral differential equation with “maxima” of
the form

(a(x@®) + pO)xE®))) )+ att) max X°(5) =0, 1,

where & is the quotient of odd positive integers. Some examples are given to illustrate the main results.
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Introduction

In this paper, we study the oscillation and asymptotic behavior of the third order neutral differential equation with “maxima” of
the form

(a)(x®) + p®)x(@))) )+at) max x°(5) =0, =1, )

where ¢ is the quotient of odd positive integers, subject to the following conditions:

(H1) a(t), p(t), q(t), z(t), and o(t) e C([t,,»));

(H2) a(t) >0, and J.twal%(t)dt =00;
0

(H3) 0< p(t) < p<1,q(t)>0 and q(t) is notidentically zero on any ray of (t) €[t,, ) forany t, >1,;
H4) T(t)<t,7z(t)=7,>0,007 =700 with o(z(t)) <t and limi_e7(t) = lim. o (t) = 0.

Set z(t) = x(t)+ p(t)x(z(t)) . By a solution of equation (1.1), we mean a continuous function
X(t) € C([T,,)), T, >1,, which has the properties z(t) € C*([T,, %)), a(t)(z"'(t))* € C*([T,, x)) and satisfies
equation (1.1) on |_TX,OO) . We consider only those solutions X(t) of equation (1.1) which satisfy
sup{| x(t) |:t=>T}>0 forall T >t,.We assume that equation (1.1) possesses such a solution. A solution of equation

(1.1) is called oscillatory if it has infinitely many zeros on |.Tx , oo) and called nonoscillatory otherwise.

In recent years there has been great attention denoted to the oscillatory and asymptotic behavior of third order neutral
differential equations without maxima, see [1, 7, 8, 9, 13, 14], and the references contained therein. However few results are
available on the oscillatory behavior of third order differential equation with “maxima”, see [2, 3, 4, 5, 6].

Motivated by these observations, in this paper, we present several sufficient conditions for the oscillatory behavior of
solutions of equation (1.1). The results obtained in this paper extend that of in [1, 8, 12, 13, 14] for the equation without
maxima.

In Section 2, we present preliminary lemmas which will be used to prove that main results. Section 3 deals with oscillation
results and in Section 4, we provide some examples to illustrate the main results.
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Preliminary Lemmas

In this section we present some useful lemmas, which will be used to prove the main results.

Lemma2.1 Let a,be[0,). Then

a”+b* > 231 (a+b)*, a>1, 2.1)
and
a”+b* >(a+bh)*,0<a<1. (2.2)

Proof. The proof can be found in [13].

Lemma 2.2 Let f and g eC([t,,©),R) and & € C([t,,), R) satisfies lim;_.,O(t) = and S(t) <t

for all t €[t,,00); further suppose that there exists h e C([t ;,),R") where t ; = minte[to,w){é'(t)}, such that
f(t) = g(t)h(o(t)) holds for all t €[t,,0). Suppose that |im_,. f(t) exists and lim_,..INfg(t) >—1. Then
limi_. Suph(t) >0 implies lim;_. f(t)>0.

Proof. The proof can be found in [6].

Lemma 2.3 Let X(t) be a positive solution of equation (1.1), then the corresponding function Z(t) satisfies one of
the following two cases:

() 2(t)>0,2/(t) >0,2"(t) > 0, (a(t)(z"(®))" )< O;
a 2(t)>0,2'(t) <0,2"(t) > 0, (a() (2" (1)) <O,
forall t>T ,where T is sufficiently large.

Proof. The proof can be found in [2], and hence omitted.

Lemma 2.4 Let X(t) be anegative solution of equation (1.1), then the corresponding function Z(t) satisfies one of
the following two cases:

() 2(t) <0,2/(t) <0,2"(t) <0, (a(t)(Z"(®)")> O;
( 2(t) <0,2'(t) > 0,2"(t) < 0, a()(2"(¥)")> 0,

forall t=T ,where T is sufficiently large.
The proof of Lemma 2.4 is analogous to that of Lemma 2.3.

