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ABSTRACT

In this paper, the blow-up of solution for the initial boundary value problem of a class of reaction diffusion equation with
memory and multiple nonlinearities is studied. Using a differential inequalities, we obtain sufficient conditions for the blow-
up of solutions in a finite time interval under suitable conditions on memory and nonlinearities term and for vanishing
initial energy.
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1. INTRODUCTION

In this paper, we study the following initial boundary value problem of a class of reaction diffusion equation with memory
and multiple nonlinearities

U, —Au +_[; g(t—s)au(s)ds+ul" “u, =|u/""u, (1.1)
u(x,t)=0, xedQ, t=0, (1.2)
u(x,0)=u,(x), xeQ, (1.3)

where M>2, p> 2 are real numbers and € is bounded domain in R”(n >1) with smooth boundary 0C2 so that
the divergence theorem can be applied. Here,  represents the kernel of memory term and A denotes the Laplace
operator in Q).

This type of equation arises from a variety of mathematical models in engineering and physical sciences, it appears in the
models of chemical reactions, heat transfer, population dynamics, and so on (see [1] and references therein).

When J = 0 and the nonlinear diffusion term |u|mi2 U, is absentin (1.1), it is well known that the nonlinear |u|p72 u

reaction term drives the solution of (1.1)-(1.3) to blow up in finite time and the diffusion term is known to yield existence of
global solution if the reaction term is removed from the equation [2]. The more general equation

u, —div( Vu["? vu) = f (u). (1.4)

has attracted a great deal of people. The obtained results show that global existence and nonexistence depend roughly on
M, the degree of nonlinearity in f , the dimension N, and the size of the initial data. See in this regard, the works of

Levine [3], Kalantarov and Ladyzhenskaya [4], Levine et al. [5], Messaoudi [6], Liu et al. [7] and references therein. In the
absence of the memory term, Pucci and Serrin [8] discuss the stability of the following equation

|ut|F2 U, —diV(| Vu |m_2 VU) =f (U) ) (1.5)

Levine et al. [5] got the global existence and nonexistence of solution for (1.5). Pang [9,10] and Berrimi [11] given the
sufficient condition of blow-up result for certain solutions of (1.5) with positive or negative initial energy.

m-2
When g # 0, the equation (1.1) without term |u| U, arises from the study of heat conduction in materials with memory.

In this case, Messaoudi [12,13] obtained a blow-up result for certain solutions with positive or negative initial energy and
Giorgi [14] got the asymptotic behavior. Furthermore, for the quasilinear case

[u ™ u, —Au +.|.;g(t—s)Au(s)ds:|u|p72u, (1.6)

Messaoudi et al. [15] established a general decay result from which the usual exponential and polynomial decay results
-2

are only special cases for (1.6) without reaction term |u|p U . Liu et al. [17] obtained a general decay of the energy

function for the global solution and a blow-up result for the solution with both positive and negative initial energy for (1.6).

Equation (1.1) can also be as a special case of doubly nonlinear parabolic-type equations (or the porous medium
equation)[18,5] without memory,

B, —Au=[ul""u

-2
if we take ,B(u) =u +|u|m U . We only mention the work [18,19] for this class equation. The above equation can also

describes an electric breakdown in crystalline semiconductors with allowance for the linear dissipation of bound- and free-
charge sources [20]. We should also point out that Polat [21] established a blow up result for the solution with vanishing
initial energy of the following initial boundary value problem

U, — Uy, +u" U =|u)" .

In this paper, we consider the blow-up of solution for the initial boundary value problem of a reaction diffusion equation
with memory and multiple nonlinearities. Using a differential inequalities, we obtain sufficient conditions for the blow-up of
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solutions in a finite time interval under suitable conditions on memory and nonlinearities term and for vanishing initial
energy. This article is organized as follows. Section 2 is concerned with some notations and statement of assumptions. In
Section 3, we give and prove the main result.

2. PRELIMINARIES

In this section, we will give some notations and statement of assumptions for P, M, g . We denote L°(Q) by L?,

Hi(Q) by H;, the usual Soblev space. The norm and inner of L°(Q) are denoted by Il-1I, and

=|| * |||_D(Q)

(u,v) = J‘QU(X)V(X)dX , respectively. Especially, ||.[|=].]| for p=2.

