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ABSTRACT

In this paper, we prove the existence of the adjacent vertex distinguishing total coloring of quadrilateral snake, double
quadrilateral snake, alternate quadrilateral snake and double alternate quadrilateral snake in detail. Also, we present
an algorithm to obtain the adjacent vertex distinguishing total coloring of these quadrilateral graph family. The
minimum number of colors required to give an adjacent vertex distinguishing total coloring (abbreviated as AVDTC) to

the graph G is denoted by y,,(G).
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1 Introduction

In this paper, all graphs are finite, simple and undirected. A graph G consists of a set of vertices V (G) and a set of
edges E(G). For every vertex U,V eV (G), the edge connecting two vertices is denoted by UV € E(G). The
degree of a vertex V of a graph G is denoted by deg (V). Let A(G) denote the maximum degree of a graph
G . For standard terminology and concepts of graph theory, we refer [1], [2], [3]. For graphs G1 and GZ, we let
G, UG, denotes their union, that is, V (G, UG,) =V (G,) WUV (G,) and E(G,UG,) =E(G)UE(G,).
Let N be any real number. Then |_I‘IJ stands for the largest integer less than or equal to N . [6] It has been shown
that, if a simple graph G has two adjacent vertices of maximum degree, then ¥/, (G) = A(G) +2. otherwise, if a

simple graph G does not have two adjacent vertices of maximum degree, then ¥/,,,(G) = A(G) +1. The adjacent
vertex distinguishing total chromatic number of triangular snake family has been obtained in the literature [4].

2 Preliminary Results

In this section, we write some basic definitions and results which are needed for next section.
Definition 2.1 The Quadrilateral snake Q, is obtained from path P, with {v,,v,,---v,}
vertices by replacing each edge of the path by C4 with a new vertices {Ul, U,,---, unfl} and {Wl, W=+, anl}.

VIQ,1= {[Uvju[U(u uwi)}
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n—

E[Q.1= {U(Vivm UVl DV W, UuiWi)}

i=1
Definition 2.2 The Altemate Quadrilateral snake A(Q,) is obtained from the path P, with every alternate
edge of a path is replaced by C4. Here, the quadrilateral starts with either the vertex V, or with V, .
Definition 2.3 The Double Quadrilateral snake D(Q,) consists of two quadrilateral snakes that have a

common Path using the new vertices U;, W, ,ui' and Wi' for i =1,2,---,n—1. The vertex set and edge set is
given by

V[D<Qn)]:{0viju([j(ui ow uu:uw;)j}

i=1 i=1
1
E[D(Q,)]= {U(Vivm UVU; UV W DUW, DLW, O VU Uvmw{)}
i=1

Definition 2.4 The [5] Alternate Double Quadrilateral snake DA(Q,,) consists of two Alternate Quadrilateral
snakes that have a common Path.

Definition 2.5 A total K -coloring of G is a mapping f :V(G)UE(G) —{1,2,---,k}, k€ Z" such that
any two adjacent or incident elements in V (G) U E(G) have different colors. A proper total K -coloring of G is

adjacent vertex distinguishing, if C, (u) #C, (V) whenever uv e E(G), the color set of the vertex V (with
respectto f ), we denote C; (V) as C(V).
C(v)
C(v)

{{f (VIO{f (vw) |vwe E(G)}}
{1,2,---, k}\ C(v)

The well-known AVDTC conjecture, made by Zhang et al [6] says that every simple graph G has
Xan(G) <A(G) +3.
3. AVDTC of Qn and AQ,)

In this section, we present an algorithm to obtain the adjacent vertex distinguishing total chromatic number of
quadrilateral snake and alternate quadrilateral snake and also we discussed their color classes.

Algorithm 3.1 Procedure: Adjacent vertex distinguishing total coloring of Quadrilateral

snake Q(n),for n>4.
nput: G(V(Q,), E(Q,))
for i =1,2,---,n do
if i =1(mod 2)
f(v,)«1

else
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f(v,)«2
end for
for 1<i<n-—1do
fluw)«2; f(u)<«3; f(w)«4; f(uv,)<«5; f(wv,,)«6
if i=1(mod 2)
f(vv,,) <3
else

f(vv,

i+l

) <4

end for

end procedure

Output: Adjacent vertex distinguishing total colored of Q, , for N >4 .