Lemma 2.5 Thefunction X(t) is anegative solution of equation (1.1) if and only if — X(t) is a positive solution of the
equation

(2@ ®))+a®) min x*(5) =0. @3)

Proof. The assertion can be verified easily and hence omitted.

Lemma 2.6 Let X(t) be positive function defined for all t >1t,. Then

max X“(S)+ max X“(s) > max (x“(s)+x“ (z(s)) ) 2.4)
[o(t).t] [o(z(t))t] [o(t).t]

Proof. The proof can be found in [11].

Lemma2.7 Let X(t) be apositive solution of equation (1.1), and let the corresponding function Z(t) satisfy Case (1)
of Lemma 2.3. If
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J.:f(m L wQ(v)vaa dsdt = oo (2.5)
where
Q(t) = min{q(t), a(z(t))} (2.6)
then limi_. X(t) = limi. 2(t) = 0.

Proof. Let X(t) be a positive solution of equation (1.1). We may only prove the case when & 21, since the case when

0<a <1 is similar. From equation (1.1) and Case(ll) of Lemma 2.3, we obtain

‘ [o(z®)(Z" (=) T +q(t) max X*(s)+ pya(z(t)) max Xx“(s)<0.
7, [o(z(t).z(t)]

(@' @)7)+ p
which follows from (2.1) and (2.6), 0 o7 =700 and Lemma 2.6 that

Q)

a1 max 2°(s) <0. (27)

(a(t)(z"(t))a)+‘T’—3(a(r(t»(z"<r(t)»“)

Since Z(t) is positive and decreasing, we obtain

(a2 ) )+ p° (a(r(t»(z"(r(t») )+ Q()

Integrating the last inequality from t to oo, we obtain

“(o(s))ds.

A O + 2@ ) > [

Since 7(t) <t,and a(t)(z"(t))” is decreasing, we see that

a(t)(z"(1)" <a(z(1)(Z"(z(V)))".

Thus

a(r(O)(@" (z(1)" 2 ;j [[QE)z (o(s))ds.

2a1 14 Po.
Ty

Inview of Case(ll) of Lemma 2.3, we have |im;_.»Z(t) = L>0.Assume L>0,then z“(o(t)) > L". Then, we have

a
1

1 0 a
p“j (a(r(t»jt Q(S)ds] |

2‘”[1+0
Ty

Integrating the last inequality from t to o0, and then integrating the resulting inequality from '[l to oo, we obtain

)= L — 1
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1 1 = «
T—gz(f(tl))ZL - (1+ poj j j [m LQ(V)de duds

Ty

which contradicts (2.5). Thus limi_.Z(t) =0. Since [imi_. X(t) <limi. Z(t) implies limi_. X(t) =0 . This
completes the proof.

Lemma 2.8 Assume that z(t) satisfies Case (I) of Lemma 2.3 for t >1t,. Then

2'(t) > (@ 2" (1) )B.(t. ), 2.8)
and

2(t) > (@ (t)z"(t))ﬂ2 t,t) 2.9)
where f,(t,t,) = j W( )ds and f,(tt) = j [ a”"(u) —=duds.

Proof. The proof can be found in [13].
Oscillation Results

In this section, we present sufficient conditions for the oscillatory behavior of solutions of equation (1.1). Throughout this
section, without loss of generality we can deal only with the positive solution of equation (1.1) since the proof for the negative
case is similar.

Theorem 3.1 Let « >1. If condition (2.5) holds, and assume that there exists a positive hondecreasing differentiable
function p(t) for t=t, >t such that

jmsupf | 2096 L (p'(s»“*l[ 1w 1 H o
o 27 @) (o) \BEW 7% BEGLIE) |

(3.1)

then every solution of equation (1.1) is either oscillatory or tends to zero as t — 0.

