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ABSTRACT: In this paper we have established a relation between the Summability methods X —‘N, P,

Y —|A, k>1anaY —|A, f(5)| k=15>0.
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1. Introduction:

Let Z a, be an infinite series and {Sn }the sequence of partial sums. Let{pn }be a sequence of non-negative numbers

n
with Pn = Z p, foralne N .The sequence —to-sequence transformation
v=0

1.1) tn:iZ"ps P, #0

vSyi
Pn v=0
defines‘ N, pn‘ -mean of the sequence {Sn }generated by the sequence of coefficients {pn }.The series Z d, is said to

k=14 i

k

be summable ‘N, P,

n=1 pn

The sequence —to-sequence transformation

Ping pnfvsv’ I:>n # 0 J

k-1
(1.2) Z( i j It, —t,.| <0,

(1.3) 7 =

defines‘N, pn| -mean of the sequence {Sn } .The series Zan is said to be summable |N, pn|k k=1, if

k-1
(1.4) Z(EJ o0 =Toal < 0.

n=1 pn

The series Zan is said to be summable X —‘N, P,

k=1, if
k

(1.5) ixﬁﬂtn —t,,| < o
n=1

where {X o } is a sequence of positive real constants. Similarly, Zan is said to be summable X —|N, pn|k’ k>1,
if

(1.6) DRl —rH|k < o0,

1
Let A=(a,,)bea 00xo0 matrix. The series Zan is said to be summable X —|Alk, k>1,if
(1.7) ZX:71|Tn _Tn—l|k < 0,

1

Zan is said to be summable X —|A,5|k, k>106>0,if

(1.8) SXFHAT T [ < o

n=1

andZ:an is said to be summable X —‘A, f (5)‘k ,k>16>0,if
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o0

L9 S(£(5)) XET, ~T,[ < oo,

(1.10) T,=>.a,5, .

Clearly X —|A, f(5)| , k 21,6 >0 reducesto X —|A,5], , k =16 >0if f (5)=X; .

2. Known Theorems:
Dealing with the index summability method Bor has established the following theorems:
Theorem-A[1]:

Let {pn }be a sequence of positive real constants such that as N —» o0
iy np, =O(P,) iy P, =0(np,).

If Zan is summable |C,1|kthen it is summable ‘N, P, , k=1

k H
Theorem-B[2]:
Let {pn }be a sequence of positive real constants such that as N —» o0

iy np,, =O(P,) iy P, =0(np,).

If Zan is summable ‘N, P,

then it is summable |C,]4 ck>1.
K k

Subsequently Bor and Thorpe established the following result.
Theorem-C[3]:

Let {pn } and {qn} be the sequence of positive real constants such that
) PQn =O(F,0,) i P\gy =0(P, Q).

k>1.

then the series Zan is summable ‘N ) qn

1 whenever it is summable ‘N, Pl
k

Further, Tripathi established
Theorem-D[6]:

Suppose {pn } , {qn } {X n }and {Yn }are sequences of positive real constants such that

Ifzan is summable X —‘N, P, g k >1.

X then it is summable Y —‘N,qn

Extending the above result , Misra, Misra and Routa established the following theorem replacing

Y —‘N,qn g k>1byY —|N,qn|k, kK >1, in Theorem-D.

Theorem-E[7]:

Suppose { P, } , {qn } {X n }and {Yn }are sequences of positive real constants such that

) d,P, =0(p,4,) i) Q, =0(q,X,) iii) Y, P, =0O(p,)
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n+1

1 1 S
v) Y — = O(—] v) Y akt =0(1) k =1.
n=v+l ~n Qy v=l

IfZ:an is summable X —‘N, P,

, then it is summable Y —|N,qn|k, k>1.
k

Further, generalizing the above theorem to matrix summability Padhy, panda, Misra and Misra established the following
theorem:

Theorem-F[5]:
Suppose {pn } , {qn } {X n }and {Yn }are sequences of positive real constants such that
) auR =0(p,). 0 = =0(X,). 0Y,p, =O(R,),

m+1

K+k-1
|V)Z[%J Anr = O(arr) » Where A]k Z Za”"
n=r n v=k

and, for the infinite triangular matrix A= (ank)

0 Xo0 '’

93 A, =00

, Kk >1.

k

Then Zan isY —|A, 5|k , k =1,6 =0 summable whenever Zan is summable X —‘N, P,

In what follows, in the present paper, further generalizing the above theorem we establish

3. Main Theorem:

Suppose {pn } : {qn } {X 3 }and {Yn }are sequences of positive real constants such that

(3.1) ) a,P, =0(p,).
(3.2) i) . o(X, ).
(3.3) Y. p, =O(P,).

k-1
(3.4) iv)i( f (5))k [%J A\r = O(arr) » Where Aﬂ( = Za”"
n=r v=k

n

and, for the infinite triangular matrix A:(ank 00 ?

