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ABSTRACT

In this article the asymptotic behavior of the finite sums of the elements depending on approximations, being linear
combinations of approximations by | to and Stratonovich, is investigated. The outcomes of the present work are
generalizations of the corresponding theorems from
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TYPE (METHOD/APPROACH)

the convergence of the integral sums of Poisson

INTRODUCTION

For giving a mathematical meaning to the stochastic differential equations, in which the controlling process is a wiener
process, the stochastic differentials (integrals) were defined. Initially stochastic integrals of Ito and Stratonovich were used
as a base integrals, the first integral more often is operated by mathematics, and the second one is operated by natural
scientists (in particular case, by physicists). Numerous generalizations of these integrals now are known : the

£ —stochastic integral, Ogawa stochastic integral etc. [2],[3],[4].

On the basis of generalized random processes algebra the space of generalized stochastic differentials was constructed in
the article [1]. And the “symmetrical” subsets, which correspond to differentials by | to and Stratonovich at an associated

level, were allocated in this space. In the work [5] the problem of approximation of a stochastic g —integral of the
Brownian motion random process by the elements of generalized random processes algebra was investigated.

The second important class of exterior fluctuations is an appearance of the specific discrete events at the random moments
of time in the mentioned space. The Poisson process is an appropriate model in this case. It is interesting to know that will
turn out if refuse similarly the independence of the increments of Poisson process. In the work [6] the convergence of the
integral sums of Poisson for the cases, where approximation is | to and Stratonovich approximation, was investigated. In
this article the asymptotic behavior of the finite sums of the elements depending on approximations, being linear
combinations of approximations by | to and Stratonovich, is investigated. The outcomes of the present work are
generalizations of the corresponding theorems from [6].
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Let ( be full probability space;

p(t), tER

be random Poisson process, which trajectories are

continuous on the right;

|p(@)ds =Land pi(O) =mo(nt), IO =Wplew), nEN

be non-negative indefinitely differentiable function, which carrier from [0,1] and

where @(n) is a monotonically nondecreasing sequence.LetG < h, < 2h, < - <mh, =a be
T=|0a. teT

partition of the segment [ ! ] Then, for any there are

r, £[0,h,] andm, € N, that t =1, + m_h,.

6463 |Page council for Innovative Research

August 2016 www.cirworld.com



ISSN 2347-1921
Volume 12 Number 08
Journal of Advances in Mathematics

As generalized Poisson process let us consider
Nt w) =02t w)+ (1—8)N3(t w), g € [0,1], where
W1f

Inl'I(r—SJ w)pl(s)ds, M2 (t, w) =J
[:.

it w) = J Mt + s,w)p2(s)ds.

|:.

fECR, fi=Ffptn—w, h,—0, —==0(h,), h,=0(3)

Theorem 1. Let
Tnen

D R + &= Dby o) @G + R, 0) = T + (k= Dy ) —
k=1

— Jh[g(ﬂ[g— 0,w)+8)— g[:H[S -0, cu)}] dll(s,w) + (1 —8) J Lf[l'[[g —0,w)+ 8)dll(s,w)

|:.

n the L,(T), p = 1, foralmostall w € Q, where g(l‘jz f; f(s)ds.

. . . - well,
The integral everywhere is understood in a sense of the Lebesgue - Stieltjes for almost all -

feER), fo=fptn—w, h,— 0, ——=o0(h,) h, =0(Z).

@l

Theorem 2. Let
Tnen

Z JFI: (HE( T, T khr: : c”j)(nﬁ (Ir - khr: : “';') - nir‘:rt - f,:k - :L)'h‘r:J (d)) -
k=1

—>J“[g[l'[|:5'—ﬂj ©) + 6) — g(Ti(s — 0,))] dNi(s, ) + (1—9)J F(T1(s, ))dI(s, @)

|:.

B = ; ; y E 0
I the L,(T),p = 1 for almostall w € Q.

As generalized Poisson process now let us consider
Nt w) =0t w)+ (1-8N3(t w), g € [0.1], where
1

I.-I'I[r—g, w)pl(s)ds, M:(t,w) = J
|:.