Proof. Let X(t) be a positive solution of equation (1.1). Without loss of generality assume that X(t) >0, x(z(t)) >0,
and X(o(t)) >0 forall t >t >1t,. Then the corresponding function Z(t) satisfies Case (I) and Case (Il) of Lemma 2.3

forall t>1.

Case(l). From the proof of Lemma 2.7, we have (2.7). Since Z(t) is positive and increasing, we have from (2.7) that

(a(t)(z"(t»“)+2—3(a<r(t»(z"(r(t)»“)+Q(t)z“<t)so. (3.2)

Define

AW .,

W) = PO

(3.3)

Then W(t) >0, and

a)(z"()” | ()(a(t)(z”(t))) apt)a®)(z’®)” , 2(t)

WP () 2(0)
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p'(t) @M ("t)*) aBtt) i
S—p(t) w(t) + p(t) 2 0) ) w (). (3.4)
Similarly, define another function V by
_ ey &)@z (1)
v(t) = p(t) 2 (2(0) , t>t. (3.5)

Then v(t) >0, and

oy 2EOEEON” gy @EONETEON) ap®aOICEON” i1y

VI (t) = a a a+l
z2%(z(t)) z%(z(t)) 2% (z(t))
P o aBEl)t) o (azm®)@"(=(®))*)’
< ) v(t) Pz T'(t)v «(t)+ p(t) 2((0) . (3.6)

From (3.4) and (3.6), we obtain

. p(t)[a(t)(z"(t»“]+‘f[a(r(t»(z"(r(t»)a]

PO o BB

W)+ -2 V'(t) < . >
7 (1) p(t) P (t)
al S
+&{p )y - BEOL) e (t)} o
% | PO P (1)
where we have used (a(t)(z"(t))”*) is negative and z(t) is increasing. Since z(t) is increasing from (2.7) and (??),
we obtain
a ! +£
W'(t) + p_OVr(t) < p(t)a?l(t) + 1% (t) W(t) _ aﬂlllgt!tl) Wl a (t)
7y 2 p(t) pe(t)
al 1
' p_o{p Oy - ALEOL) oy (t)}'
7 | P P (1)
(3.8)
Now using (3.8) and the inequality
a a+l
Bu _ Au1+l/a < o . B_, A> 01 (3.9)
(a+1)* A”
we have
’ a+l a ' a+l
MO, 1 (O g E0) o

w(t)+ 2 v <~
Ty

27 (a+ )™ (PO (@ +D) T (p®)A(z(), 1) (1)
Integrating (3.10) from t,(t, >t,) to t, we get

Qe 1 (e 1 pr 1 P
1| PO i )y ((ﬂa(s,tl»“+ % (ﬁ1<r(s),t1)r'<s)>“Hdssw(t” "o, )

which contradicts (3.1).
Case(ll). From condition (2.5) and the proof of Lemma 2.7, we see that |imi_. X(t) = 0. This completes the proof of

the theorem.
By Lemma 2.1, similar to the proof of Theorem 3.1, we have the following theorem.
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Theorem 3.2 Let 0<a <1. If condition (2.5) holds, and assume that there exists a positive nondecreasing
differentiable function po(t) for t >t, >t, such that

. t B 1 (p'(s)* 1 P 1 o
!L@S“piif’ O ™ () ((ﬂl(s,tl»“ro (ﬂl(r(s),mr'(s))“ﬂds -G

then every solution of equation (1.1) is either oscillatory or tends to zeroas { — 0.

Theorem 3.3 Let o 2>1. If condition (2.5) holds, and assume that there exists a positive nondecreasing differentiable
function p(t) for t=t, >t such that

r{p(S)Q(S) NEIO) ((ﬂz(s,tl»l-“ MR AGORN) Hds ce. 1
| 277 4op(s) Ai(s.t) 7, Bi(z(s),1)7'(s) ,

then every solution of equation (1.1) is either oscillatory or tends to zero as t —> 0.

lim sup

t—o0

Proof. Let X(t) be a positive solution of equation (1.1). Without loss of generality assume that X(t) >0, x(z(t)) >0
,and X(o(t)) >0 forall t >t >t,. Then the corresponding function Z(t) satisfies Case (1) and Case (Il) of Lemma
23forall t=1.

