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ABSTRACT

In this paper, we study the existence and uniqueness of solution of inhomogeneous semilinear evolution equation with
nonlocal condition in cone metric space. The result is obtained by using the some extensions of Banach’s contraction
principle in complete cone metric space.
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1. INTRODUCTION

The purpose of this paper is study the existence and uniqueness of solution of inhomogeneous semilinear evolution
equation with nonlocal condition in cone metric space of the form:

X'(t) = A)X(t) + f (t, x(t)), ted =[0,b] )
X(0)+g(X) = Xy, @)

where A(t) is a bounded linear operator on a Banach space X with domain D(A(t)), the unknown X(-) takes
values in the Banach space X ; f:JxX — X, g:C(J, X) — X are appropriate continuous functions and X, is
given element of X .

Many authors have been studied the problems of existence, uniqueness, continuation and other properties of solutions of
these type or special forms of the equations (1)—(2) are studied by different techniques, for example, see [3, 4, 5, 8, 10,
13] and the references given therein.

The objective of the present paper is to study the existence and uniqueness of solution of the evolution equation (1.1)—
(1.2) under the conditions in respect of the cone metric space and fixed point theory. Hence we extend and improve some
results reported in [2, 8, 10, 11, 13].

The paper is organized as follows: Section 2, we discuss the preliminaries. Section 3, we dealt with study of existence and
unigueness of solution of inhomogeneous evolution equation with nonlocal condition in cone metric space. Finally in
Section 4, we give example to illustrate the application of our result.

2. Preliminaries
Let us recall the concepts of the cone metric space and we refer the reader to [1, 6, 7, 9, 12] for the more details.
Let E be areal Banach space and P is a subset of E . Then P is called a cone if and only if,

1. P is closed, nonempty and P #{0};
2. a,beR,a,b>0, x,yeP = ax+byeP;

3. XeP and —xeP = x=0.

For a given cone P < E , we define a partial ordering relation < with respectto P by X < Yy ifandonly if Y —X e P.
We shall write X <Y to indicate that X <y but X # Y, while X <<y will stand for y—X € intP , where IntP
denotes the interior of P .

The cone P is called normal if there is a number K >0 such that 0< X<y implies ||X||< K||y]|, for every

X, Y € E . The least positive number satisfying above is called the normal constant of P .

In the following we always suppose E is a real Banach space , P is a cone in E with IntP = ¢ and < is partial
ordering with respectto P .

Definition 2.1 Let X be a nonempty set. Suppose that the mapping d : X x X — E satisfies:
1. 0<d(x,y) forall X,ye X and d(X,y) =0 ifandonlyif X=Y;
2. d(x,y)=d(y,x),foral X,ye X
3. d(x,y)<d(x,z)+d(z,y), foral X,y,Zze X.

Then d is called a cone metric on X and (X ) d) is called a cone metric space. The concept of cone metric space is
more general than that of metric space.

The following example is a cone metric space, see [11].

Example 2.2 Let E=R®* , P={(x,y)eE:x,y>0}, X =R, and d:XxX —>E such that
d(X,¥)=(x=Yy|,ax|x—=Yy]), where & >0 is aconstant. Then (X,d) is a cone metric space.
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Definition 2.3 Let X be a an ordered space. A function @ : X — X is said to a comparison function if for every
X,y € X, X<y, implies that ®(X) < D(y), D(X) <X and limn_.|| D" (X)|| =0, forevery x € X .

Example 24 Let E=R? , P={(X,y)€E:X,y>0}. It is easy to check that ®:E—>E, with
d(X,y) = (ax,ay), for some a € (0,1) is a comparison function. Also if ®,, D, are two comparison functions over
R, then ®(X,y) = (D,(X),D,(Y)) is also a comparison function over E .

3. Existence and uniqueness of solution

Let X is a Banach space with norm ||-||. Let B =C(J, X) be the Banach space of all continuous functions from J

into X endowed with supremum norm
[[X]L, = sup{l|x(®)[|:t € I}
Let P={(X,y):X,y>0}cE=R? be a cone and define d(f,g)=(|f —gl.,f —gl.). for every

f,g € B. Thenitis easily seen that (B, d) is a cone metric space.

Definition 3.1 The function X € B satisfies the integral equation
X(t) = X, — g(X) + j; AGs) f (s, x(s))ds, ted @

is called the solution of the evolution equation (1)—(2).