1

ni(tw) = J nl'I[r —s5,w)p>(s)ds.

|:.
fFeECHR), f,=fpl, n—w, h,—0, —=o(h,), h,=0(1).

i

Theorem 3. Let
Tnen

D R + & Db ) + R, 0) = G, + (= DR, ) —
k=1

- -

. J [o(Ti(s, @) — g(T(s, ) — 6)] dII(s, ) + (1 — 6) J"f[jngg —0,w))dII(s, w)

0

= . - y )
i the L,(T),p =1, foralmestallw € Q.
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Fec'(R), fi=fpl. n—w, h,—0, —=0(h,), h, = 0[1).
Theorem 4. Let win) n

Then
i g

Z fu(@i(, + kb, )M (7, + Kby, @) = TE(r, + (k= 1k, @) —
k=1

s J“[g[l'[(s,m]} — g(Ti(s,) — 6)] dlI(s, ) + (1 — 6) J“f(n(s, W) — 0)dII(s, )

=
i the L,(T).p =1 foralmostall w € 0.

Proof of the theorem 4.

Z fo(i(r, + kb, o)) (r, + Kby, @) = TE(r, + (k= 1)k, @) =
k=1

=0 fu(@(n + k) (W, + KAy 0) ~ TG, + (6= Dy 0) +
k=1

Mg

+(1=0) ) [, (ME(r, + khy, @) (TG, + kh, @) =Tz, + (k = Dh, ) =

k=1

=01 (tw) + (1 - ) (tw)

grt —s f;[g[ﬂ[s, mj} — g(M(sw) — B]] dll(s,cw)

Let us show that

Lot 9 (x) = f: f,(s)ds, x € R, then g, — g uniformly at any compact set from R.
e

Gn [Hﬁﬁt m)) - &, [n}j(o, m]) =

™

T

= Y (9, (Né(z. + kh, @) = g, (ME(r, + (k= Dk, ,w))) =
k=1

=

Mg

= ) (0. (N8(z, + kb, @) = g,(8ML(r, + (k = Dh,, ) + (1 - ONZ(z, + kb, ,w))) +
k=1
me

+Z{gn BN, +(k— h, )+ (1 —8N3(1,. + kh,_,w)) —g, (0 (r, + (k — 1A, ,w))) =

k=1
= _,nrj I:J_"J .:.-_:-:I - _,nrn: I:J_"J .:.-_:-:I.
f?:!l I:lLJ cr_:l:I =

Let us consider the first addend:

= Z(gn (BNi0r, + khy . w) + (1 — 6301, + khy . 0)) — g (B3, + (kb — by, ) + (1 — N3z, + khy, L w)))

H=1
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f. (i, + kh“mjj:n“zr kh, @) — Mz, + (k— Dh, @) +

Il
Sk

1

a_
Il

3

f (—j:nr;ﬁ kh,, @) — oz, + 0k — Dhy @)

+
\.‘lll—l
M

=1

o

Where n is a point laying on a segment, connecting
enl(zr, + (k —1)h, . @)+ (1 - 60 (1, + kh, , @) and
nl(r, +kh, ,w)+ (1—6)02(1, + kh,_ , @)

From the lemma 1 [7,page 35] follows that

6757 f, (B (Mitw + kb, o) — Mi(n, + (k— Dh, )| —0 € n

. t iy}
uniformly on ~ for almost all

Let us designate the norm as in the .JI:Tj p=
||gnI:HHi (w,) + (1 - )0 (u— 4, cu:']' _E[EH(H yw) + (11— (u — A, m]]‘” =
= ||gnI:91'[i (w,w)+(1— Ejl‘l; (u— A, Cdj} - H[E'Hi(u sw) + (11— Ejniiu — A, c-.hj}” T

We shall obtain that

—||gn [E‘l’[i (u,w)+ (1 -0 (u— A4, c-_:jl} — g[E‘l’I[uJ w)+ (1 —8)I(u— A, .:-_:-:I}” =
1
J‘ g, w)+ (1 — @3 (u— A w)+s) — g{&l’[g{u yo) + (1 — @2 {u— A, m}:lpn{s} ds.
0

=

—||gr(6_n]{9[l'[i(u, w)—Mu,w)]+ (1-8)[ME(u—4aw) —Mu—4a0)]} =

C e

Huwew) —Mu, @)l + T2 (u— A, w) — M(u— 4, @), Az 0,1 — A= 0.
where

. . . . N — o w € Q.
The right part of the inequality aspires to zero at the for almost all

9. (n(t,0)) ~ g, (1£(0,) ) —— o(N(t, ) ~ 9 (N0 ) =

Thus,

= f;[g[n[s, "’-’j} —g[l’[(s —0 :ft":'}]dn@:m:' e L,(T).p = 1,foralmostall w € 0.
Now we shall prove that
]'JE:....J}
Aw) =] (tw) — Z [g(B(w, — 0 ) + (1 — &)0(y, ,w))— gI:l'I[_u:- -0, c:.;-jl]l] ‘—H]
i=1