Case(l). From the proof of Lemma 2.7, we have (2.7). From Lemma 2.8, we get (2.8) and (2.9).

Define the function W and V by (3.3) and (3.5), respectively. Proceeding as in the proof of Theorem 3.1, we have (3.4)
and (3.6). It follows from (2.8) and (3.3), we get

+l a-1
w a(t) gﬁz—ft’tl)wz, t>t. (3.13)

1-=—
p ()
Using (3.13) in (3.4), we obtain

i < POROE'®)) | PO 2B L) 2
w(t) < 2(0) + o) w(t) (1) At t)w(t). (3.14)
Similarly from (2.9) and (3.5), we get
vl% (t) < Mvz(t), t>t,. (3.15)

1-=
p ()
Using (3.15) in (3.6), we have

V(o < LOREOECONY PO ¢ @B O AEOLTO a0

2% (z(1)) o) o) 249
From (3.14) and (3.16), we obtain
. [a @ ©) ]+ P fa ) 0)°]
W (t)+ 2L V() < p(t) %o
7, z(t)

n p'(t) w(t) a(B,(t,1))* " A1) WA (t)
p(t) p(t)

v p_é’[p'(t) o)~ CLEOLNTAEOL) Ly (t)}
7, | p(t) p(t) 317
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where we have used 7(t) <t,z(t) is increasing and (a(t)(z"(t))*)" is negative. Since z(t) is positive and
increasing, we have from (2.7) and (3.17), we obtain
pOQE , (P'®)° {(ffz(t,tl»l-“+ P (ﬂz(r(o,tl»l-“}

Att) 7, Az (t).t)7' (1)

iy . Po s
W(t) + 2V (t) < —
© % ® 2 ap(t)

2
where we have used the inequality Bu — Au? < ﬂ’ A> 0. Integrating the above inequality from t,(t, >t,) to t,

we obtain

[ {p(s)Q(s) (P ((ﬂz L) NV AGORY) i ﬂds i)+ B fuw)
o 27 dap) | AL % ACELTE)

which contradicts (3.12).

Case(ll). The proof is similar to that of Case (Il) of Theorem 3.1. The proof is now complete.

From (2.2), similar to that of proof of Theorem 3.3, we obtain the following results.

Theorem 3.4 Let 0<a <1. If condition (2.5) holds, and assume that there exists a positive, nondecreasing
differentiable function p(t) for t>t, >t such that

IO E(ﬁz(st»l- N (ﬂz(r(s),tl»l-“ﬂdsm
ap(s) | Alst) 7 AEE).L)T()

then every solution of equation (1.1) is either oscillatory or tends to zero as T — 0.

(3.18)

lim sup|’ {p(S)Q(

t—ow

Remark 3.1 From Theorem 3.1 to 3.4, we can get several oscillation criteria for equation (1.1) with different choices of the
function p .

Next, we establish some Philos type oscillation results for equation (1.1).
Definition 5.3.1[10]

Consider the sets Dy ={(t,s):t>s>t,} and D={(t,s):t>s>t,}. Assume that H € C(D,R) satisfies the
following conditions:

(A1) H(t,t)=0,t>t,;H(t,s)>0,(t,s)eD,;
(A2) H has a non-positive continuous partial derivative with respect to the second variable in D0 .