(@)
For the relaxation function ¢ and the number M and P, we assume that

(A1) g:R" — R" is a differentiable function satisfying
g(s)=0, 1—j:g(s)ds:l >0;

(A2) There exists a nonincreasing function £:R™ — R™ such that

9'(s)<-4(s)g(s):

(A3) We also assume that

2(n-1)
2

2<m<p< ,ifN>3;2<m< p<+o0,if N=12.

Similar to [21,17], we call U(X,t) a weak solution of problem (1.1)-(1.3) on Qx[0,T), if
ueC(0,T;H)NC'(O,T; %), |u|™?u, e L*((0,T)xQ)
satisfying U(0) =u,, and
[[]. VuEVY(S) - [ 9(s—2)Vu(n)VW(z)dz +v(s)u,(5)

+lul" P uv—|u” *uvldxds =0, WveC(0,T;H?), te[0,T).

In this paper, we always assume that the problem (1.1)-(1.3) exist a local solution.

Now, we introduce two functionals
1 1 1t 2 1
£ (1) =Vl + 5 (a8 v0) (O~ [, 9 (sl (ol ~ iy e
1 1
£ (0) = 1vual" [l 22)

where U € Hé and

(g@W)(t)=] g(t-s)[vv(s)-Vv()[ ds.

Multiplying Equation (1.1) by U, and integrating over 2, we have

1 m- 1
E'(t)=—|u| +E(g’®Vu)(t)—jQ|u| 2utzdx—z g(t)[vu (t)H2 <0. 2.3)
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3.BLOWUP OF SOLUTION
In this section, we consider the blow-up condition for the system (1.1)-(1.3) and prove the main result. Our technique is

m-2
more complex than that in [21], [17] and [5] because of the presence of the nonlinear term |u| U, and the memory term.

Theorem 3.1 Suppose that the assumption (A1),(A2) and (A3) hold, U, € Héand U is a local solution of the system
(1.1)-(1.3), E(0) < 0 is sufficient negative. Furthermore, § satisfies

g -2
,[0 g(s)ds < 2—3 ’ (3.1)
Then the solution of the system (1.1)-(1.3) blows up in finite time.
Proof Let
1
F ()= #ul”+—ull- (32)
Noting that

Ll =m] ™ wu

using (1.1), we get from (3.2)

= [ uudbc+ Jul™* wudx
. —IQ [Vu®)Vu(t) — j(: g(t—s)Vu(s)vu(t)ds +[u" " uu, —u["Jdx + j.Q|u|m*2 uu,dx
=—[IVu@® IF +[, g(t-s)ds || Vu() I* [ [ a(t=s)(Vu(®)-Vu(s))Vu(t)ds+ ] ull5.
By Young inequality, we get
F'®2ullp —(1—%f; g(s)ds) | Vu(®) [I” ~(g ®Vu)(t) - (3.3)

From the expression of E(t),

[Vue) =

2 l p _1
Taoe Ol —5 (@@ VWl

then the equation (3.3) can be rewrite

F i) 2 ulp — 2 e )+ ||u||”—1(g®w>]—(g®w>
et 072

203 9(9)05) oy CL) f |
s Hull; + —Lg (~E(D) +[ ot -1(g@Vu)(y - (3.4)

Since E(0) <0 we have —E(t) >—E(0) >0 by (2.3), then we deduce

=[-

F'®=riullf, (35)

2(1—%I;g(s)ds)

0 >0 by (3.1).
p@-{ a(s)s)

where r =1—
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since E(t) < E(0) <O is sufficient negative, by the expression of E(t), we can suppose that ||u|[2>]|u |*>1, then,

by

p >m > 2 and embedding theorem,

Tulp=Cqulf)* =CAlulP)". ullp>Cdiuli)™

where C > 0 is a positive constant from the embedding theorem. Therefore

FO=rllullp=zllully +5lull;
L P
2£C(lul)" +5C(lully)"

P

2Cy(lull* +Iu )"

ZCOF%(t). (3.6)

_P
where C, =2 "Cr,C, =3, and using the inequality
1 0 m

(a1+a2)k <2'(a+a,), a,a,>0,k>1.

A simple integration of the inequality (3.6) over (0,1) yields

Therefore there exists a positive constant given by T =

F(

AC

(where F (0) >0, p>m ), such that

p-m

C,(p—m)F ™ (0)

t) —> 00,t — T .This completes the proof.