(=S

)
for almost all
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A (w) = [g. (6T} (1, + (k— 1)h, @)+ (1 —6)05(1, + kh, , w))
— G, (BN (z, + (k— Dhy ) + (1 — ONE(z, + (k—Dh, ,w))]
_ Z[gn(engtz, 4 (k= Dh, @)+ (1 - O2(z, + kh, ,©))

k=1

— 8. (0N (z, + (k — Dh,, ) + (1 - O)(z, + (k — Dh, Jw]]]H +

™

+ [g,(602(r, + (k—1)h, &)+ (1—-8)(z1, + kh, ,&))— g, (6011, + (k —1)h, @)
+ (1= O)N(z, + (k=1)h, )]
— Z [g(fM(y, — 0, )+ (L—8)(g, — 0, w)) —g[l’[(_u;- — i},m))] =

i=1

= }11 () + zﬁli (ew).

2. . L i< m, _

Let us note, 'thatH”E ) differs from I, ) only at points T tjh, 1552 m*, for which performs
, 1 , ,
T, +jh, € (.H;' sHy T m,:n:,) A=ZjEm, 121 =10( w). B, .t €T  for which
the set  ™of
1
1. +jh Clw) i
: ™ hit in the specified intervals, has a measure can be estimated above by FLRn

1
Under the investigation of 4 Em]

Al (w) = f v

L k=

— 0, (BMA(r, + (k= D, @) + (1 — ONZ(z, + (k=1)h,,, )]

we shall use the previous relations:
™

r

[g. (BN (r,+ (k—1)h, @)+ (1 —8)2(1, + kh,_ @)

:I'“'f
- Z[é;r,z(.5;'11,1(aLcr 4 (k= Dh, @)+ (1— OI(z, + kh, ,w))
k=1
1
— g, (AN 1, + (k—1)h,,w)+ (1 —8)(1, + (k — 1)k, ,w)]}dt = C(w) :
( ( DI} O
Let us consider now 4 (mj:
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Ai(w) = Z{[gn(ﬁ?ﬂi&: + (k= 1)h, @)+ (1-)0(z, + kh, ,@))
— 9,00 (1, + (k= Dh, ,w) + (1 - 0(z, + (k—1)h, ,w))]
— [g.(6Ni(z, + (k— Vh, @)+ (1 —8)(r, + (k—1)h, ,@))
— g, (7, + (k= Dh, ,w) + (1 - O)0(z, + (k—1)h, JmJ]]H—
T Z{[Hiﬁ'“i(’fr + (k= Dh, @)+ (1 - 80(1, + kh, ,w)) — g0, (7, + (k — L)h, @)
+ (1 -0)0(r. + (k—1)h, ,w)]]
— [g(n(z, + (k — 1)k, @)+ (1 —6)(z, + (k—1)h, ,@))
—g((r,+ (k= 1)h, JmJ)]H—
|1 (lo(on(r. + (= Dh, ) + (1 - ON(z, + Kk, ) = g(I(x: + (k= Dhy )]

- z:mwnmﬁnﬂﬂ—mfﬂﬁmﬁmn—g@mﬁ—mmnﬂ=
= 421 (w) + A% () + A3(w)

A (w) = {[.(6M5(z, + (k; — DA, ) + (1= ON(z, + kih, @) — g, (O (x,

(k= Dy @) + (1= Oz, + (k — Dy )]
— [9(6MA(z, + ( — Dy ) + (1 - O)I(, + iy, )

—gWﬁ&r%h—DMJQ—H—BMn—wriﬁm@HM—*G

For almost all ““ = ﬂ’where T, (k,—1Dh, < =7, + k:hn.

After implementation of the theorem by Lagrange:
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a2 = || Y (o6, + (k, - Dh, ) + (1 - OI(r, + Kk, @) — g (BT(x,
+ (k= Dhy @) + (1= Oz, + (ks — Dy )]
— [9(6N(z, + (kg — Dh, ) + (1 — OI(x, + kil )

= g(N(r, + (k; = Db, )| =

< Z OC[ML(z, + (k, — 1)k, @) + TI(z, + (k. — D)k, 0 )] ‘—n;r
for almost all =0
A (w) = Jl:[_g[uﬁ'l'l[’.l:r + (k;,—1)h, @) +(1—8)(r, + k;h, .:-_hj) - g[l’[(rr

1
-

+ (k= Dhy, 0))] — [g(60(1; — 0,0) + (1 - ) (x; @) — g (M — 0,w))]}

— 0

w E 1.
As a result for almost all

1} i}f(é?[ﬂ(sjcd]} —4(M(s ~ 0,))dM(s,0) -

— Z [gliﬂl'[[;t:- —0,w)+(1— E]l’[[;tfjm]} —g[l’[lﬁ;ti -0 Jcr_:jl}] =

= f (g [I'I[s, m]} — g(M(s,w) — 8)dI(s, w)
o
at realization of the theorem conditions.