Theorem 3.1 The Quadrilateral snake Q, admits AVDTC and
Zan(Q)) =6, n=4.

Proof. From the definition (2.1), we have the vertex and edge set of Q. .

Therefore |V (Q,)|=3n—2 and | E(Q,) |= 4(n—-1).

Also, deg(v;) =2, deg(v,) =2, deg(v,) =4 for 2<i<n-1

and deg(u,) =deg(w,) =2 for i =1ton—1.

The graph is colored using algorithm (3.1). Now the color classes for N >4 is given by

_ _ [{2,3,6},if n=0(mod 2)
C(v,) ={1,3,5}and C(v,) = {{1,4,6}, i n=1(mod 2)

For 2<i<n-1
0=t s
For1<i<n-1
C(u,) ={2,3,5}and C(w;) ={2,4,6}
Clearly, the color classes of any two adjacent vertices are different.

Za(Q) =6, n=4.

Algorithm 3.2 Procedure: Adjacent vertex distinguishing total coloring of A(Q,)

for n>4.
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Input:

N
(Uvi)u (U Uw) |, for n =1(mod 2)

if deg(v,)=deg(v,)=2

oy [l)
VIAQ) < (Uviju W o)
{n—lJ , for n=0(mod 2)
(LnJViju O(Ui uw,) |, if deg(v,) =deg(v,)=1

for i =1ton do

if 1=1(mod 2)
f(v)«1
else
f(v,)«2
end for

for i =1to n—1 do
if 1=1(mod 2)

f(vv,

i+1

) <3
else
f(vv,,) <4
end for

if n=1(mod 2)

for i =1to {EJ do
2

fu)<«3; f(w)<«4,; f(uw)<«2
if deg(v,) =1
f(vyl) = F(vw) <5
else
f(VoiaW;) = F(vU) <5

end for

7033 |Page
February 2017 www.cirworld.com



7& ISSN 2347-1921
_ Volume 13 Number 01
- Journal of Advances in Mathematics

else

if deg(v,) =deg(v,) =2

fori=1to (Ej do
2

F(u) <3 F(W)<4; Fuw) <25 F(vyu)=f(vw) <5
end for

else
for i =1to \‘n—_lJ do
2

fu)«3; f(w)«4; fluw)<«2; f(vy,W)=Tf(v,u)<«5
end for

end procedure

Output: Adjacent vertex distinguishing total colored of A(Q, ), for N>4.
Theorem 3.2 The Alternate Quadrilateral snake A(Q,) admits AVDTC and

Y (A@Q,)) =5, forn>4.

Proof. The vertex set of Alternate Quadrilateral snake A(Q), ) is given in the algorithm (3.2). Here we have two

cases for N is even or odd. In each case, the quadrilateral starts with either the vertex of the path V; or V, .

Case-1. Whenn=1(mod 2).

Suppose the quadrilateral starts with V;, then deg(Vv,) =1 and if the quadrilateral starts with V,, then
deg(v,) =1. The edge setof A(Q,) is given by

H

( ivau _ ((Vyau) U (vyw) w (uw,)) |, if deg(v,) =1
E(AQ,) = n
(”1 iVi+ljU O((Vzmwi)u(vziui)U(UiWi)) , If deg(v,) =1

i=1 i=1

5(n-1)
2

IV(AQ)) = 2n-1and [E(AQ,)) |5

The color classes of A(Q,) is given by

For 2<i<n-1
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Cv) = {{2}, _if _i =1 (mod 2)
{1}, if i=0(mod 2)

Forizl,z,...,H
2

It deg(v,) =1 then

C(u,) ={2,3,5}and C(w;) ={2,4,5}

C(v,) ={1,3,5}and C(v,) ={1,4}
It deg(v,) =1, then

C(v,) ={1,3}andC(v,) ={1,4,5}
Case-2. When n=0 (mod 2).