We need the following lemma for further discussion:

Lemma 3.2 [11] Let (X ! d) be a complete cone metric space, where P is a normal cone with normal constant K .

Let f:X —>X be a function such that there exists a comparison function @:P —>P such that
d(f(x), f(y)) <@(d(x,y)),

for every X,Y € X .Then f has a unique fixed point.

We list the following hypotheses for our convenience:

(H1) A(t) is a bounded linear operator on X for each t € J, the function t — A(t) is continuous in the uniform

operator topology and hence there exists a constant K such that

K = sup|[AQ)|

ted

(H2) There exist continuous function P:J — R* anda comparison function @ : R? — R? such that

(If (%) = £t YL allf (€ x)— F (€ Y)) < pt)D(d(X, ),
and for positive constant G, such that

(19(x) =gl el g(x) — g (VI < GP(d(x, y)),

forevery te€J and X,y e X ..

t
(Hs) sup,,[G +LKp(s)dS] =1

Theorem 3.3 Assume that hypotheses (H,)—(H,) hold. Then the evolution equation (1.1)—(1.2) has a unique

solution X on J .

Proof: The operator F : B — B is defined by

Fx(t) = X, — g(X) + j; AGs) f (s, x(s))ds, ted. @
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By using the hypotheses (H,) —(H,;), we have

(IFx@) ~ Fy @l | Fx) - Fy@i < (1) - g+ [JAGIIF (s.x(s)) - F s, y(s))] ds,

a9 - (Y| + & [AS)fi(s, x()) — (5, y(s))]s)
<(p0) -9l edo ) -9 (I

+ KA (s, X(9) - (s, ()l el (5,%(5)) — f (5, y(s)Dds
<G (k- yllalk—yl)+ [ Kp(s)(K(s) - y(s)] alk(s) - y(s)])ds
<G (k- yl,, alk—y|,) + K-yl alk—y].) [Kp(s)ds
<GO(d(x, y)+P(d(x, ) [ Kp(s)ds

< (d(x, )G + [ Kp(s)ds]

<@(d(x,Y)), (5)

for every X,y € B. This implies that d(FX, Fy) <®d(d(X,Y)), for every X, Y € B. Now an application of Lemma

3.2, the operator has a unique point in B . This means that the equation (1)—(2) has unique solution. This completes the
proof of the Theorem 3.3.

4. Application

In this section, we give an example to illustrate the usefulness of our result discussed in previous section. Let us consider
the following evolution equation:

%:@e’tx(th t(?‘tx(t) , telJ=[01], xeX, (6)
d 8 (9+e")(1+x(1))
x(0) +ﬁ = Xy, @)
Therefore, we have
At) = %e‘t,
o teT'x(t) L
f(t,x(t)) = O 1)Lt X(D)’ (t,x)eIxX
X
g (X) - m, Xe X.
Now for X,y € C(J, X) and t € J, we have
(1P~ Y@Ll Fx® - Fy@) = °— (120 - Y g X YO

1ol 1ex(t) 14y 1+x) 1+ y(t)

- te (H X(t) B y(t) ||, 05|| X(t) B y(t)

9+e' T (L+xM)A+yM) A+ x®)(A+y(1) L
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9+e

<

<

7 (x=yl,.alx-yl.)
9+e! ’

te™

S t
9+e

d(x,y)
t
< E<1>(d(x, ¥)), ®

t
where p(t) = 0 which is continuous function of J into IR* and a comparison function @ : R” — R? such that

O(d(x,y)) =d(x,y).

Similarly, we can have

[x—yl| X =yl
— gyl g <8 :
(lgC)— gl ellg(x) - gyl < ((8+HXH)(8+HYH) a(8+HX||)(8+||Y||))

8
<—([X=Y|,o||X—
= (1= ylleilx-yI)

<2 (x=ylL.allx-yl.)

8

< %CD(d (x, ¥)), ©)

140
where G = g and the comparison function @ defined as above. Hence the condition (Hl) holds with K = —.

Moreover,

1 140t s
_+_ =
S 48 ‘WO
1 140 t?

=sup[=+——
ter[8 8 20:I

sup[G + Kﬁp(s)ds] =sup[ ds]

ted

T,
=sup[=+—t
MS 3 1

ted
= [%+g] =1 (10)

Since all the conditions of Theorem 3.3 are satisfied, the problem (6)—(7) has a unique solution X on J .
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