(t, c-_hj.

=
Now let us consider ™
Let us show that

I3t w) — f;f[l’[[s, w) — &)dI(s, w) e L,(T).p = 1, for almost all wen.

h
me .
an{l'[}f{rr+khn1m}}{1'[§{rr+khn,m}—Hg{rr+{k—1}hmm})—ff{l’l{s,m}—ﬂ}dl’[{am} =
k=1 ¢
Mg
= ng{ng{rr+ khy ) — FIE (T + khy , @))(M2 (7, + khy, @) — D2 (7, + (k — Dy, ))|| +
k=1
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+ Z[f(ﬁ'l‘[i[tr +kh, @)+ (1—6)(N2(r, + kh,, , w))
— flent(z, + kh, @)+ (1 — O)(z, + kh, ,@))](N2(z, + kR, ,w))

—N2(z, + (k= Dh, ,)

m,

+|[) rFeni(r, + kh, @) + (1= ) (N, + kh, ) - F (O,
+ kb, )](IE(z, + kb, ) = IE(z, + (k=Dh, @)= ) [f(i=8) = f(]

+ Zf[n(z, + kh, ,w))NZ(tr, + kh, , @) — (7, + kh, ,@))|| +
k=1

+ Zf[l‘[(rr—khwmjjni(r:—(k—1}hn,mj—H(rr—(k—ljhwm]} +

+ Z FO(T, + kh,,, @)(I(7, + kh,,, @) —T(r, + (k — Lk, , @) - frf[l'l(s, ) )dl(s )
k=1 0

= Isl (t,w) + I.-—E: (t,w) + Ijé[h w) + IE (t,w) + I?EE'[t w).

26 —_
I [1‘, c"-:'j 0 by the definition.

f,

21
™ we shall obtain that I [1‘, mj 0.

Using the representation

Mr

I7(tw) = Z[fﬂﬁ'niitr +kh, @)+ (1 - O (x, + kh, , @) — f(ETIL(, + kh, )

k=1

+ (1 —8)I(r, + kh, , wN(ME(7, + kh, , @) — N2(z, + (k—L)h, .w))|| =

in

<@ -0 Y ( [ 103 +khy ) = NG, + ko )W + Ky 0) = MGe + Gk = D))t
e ;

c

=————0
winlhy

at the realization of the theorem conditions.
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me
123(t, w) = Z[}"{Eﬂi{r, +khy,,w) + (1 —8) (0t + kh,, ,w)) — F(I(z,
k=1
]'.l':‘l:.u.l:'
+lchy )] (N2 (1, + kh,, ,w) —T2(1. + (k=1)h,, ,w)) — [Fi—6&) — ridl|| =
i=1
- ( || [Drremice. + kho ) + (= 8) (x4 ity ) = £
L] Er— k=1
Ot v
+ khy o)) (D20, + khy ow) — 20T, + (k=1)hy o) ) — Z Fli —8) — Fl| dt

Z FENE(T, + khy @) + (L — 8 (TN(z, + kb, L) ) — FOICT,

e

P ;
dt) =

s
T/,
Mit.c)

+ khy w2, + khy o) — 20z, + (k=100 o) ) — Z Fli —6) — Fl]

1 .'..1

Mite] p i
= - +J‘ Z [FlEMY 1, + KRy, )+ (1 — )0z, + k;hy,,w))— Fli—&)]| dt =
ﬁﬂm}h n | S _

. . 1.".1
T tea )

—+cf [ e
Qﬂ U"l:}' h n T;':Eﬁ = o

1/
IH

[

P /e
(M. +k.h,—s,w)— Ot + (k;— h,,— 5, w))B,(s)ds a’t) =

1,

< (ﬁ + C(nhnj”J o

fn:é(rjfﬂjz Zf(n(T:_k}ln Jtﬂj)(nitl—:_khnij_n{l—r_khn’m)j =

1
my P "| g
- c
= f Zf[l‘[[’zr—kthcdjj[H;(T:—khn,cd]—ﬂ[rr—khn,mj) dt = — 0.
Bn | = ,'J {P Eﬂj h’n
=L y
Similarly , I (tw)—0.
Thus validity of the theorem is established.
Note: the theorems 1,2 and 3 are proved similarly.
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