Then the function H has the property P .
Theorem 3.5 Let @ >1. Assume condition (2.5) holds. Further assume that H € C(D,R) has the property P
and there exists a function p € C*([t,,0), (0,0)) for all sufficiently large t, >t,, thereisa t, >1t, such that

h(t,s)(H (t,s))ﬁ

_9 P'(s) _ _
0s H(t R p(s) Ht.s)= 0(s) , (t,8) €Dy, (3.19)
and
lim Sup H (Lt 2).[ Gy(t,s)ds = (3.20)
where
G (t S) H(t S) P(S)Q(S) (h (t S))j:l( 1 po 1 j
(a+1)* (ﬂ1(31t1))a 7, (B(z(8),1,)7'(s))”
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h (t, S) = max{O,—h(t, S)} Then every solution of equation (1.1) is either oscillatory or tends to zero as t —> o0

Proof. Let X(t) be a positive solution of equation (1.1). Then the corresponding function Z(t) satisfies Case(l) and

Case(ll) of Lemma 2.3 for t>1,.

Case(l). Define W and V as in the proof of Theorem 3.1. Then we obtain (3.8). Replace t by S and then multiply both

sides of (??) by H(t,S), integrate with respectto S from t,(t, >t) to t, we have

fH(t,s)%dss-sz(t,s)w’(s)ds+J'tt2H(t,s)%w’(s)ds—sz(t, aﬁlllgls(t)) “(s)ds

Py [t , p'(s)
—Z_LZH(t,s)v(s)dSJr jH(t 5) ()v(s)ds

B [0, O 5 g
7, t ! 1/a()

Then, we obtain

jH(t 5) 2)Q0) )Q()ds<H(tt)W(t) j{ T H(t,s)- p()H(ts)}W(s)ds
p(s)

~[H@s “ﬂl(sst)) “e(s)ds+ P H (L LV (L)

To

P O P'(s)
. ji H(t,s)— ()H(t s)}v(s)ds

05

b af(z(s),4)7'(s) .
. ItzH(t,s) R ()ds

Then

j Hit, s)p(s)Q(S) ds < H(t,t,)w(t,) +- P H 6 V()

2

e o

LA GIE D ey Hit.g LEOLTE)
TO t, ( ) ! l/a( )

using the inequality (3.9) in the last inequality, we obtain

L[ 9289 (L) [ s 1 ﬂds <wit)+2v(e).
H(t,t,) " 2¢ (a+1)""p*(HI\ (Bi(s.1))"  (Bi(z(s).1,)7'(s))” 7y
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which contradicts (3.20).

Case (Il). The proof is similar to that of Theorem 3.1. The proof is now complete.

From Theorem 3.2, similar to that proof of Theorem 3.5, we derive the following theorem.

Theorem 3.6 Let 0 <a <1. Assume that condition (2.5) holds. Moreover assume that H € C(D,R) has the
property P, and there exists a function p € C*([t,,0),(0,0)) for all sufficiently large t, >1t,,thereisa t, >t, such
that (3.19) holds, and

o [ 9=
where
) (h7 (t, S))a+1 1 1
F.(t.s)= H(t, - e Z )
(5= HE5) P m+D“p(9hA®A»4Y@&®AV@»J

h (t, S) = max{O,—h(t, S)} Then every solution of equation (1.1) is either oscillatory or tends to zeroas t —> 0.
From (3.17) in Theorem 3.3, similar to that proof of Theorem 3.5, we obtain the following results.
Theorem 3.7 Let a >1. Assume that condition (2.5) holds. Further, assume that H € C(D,R) has the property

P, and there exists a function 0 € C*([t,,0), (0,90)), for all sufficiently large t, >t,, thereisa t, >t, such that

_9 H (t,s)—& H(t,s) = h(t, $)(H ¢ )™ , (t,8) €Dy, (3.22)
s o(s) p(s)
and
!m sup Rt Z)I G,(t,s)ds = (3.23)
where

QWQ_WU&YFQGAW“ m(@@@tW“J

G,(t,s) = H(t,s) A a
2 4ap(s) Bi(s.t) 7, B(z(s),1)7'(s)

h_ (t, S) = max{O,—h(t, S)} Then every solution of equation (1.1) is either oscillatory or tends to zeroas t —> 0.

