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ABSTRACT

Some properties of two operations - conjunction and disjunction from Lukasiwicz type — over Intuitionistic Fuzzy
Matrices are studied.
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INTRODUCTION:

After the introduction of fuzzy theory in [1], intuitionistic fuzzy theory [2] has been found to be highly meaningful
to consider vagueness. In [3] krassmir T.Atanassov defined so many new operations over intuitionistic fuzzy sets
and some operations deals with uncertainty case of the element also. Using the theory of IFS, Im et al[9] defined
the notion of IFMs. X.Zhang[7] studied Intuitionistic Fuzzy Value and introduced the concept of composition two
Intuitionistic Fuzzy matrices. Z.Xu [6], Ronald R.Yager [8], Meenakshi A.R and Gandhimathi[5] and several
authors discussed IFMs. Here we give some inequalities contains Lukasiwicz fuzzy conjunction and disjunction
operators and some properties in IFMs. The above said operators are introduced by Atanassov in [4] over IFSs
and so many operations were defined by him in [3] also. In [10] we define the above operations over intuitionistic
fuzzy matrix and this work is the extension of our previous research deals with conjunction and disjunction
operators in [10] and [11].

2. PRELIMINARIES:
Definition 2.1[2,6,7]:

Letaset X = {x1,xp, ... ... x, } be fixed, then an intuitionistic fuzzy set (IFS) can be defined as
A = {(x;, ua(x),va(x;)) / x; € X} which assigns to each element x; a membership degree u,(x;) and a non
membership degree v, (x;) with the condition 0 < u,(x;) + v, (x;) < 1 for all x; € X.

Definition 2.2.[6][7]:

The 2-tuple a(x;) = (1q (%), vo (x;)) is called an intuitionistic fuzzy value (IFV), if u,(x;) € [0,1], v,(x;) € [0,1]
and ug (x;) + ve(x;) < 1.

Definition 2.3[6]:

LetA = (al-j) be a matrix of orderm x n, ifall a;; (i = 1,2,..m,j = 1,2, ...n) are IFVs, then A is called an
intuitionistic fuzzy matrix (IFM).

Definition 2.4[3]:

Let A and B be two [FS s and a € [0,1] then

(DA c Bifand only if for all x; € X, us(x;) < pg(x;) and v4(x;) = vp(x;).

(oA = {x;, ua(x;), 1 = pa(x))/x; € X}

(ii)C(A) = {(x;, K, L) / x; € X} where K = max. uy(x;) and L = v, (x;).

(iv)De (A) = {{xg, pra (i) + amy (), va () + (1 — )y (x;) M/ x; € X}, where my (x;) = 1 — py () — v, ().
Definition2.5[12,13,14]:

In [12] and [13] Norm(A) was defined as follows. Let X be a nonempty universal set. The normalization of an IFS
A denoted by Norm (A) and defined by

. ua(x)  yao)—infya(x)
Norm(A)_{(x’supuA(x)' 1=inf () )}'

Some remarks were given about the definition of Norm (A) in [14] such that the above definition will be valid only
if 4 (x) is negligible. Here we consider that case only.

Definition 2.6[10,11]:
Consider that two elements in IFS (x, X’} and (y, y’) such that 0< x+x'< 1 and 0 < y+y’ <1
Now the Lukasiwicz conjunction and disjunction operators are defined as follows
(6, XY, y) = ((x + ¥)AL (x +y = 1)V0)
(,x) O (1, y) = ((x+y = VO, (x"+ y)A1)
Now we define all the previous operations on IFMs as follows.

Let A = [(a;,a;)] and B =[(b
given below.

l-j,bi'j )] be two IFMs of order mx n.Then the ij** element of all the operations are

i.  A®B = ((a; + b;)A1,(a; + by —1)V0)

i.  AQB=((ay +by —1)V0,(ay +b;)A1)

i. A<B=a;<b;anda; >b;

iv. DA = (aij, 1-— aij)

V. Dy (A) =(a; +aay,a; + (1 —a)a;) Wherea; =1-a; — ay, the value of indertermacy.
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Vi. An IFM ] = [(1,0)] for all entries is known as Universal Matrix and 0 = [{0,1)] for all entries is known as
Zero matrix.

vii. A+l = AlklgA For all k=1, 2, ...

viii. AU+ = g4k O A For all k=1, 2, ...
. _ aj; a;j —mina;' .
iX. Norm(A) = (max PR E— y for all i,j.
X. If A is reflexive the A > I, where I,, is the identity IFM contains (1,0) when i=j otherwise (0,1).
Xi. It Als irreflexive then (a;;, a;;) = (1,0) when i = j.
Xii. c[A] = (K,L) where K = max; ; a;; and L = min;; a;;".