Here, we have the two cases that the quadrilatral starts with V,, then deg (V11Vn) = 2 and starts with V,, then

deg(v,,v,)=1.

n-1 (gj
(L)Vivm) Ul UVaiau;) O (VW) U (uw;) |, if deg(v,) = deg(v,) =2
E(AQ,)) =

|0
2

(U\/ivm] v U ((VoiaW;) U (vyu) L (upwy)) |, if deg(v,) = deg(v,) =1

i=1

It deg(v,) =deg(v,) =2, then

V(AQ,) [ 2nand | E(AQ,)) 2

The color classes of A(Q,) is given by
. n
For1<i<| —
2

For 2<i<n-1

C(u,) ={2,3,5}andC(w;) ={2,4,5}

)= {{2}, if i =1(mod 2)
{1}, if i=0(mod 2)

C(v,) ={1,3,5}andC(v,) ={2,3,5}
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it deg(v;) =deg(v,) =1, then
5n-8

IV(AQ,)) = 2n—2and [ E(AQQ,)) |5

. n-1
The color classes are for 1 =1,2,--- T

C(v,) ={1,3},C(v,) ={2,3}, C(u;) ={2,3,5}and C(w;) ={2,4,5}
For 2<i<n-1
cw-{( 415
Clearly, the color classes of any two adjacent vertices are different.
S X (AQ,)) =5, for n>4.
4 AVDTC of D(Q,) and DA(Q,)

In this section, we present an algorithm to obtain the adjacent vertex distinguishing total chromatic number of Double
Quadrilateral snake and Double Alternate Quadrilateral snake and also we discussed their color classes in detail.

Algorithm 4.1 Procedure: Adjacent vertex distinguishing total coloring of Double

Quadrilateral snake D(Q,),for N >4.

input: GV (D(Q,)), E(D(Q,)))
for i=1,2,---,n do
if 1=1(mod 2)
f(v.)«1
else
f(v.)«2
end for
for 1<i1<n—1do
Fuw) = FUw) «2; Fu) = FU)<3; F(w)=f(W)<4
f(uv,)<5; f(uv,)«7; f(wy,,)<«6; f(Wy,,)<«8
if 1=1(mod 2)

f(vv,

|+1) <~ 3
else
f(vv,

i+l

)<« 4

end for
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end procedure

Output: Adjacent vertex distinguishing total colored of D(Q,), for N> 4.

Theorem 4.1 The Double Quadrilateral snake D(Q,) admits AVDTC and

Za(D(Q,)) =8, n=4.
Proof. From the definition (2.3), We have the vertex set and edge set of D(Q,,) . Therefore |V (D(Q,)) |- 5n—4
and |E(D(Q,))|F7(n-1). Aiso, deg(v;)=deg(v,)=3 , deg(v.)=6 for 2<i<n-1 and
deg(u;) = deg(u) = deg(w;) = deg(W/) =2 for i =1to n—1. We have colored the graph using algorithm

(4.1), for N >4 . Now the color classes are given by

_ _ [{2,3,6,8},if n=0(mod 2)
C(v,) ={1,3,5,7}andC(v,) = {{1,4,6,8}, i =1 (mod 2)

For 2<i<n-1
0=t s
For1<i<n-1
C(w)={235}, C(u)={23,7}, C(w)={2,4,6}, C(w) ={2,4,8}
Clearly, the color set of any two adjacent vertices are different.
Za(D(Q,)) =8, nz4
Algorithm 4.2 Procedure: Adjacent vertex distinguishing total coloring of

DA(Q,) for n>4.
Input:

Ly
n 2
( iju U, ow ouiow) |, for n=1(mod 2)

i=1 i=1

. )
VIAQ,)] « (UViJU U ow vuiow) | if deg(v,) =deg(v,) =3

i=1

~ , for n=0(mod 2)
) 172
(UviJu U wow oy ow) | if deg(v,) =deg(v,) =1

i=1 i=1

for i=1ton do
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if i=1(mod 2)
f(v,)«<1
else
f(v,)«2
end for
fori=1ton-1 do
if i=1(mod 2)
f(vv,) <3

i+1
else

f(vv,,) <4

i+1
end for
if n=1(mod 2)

for i =1to FJ do
2

fu)= 1) «3; f(w)=fw)«4; fuw)=fuw)«2
if deg(v,)=1
f vy U;) = Fvuw) «5; f(v,,u)=f(vW) <6
else
f (Vo U) = F(vW) <55 f(v,,u)=f(v,W)<«6
end for

else
if deg(v,)=deg(v,)=3

for i=1to 2 do
2
f(u)=fu)<«3; fw)=fWw)«4; fluw)=fuw)<«2
f(vyaU;) = F(vuw) «<=5; f(vy u) = f(vuw) <6

end for
else

for i=1to LnT_lJ do
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fu)=fu)«3; f(w)=fW) <4, fluw)=fuw) <2
f(vyaW) = F(vul) <55 f(vy,,W) = fvyu)) <6
end for
end procedure
Output: Adjacent vertex distinguishing total colored of DA(Q,), for N >4.

Theorem 4.2 The Double Alternate Quadrilateral snake DA(Q,) admits AVDTC

and y,,(DA(Q,)) =6, forn=>4.

Proof. The vertex set of Double Alternate Quadrilateral snake is given in the algorithm (4.2). Here we discussed two
cases that when N is even or odd. In each case, the quadrilateral starts with either the vertex V; or with V, .

Case-1. Whenn=1(mod 2).

12
n-1 2
Vi |Y U(Vzi—lui UV, W DLW, UV U OV W O Uwg) | if deg(v,) =1
i=1 i=1
E[DAQ,)]= \
. K
Vi |V U(V2i+1Wi UVl W UW, UV, WOV U OUuiW,) | if deg(v) =1
i=1 i=1

IV (DAQ) = 3n—2and | E(DAQ,) = 404
The color classes of DA(Q,) for N >4 is given by
For 2<i<n-1

Cv) = {{2}, _if _i =1 (mod 2)
{1}, if i=0(mod 2)

Forizl,z,...,H
2

C(u,) ={2,3,5}and C(w;) ={2,4,5}
C(u))={2,3,6}and C(w)) ={2,4,6}

it deg(v,) =1 then

C(v,) ={1,3,5,6}andC(v,) ={1,4}
It deg(v,) =1, then

C(v,) ={1,3}and C(v,) ={1,4,5,6}
Case-2. When n=0 (mod 2).
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i )
[Uvivmju U(VZi—lui LV W, U Vo U WV W U U W, W Uiwg) | i deg (v;) = deg(v,) =3
i=1 i=1

E(DAQ,)) =

n-1
LTJ

n-1
( iVi+1jU U (Vaig Wi DVl Vo W OV U OUW, U UW) | if deg (v;) = deg(v,) =1
i=1 i=1

It deg(v,) =deg(v,) =3, then
[V(DAQ,)) = 3nand | E(DA(Q,)) |- 4n-1

The color classes of DA(Q,) for N >4 is given by

For 1£iﬁ(ﬂ)
2

C(u) ={2,3,5},C(w) ={2,4,5}, C(u;) ={2,3,6}, C(W)) ={2,4,6}
For 2<i<n-1

(_:(Vi) _ {{2}, _if _i =1(mod 2)
{1}, if i=0(mod 2)

C(v,) ={1,3,5,6}andC(v,) ={2,3,5,6}
It deg(v;) =1 and deg(v,) =1, then
[V (DA(Q,)) |F 3n—4 and | E(DA(Q,)) |- 4n—7

The color classes are

C(v) ={L3}andC(v,) ={2,3}
for i = 1’2’ .. .\‘n__l“
2

C(u,) ={2,3,5}and C(w,) ={2,4,5}
C(u) ={2,3,6}and C(w) ={2,4,6}
For 2<i<n-1
S~ {1}, i_f i_ =0 (mod 2)
{2}, if i=1(mod 2)
Clearly, the color classes of any two adjacent vertices are different.

~ Zan(DAQ,)) =6, for n>4.
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Conclusion.

We found the adjacent vertex distinguishing total chromatic number of Quadrilateral snake family.
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