By Theorem 3.5, similar to the proof of Theorem 3.5, we establish the following criteria.
Theorem 3.8 Let 0<a <1. Assume that condition (2.5) holds. Further, assume that H € C(D,R) has the
property P, and there exists a function p € C*([t,, ), (0,0)), for all sufficiently large t, >t,,thereisa t, >t, such

that (3.22) holds and
lim sup|[ F,(t,5)ds = (3:24)

t—w

where

F@@tw- m(@@@qwaj

(h (t,9))’
F,(t,s) = H(t,s)p(s)Q(s) - Bst) 1, Az(s)t)r(S)

ap(s)
h_(t,s) = max{0,—h(t,s)}. Then every solution of equation (1.1) is either oscillatory or tends to zero as t —» 0.

Remark 3.2 From Theorem 3.5-3.8, we can obtain several oscillation criteria for equation (1.1) with different choices of

function p and H.
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Examples

In this section, we will present three examples to illustrate the main results.

Example 4.1 Consider the third order half-linear neutral differential equation with “maxima”

o pox(t/z))")3]+tiﬁr[g% X*(s) =0, t>1, “.1)
where 1>0 . Here a(t)=t, p(t)= p, >0, z(t) =o(t) =U2, @ =3, qt)=2= . and 7, :% " Then

Q) = tie and

t 1
ﬁl(t’tl) = J-tl a.1/0: (S) J. ﬁds t2/3’

for T sufficiently large. It is easy to see that condition (2.5) holds. Set p(t) = t>. We obtain

Pg
o 2 (a+1)“"(p(s))” | (Bi(s:ty)) (,31 (z(s).1)7'(s))
A 5%(1+64 p3)
> === % |limsup| =ds=
{ 4 4 |im pj
, 5(1+64py)
provided 2 > 470 Hence by Theorem 3.1, every solution of equation (4.1) is either oscillatory or tends to zero as

>0 when ;. S'06480).
Example 4.2 Consider the third order neutral differential equation with “maxima”

(t((xcty + 2x(t/2))”)3)+ti6r£2at>]< X¥(s) =0, t>1, 42)
where A >0 . Here a(t)=t, pt)=p,>0,7(t)=ct)=t2,a=3, q(t)= tiﬁ , and 7, = % . Then

QW) = tis and B, (t,t)>t** and B, (t,1,) > étm. Clearly condition (2.5) holds. Set p(t) =t°. we obtain

imsup[ [ 2920 O (RGN o @) o [ SCZR], ol
H‘” 2 4ap(s) Bi(s.t) A CADAC) 14 48 H"O

. Hence by Theorem 3.3, every solution of equation (4.2) is either oscillatory or tends to zero as

4 6
provided A > M
12

1> oo.

Example 4.3 Consider the third order half-linear neutral differential equation with “maxima”

[0+ P2} i man () =0, 121, “s)
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where A1 >0. Here a(t) =t", p(t) = p, >0,z(t) = o(t) =t/2, a =1/3, q(t) = A ,and 7, = % . Then

11479
A
) =—-,and {,t >t%° for t sufficiently large. It is easy to see that conditio (2.5) holds. Set po(t =t*® we
11479 1\th P
obtain
P
. t (/OI(S))OHl 1 7o 5/3 173y |- t 1 _
_ ds>|1-(1+2 —-ds = o,
imswpf| Q) T 7 | Gy T @ ey |02 @2 O limsue] s =

if 4> (1+ 2%03 péB). Hence by Theorem 3.2, every solution of equation (4.3) is either oscillatory or tends to zero as
t —> 0. We conclude this paper with the following remark.

Remark 4.1 In this paper, we have established some new oscillation theorems for the equation (1.1) for the case
0<p(t)<p, <o . It would be interesting to investigate equation (1.1) under the case when p(t)<-1,
limi_. P(t) = or p(t) is an oscillatory function. Further it is interesting to find different method to remove the
conditon 07T =700 .
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