Here after E,,,, means set of all Intuitionistic Fuzzy Matrices of order m x n.
3. MAIN RESULTS:
Theorem 3.1:

For any two IFMs A, B € E,,, , the following inequalities are true.
i.  D,(A®B) < D,(A)®D,(B)
ii. D,(A®B) =D,(A) ®© D,(B) for some ae[0,1]
Proof :
(i)From the Definition 2.5, we have
A®B = ((a; + by)M, (a; +b; —1)v0) and
Do [A®B] = [(a; + by)M + a{l — (a; +by)AL — (a; + by — 1)VO},
(aj +b; —DVO+ (1 —a) {1 - (a; +by)al — (a; +b; —1)V0}] --3.1

"

ij’

"

Now consider D, (4) = [(a; + aa;,a; + (1 — a)a; "], where a; =1—a; —a;’

Do (B) = [ (b; + abj;, b; + (1 — a)bay "], where b; =1 — by — b;

)
Using the above two equations we have

Do (A)®D, (B) = [{a;; + by + a(a; + b;; )}, {a;; + b + (1 — a)(ay; + by ) — 1}V0]

Case (i)
If a; +b; = 1anda; +b; —1<0then
3.1 becomes D, [A®B] = [1,0]
3.2 becomes D, (A)®D, (B) = [1,0]
Hence in this case D,[A®B] = D, (A)®D,(B)
Case (ii)
If a; +b; <1 and a; +b; — 1> 0 then
Do [A®B] = [a; + by + a{1l — (a; + by) — (a; + by — 1)}, (a; + by — 1)
+(1 - {1 - (ay + by) — (a; +b; —1)}]

=[a; +b; + a(a;- + bl-']'- ), (aéj + bl-'j -1)+@1- a)(a;- + bi'j'- )]

= D, (A)®D,(B)
Case (iii)
If a; +by <1 and (a; +b; —1) <0 then

Dy [A®B] = [a; + b; + a{l — (a; + b; )} (1 — ){1 — (a; + by;)}]

And the membership value of
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Since a;;'+b;'<1=>1-—(a;'+by;") is positive which means the following
[1= (@ +by)] + 11 = (@ + b)) = [1 - (a +by))]
Gives membership value of D,[A®B] < membership value of D,(A)®D,(B)
Now consider the nonmember ship value of D,(4)®D,(B) as follows
[(aj +bjj — 1) + (1 — &){1 = (ay +by) + 1 — (a;; + b;;)}]v0 which can be written as
[1-(ay +by)—aft — (ay; +by)+1—(a; +by)}]V0 <
[1 = (ay +by) — aft = (ay + by )}]
Which is the nonmember ship value of D,[A®B]
Therefore in this case D,[A®B] < D, (A)®D, (B).
Case (iv)
If aj +b; = 1and(a; +b; —1) =0 then Aand B are not an IFMs.
Hence from all the above cases we conclude D,[A®B] < D,(A)®D,(B).
(iiy From the Definition 2.5
AQ B = [(ay + by — 1)VO, (a; + b;;)A1]
Now [A © B] = [(ay + by — 1)v0 + a{1 — (a; + by — 1)v0 — (a;; + by )a1}, (ay; + by )al +
(1 - a){1 - (ay + by — 1)v0 — (a;; + b; )a1}]
Case (i)
If (a; +by —1) = 0and (a; +b;) < 1then
Do[A ® Bl = [(ay + by — 1) + afa;; + by}, (ay; + by;) + A — ){a;; + b }]
Where a;- =1-a; — alfj and bl] =1-b; — bi'j
= [a; + aa;» +b; + bU -1, altj +(1- a)alf} + bl-'j +(1- a)bl-'}]
=D, [A] © D, (B).
Case (ii)
If (a;; + by —1) < 0 and (a; + by ) =1 then D,[A © B] = [0,1] and
D,[A] © D, (B) = [(a; + aa; + b; + ab; — 1)v0,{a; + (1 — a)a; + b + (1 — a)b; }A1]
Now consider the membership value of D, [A] © D, (B) which can be written as
[(ay + by — 1) + aft — (a; + by = 1) — (a;; + b;;)}|]v0 =
[(1—a)(a; +b; —1)+a—a(a; +b;)|v0=0
Since (1 —a)(a; +bj —1) < Oanda — a(agj ¥ bl-']-) <0
Similarly the nonmember ship value D, [A] ® D, (B) can be considered as
a; + bi'j +(1- a)(alf'j + bi']'-)]/\l = 1since (1 - a)(a;- + bl-'}) >0
Hence D,[A] ® D,(B) = [0,1] = D,[A © B].
Case (iii)
If (a; + b —1) < 0 and (a;j + bi’j) <1 thenwe have D,[A® B] = [afl — (a;j + blf]-)}, (aéj + blf]-) +
(1-a)(1-a; —by)]
and D,[A] © D,[B] = [{(a; + by — 1) + a(ay; + by )}v0,{(ay + by;) + (1 — a)(ay; + by )}Ir1]
Now rewrite the membership value of the above as follows
[(ay +by —1)(1 — @) + af{l — (a; + b;; )}Iv0 < a{1 — (a;; + b;;)} Which is the membership value of D,[A © B].

Similarly we can prove the nonmember ship value of D,[A] © D, (B) =Nonmembership of D,[A © B]
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Hence from all above cases D,[A ® B] = D,[A] © D,(B)
Theorem 4.2:

For any two IFMs A, B € E,,, , the following inequalities are valid
(D)c[A]1®c[B] = c[A®B]

(ii) c[A] © c[B] = c[A ® B
(it))c[Dy (A)] < Dy [c(A)]
Poof :

() LetA = [a;,a;] and B =[b

- b;; ] be two IFMs of order mx n.