(3.5) VY A, =00).
r=1

, k>1.

k

Then Zan is Y —‘A, f (5)‘k , k =1,6 =0 summable, whenever Zan is summable X —‘N, P,

4., Proof of The Theorem:

If {tn} is the nth ‘N, p,| -mean of Zan sthen
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1
t,=— s
" I:)n v=0 pv Y
1
:F{poao + pl(ao +a1)+-.-—|— pn(ao +al +...+an)}
Pi{Pa +(P po)al‘f‘"'-l-(Pn—pnil)an}
1 n
= P-P_)a
Pn v—O( " Vﬁl) v
Then
At =t -t
1 1 2
= P —P a P o] a
Pn v—O( 4 Vﬁl) ¥ Pn ) v—O( n-1 v—l) v
1 1 =
- P -P a P —_P a
Pn V—]_( n v—l) 4 Pn ! V_o( n-1 v—l) v
I 18K
=B ¥ = > P.8
(Pn 1 Pn ]; 1%
p n
NP
pp
Hence,
n 1At ZPV 1av
Pn
and
P
n-1 n—l At ZPV la
pn—l
Thus,
an = iAtn _ Pn—2 Atn71
p” pn—l

Further,if {Tn} is the nth A-mean of Zan ,whereA—( nk)wxw triangular matrix,

Then,
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n n-1
Tn _Tn—l = Ankak - Z An—l,kak
=0 k=0

k

n

(Ank - An—l,k )ak

k=1

n

(Ank - An—l,k )(%Atk - Pk_z Atli

k=1 k k-1
n n n-1 n-1
= AnkiAtk_ZAnkhAtk—l_ZAn—lkiAtk+2An—lkhAtk—l
) K =) K1 o Py o Pea
=S5, +S, +S5; +S,(say).

Now,
m+1 m+1 4 m+l
() YT, =TLf <D ((8)) Y, S, +8,+5,+5,[ =D v s [f
n=1 n=1 i=1 n=1

(By Minokowski’s inequality)

m+1
4 K .
Our Theorem will be established if we show that ZYn‘%k 11|Si| <o ,VI1=1234.
n=1

m+1 m+1 5

(FO)) Vs =3 (f(8) v

n=1 n=1

DA, EaL,
r=1 pr

S 3z alin )

n=1 r=1 r
(Using Holder’s inequality)

m+1

k
:o(l)i %J |Atr|k2(f(5))k YXTA by (35)
r=1 r n=r

mil p 3 km+1 [ P i
=0, F’j |At, | Z(f(&)) [?"] A by (3.3)
r=1 r n=r n

m+1 1

= 0(1)2

k
j |Atr|karr , (using 3.4)
a

rr

m+1
=0M> X[ At, |, wsing 3.2)

r=1
=0(1).
Next
m+1 m+1 n k
@) Vs =X (1 () A, A
n= n= r= r-1
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m+1

Sy B j s A EA)

n=1

m+1 m+1
:O(l)z E’lj At " Z Ynk_lAw,by (3.5)

r-1

m+1 m+1 k-1
:O(l)z Pr 1j |Atr l| z (p—”j A\]r’ by (3.3)

prl n

m+1

k
:O(l)z E—J |Al‘r| o+ (using 3.4)
r=2 r

=2\ 8

m+1 k
—om> |2 j At [“a,

m+1

= O(l)z X, 5 l|At | , (using 3.2)

=0().
Also,
m+1 . " m+1 k n=1 Pr .
St -2 ) WS AL e
sz:l:(f (5))kvnk‘1§l“( o ] At [ A, 1,[2/% nj
_ O(l)f[ J |At | z ( ) [p—"j A, using (3.5)
= O(l)%( ] |Atr|karr, (using 3.4)
= O(l)% X, s l|A'[ | , (using 3.2)
=0().
Finally,
;(f (5))k Ynk_1|s4|k :é( ) Yk . ZA] -1,r p " rfl
si(f@))kYnk ) (E j At [ A, u(ZAq uj
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