KNOWLEDGMENTS

This work is supported by National Natural Science Foundation of China (No0.11171311) and by Natural Science
Foundation of Henan Provinence (1323004100360).

RE
(1]

(2]
(3]

(4]
(5]
(6]
(7]
(8]

105

FERENCES

Jiang Z., Zheng S. and Song S. Blow-up analysis for a nonlinear diffusion equation with nonlinear boundary
conditions. Appl. Math. Lett., 17(2004): 193-199.

Deng K. and Levine H.A. The role of critical exponents in blow-up theorems: The sequel. J. Math. Anal. Appl., 243
(2000): 85-126.

Levine H.A. Some nonexistence and instability theorems for solutions of formally parabolic equations of the form
Pu,=Au+F (u) Archive for Rational Mechanics and Analysis, 51(1973): 371-386.

Kalantarov V.K. and Ladyzhenskaya O.A. The occurrence of collapse for quasilinear equations of parabolic and
hyperbolic type. Journal of Soviet Mathematics, 10(1978): 53-70.

Levine H.A., Park S.R and Serrin J.M. Global existence and nonexistence theorems for quasilinear evolution
equations of formally parabolic type. Journal of Differential Equations, 142(1998): 212-229.

Messaoudi S.A. A note on blow up of solutions of a quasilinear heat equation with vanishing initial energy. Journal of
Mathematical Analysis and Applications, 273(2002): 243-247.

Liu W.J. and Wang M.X. Blow-up of the solution for a p-Laplacian equation with positive initial energy. Acta
Applicandae Mathematicae, 103(2008): 141-146.

Pucci P. and Serrin J.M. Asymptotic Stability for Nonlinear Parabolic Systems, In: Energy Methods in Continuum
Mechanics. Kluwer Acad. Publ.: Dordrecht, 1996.

4|Page February 21, 2014



[9] Pang J.S. and Zhang H.W. Existence and nonexistence of the global solution on the quasilinear parabolic equation.
Chin. Quart.J.of Math. 22 (3)(2007): 448-454.

[10] Pang J.S. and Hu Q.Y. Global nonexistence for a class of quasilinear parabolic equation with source term and
positive initial nergy, Journal of Henan University (Natural Science), 37(5)(2007): 448-451.(in Chinese)

[11] Berrimi S. and Messaoudi S.A. A decay result for a quasilinear parabolic system. Progress in Nonlinear Differential
Equations and Their Applications, 63(2005): 43-50.

[12] Messaoudi S. A. Blow-up of solutions of a semilinear heat equation with a visco-elastic term. Progress in Nonlinear
Differential Equations and Their Applications, 64(2005): 351-356.

[13] Messaoudi S.A. Blow-up of solutions of a semilinear heat equation with a memory term. Abstract and Applied
Analysis, 2(2005): 87-94.

[14] Giorgi C., Pata V. and Marzochi A. Asymptotic behavior of a semilinear problem in heat conduction with memory.
Nonlinear Differential Equation and Applications, 5(1998): 333-354.

[15] Messaoudi S.A. and Tellab B. A general decay result in a quasilinear parabolic system with viscoelastic term. Applied
Mathematics Letters, 25(2012): 443-447.

[16] Messaoudi S.A. General decay of the solution energy in viscoelastic equation with a nonlinear source. Nonlinear
Analysis, 69(2008): 2589-2598.

[17] Liu G.W. and Chen H. Global and blow-up of solutions for a quasilinear parabolic system with viscoelastic and source
terms. Math. Meth. Appl. Sci., 37(2014): 148-156.

[18] Eden A., Michaux B. and Rakotoson J.M. Doubly nonlinear parabolic-type equations as a dynamical systems, J.
Dynamics and Differential Equations, 3(1)(1991): 87-131.

[19] Ouardi H.E. and Hachimi A.E. Attractors for a class of doubly nonlinear parabolic systems. Electronic J of Qualitative
of Differential Equation, 2006(1)(2006):1-15.

[20] Bonch-Bruevich V.L.,Zvyagin I.P. and Mironov A.G. Domain Electrical Instabilities in Semiconductors. Consultants
Bureau, New York, 1975.

[21] Polat N. Blow up of solution for a nonlinear reaction diffusion equation with multiple nonlinearities. International
Journal of Science and Technology,2(2)(2007): 123-128.

1055|Page February 21, 2014