From the Definition 2.6, c[A] = [max;; a;;, min;; a;;'], c[B] = [max;; b;;, min;; b;;]
Now c[A]®c[B] = [{max;; a;; + max;; b;}a1, {min, ; a;]- + min; bgj — 1}v0]
We know that A®B = [(a; + b;;)a1, (a;; + bj; — 1)v0]
c[A®B] = [max; ; (a;; + b;)a1, min, (a;j + bgj —1)v0]
For alli, jitis clear that a;; + b; < max;; a; + max;; b;;
= n}j}x(aij +by)al < {n}?x @j + max bjIrl..........3.3

Similarly for all i, j we have a;;" + b;;" = min;; a;;" + min, ; b;;'

= nljn}n(a;j +by; —1)v0 > {min a; + min by = 1}v0] .. .. .. .. 3.4
From 3.3 and 3.4 we have the inequality c[A]@c[B] = c[ADB]
(i) It is trivial from the above.
(iii) D, [A] = [a; + aa;,a;j +(1- a)a;-]
Now c[Dq (4)] = [max;; (a; + aa;} ), min,; ; (agj +(1- a)a; )]
And D, [c(A)] = [max;; a;;, + a{l — max;; a; — min;; a; 1,

min; a;j +(1-a){1- n}?x a; — nll}n a; "}

for all i, j it is clear that (a; + a{1 — a; — a;;}) < max,; a;;, + a{1 — max;; a; — min;; a;'}
Hence max;;(a; + a{l —a; — a;j ) <max;; a;, + a{l — max;; a; — min;; a; '}

Similarly we can prove that
min{a;; + (1 —a)(1 — a; — a;)} = mina; + (1 — a){1 — maxa; —mina;}]
L 15 i L)

From the above two inequalities we conclude that c[D, (4)] < D, [c(4)].
Theorem 3.3:
Forany IFM A,B € E,, , the following statements are valid
(HAM] = U(the universal matrix) forsomek =12 ...
(iDA® = 0(the zero matrix) forsomek =12,...
(i) (A®B)T = AT®BT
(i) (AOB)T =AT © BT
Proof:

It is clear From the Definition 2.6.
Theorem 3.4:
If A and B are two IFMs then we have the following
(Ho[Norm(A®B)] < o[Norm(A)]®o[Norm(B)]
@If (al—j,a;j) = (1,0) for atleast one i,j then Norm[A] = A

(ii)If Ais reflexive or irreflexive then it is same for Norm[A] also.
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Proof:
(i) Let A =[ay,a;'] and B = [by, b;;], From the Definition 2.6

_ ’ , _ aj a;j —min aij’
A®B = [(ay +b; )1, (a; + by = 1)v0], Norm[4] = [max ay ' 1-minag’
b b —minb;;’ a: a: b bi:
Norm[B] = [# ,u] , ONorm[A] = [#,1 ——1 ], ONorm|[B] = [#, I
max by;; = 1-minb;; max a;; max a;; max bj; max by

Norm[AGBB] _ (aij +bij )Al ' (aij +bl-j —1)v0—r’m’n(’aij +bl-j —1)v0
max (aij +bl-j)/\1 1—min(ai}. +bi}. —1)v0
a;;i+b; )al a;j+b; )al
DNOT‘m[A@B]=[ (l] U) ‘1_ (U U) ]
max (aij +bi1-)/\1 max (aij +bi1-)/\1
_ aij byj __ay _ by
Now O[Norm(A)]®o[Norm(B) = [{max = + maxbi]_}/\l, {1—— = +1-— b 1}v0]
Since > 20 an by = by gives 4 by = %y by e e 3.5
max a;; max (a;; +by;) max bj; max (a;; +by;) max a;; max by max (a;;+by;)

a by ) (@tby)al
maxa;;  maxb; max(a; + b))l

From equation 3.5 we have

1— aij f bl] e, _ ai]‘ + bl]
maxa;; maxb;) ~ max(a;; + b;;)
(aij +bij)/\1
max (aj;+by)al e

. {1— L—L}vos1—

max a;; max by
From equation 3.6 and 3.7 we prove O[Norm(A®B)] < a[Norm(A)]®a[Norm(B)].
(ii) If at least one (a;;, a;;) = (1,0) thenmaxa; = 1 and mina; =0

. . g a0 ,
Therefore from the definition Norm[A] = [aT’ al’TO] = [aij,al.j] =A

(iii) Suppose A is reflexive then A > I, , thatis (a;;, a;;) = (10)when i = j
In this case clearly Norm[A] = A which is reflexive from (ii)

Suppose A is irreflexive then (a;;, ;) = (0,1) wheni = j

when i = j, Norm[A] =

i o, — minay ’] B [ 0 1-mina; ’] — [04]

y . 7 D . 7
maxa; - 1 —mina; maxa;; 1 — mina;

Hence Norm[A] is irreflexive.
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