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1 INTRODUCTION

The topic of functional integral (integration of Urysohn type) integral equations is a one ofthe most important and useful
branch of mathematical analysis .Integral equations of var-ious types create the significant subject of several
mathematical investigations and appearoften in many applications , especially in solving numerous problems in physics,
engineeringand economics [1][3][10].

Consider the coupled system of functional integral equations

1

x(t) = fl[r,f wllt,sy(0y (5))ds) . ¢t € [0; 1] oy
b
1

y(t) = fz[t,f ul(t.s.x(0, (s))ds). t € [0 1]
b

Here we prove

The existence of solution x, y € C[0; 1] and x, y € L*[0; 1] of the coupled system (1)

2 Existence of a unique solution of (1)
Let @i : [0,1] = [0, 1] are continuous and consider the functional integral equations (1) with
the following assumptions:
(i) fi: [0, 1] x R — R+are continuous in [0,1] and satisfies the Lipschitz condition,
|Filt, x) — fi (&,y) ) | = Li|x— ], 1=1.2
where Li is positive constant.
(i) ui: [0, 1] % [0, 1] % R — R+are continuous in t € [0; 1], measurable in s €[0; 1] and satisfies, for
every (t, s, X), (t, s, y) € [0, 1] = [0, 1] ¥ R, the Lipschitz condition,

|ui(t,s,x) —ui(t,s,y) )| = ki(t,s) |[x—yl. i=12
- 1
(iii) ti}ﬁ?;;.] f,:, Ki(t,)ds=m; telo.1]

LetX = {u = {x,v):x,v € C[0,1] } and it is norm defined as: —
| Ge,30ll = llxll + llvll = sup_|x(2) | + SHI:J |y () |

LD, tELD,

Now for the existence of a unique positive continuous solution of the coupled systems offunctional integral equations (1)
we have the following Theorem.

Theorem 2.1 Let the assumptions (i)-(iii) be satisfied. If LiMi <1, then the coupledsystem of functional equations (1)
has a unique continuous solution in
X. Proof. Define the operator F by

Fix: v) = (Fly: Fix)

where

1
Fly = fl[r,f ul(r,s,}-(ml:sj.]] dsy. t €[0.1]
o

i

F2x = fz.::,f uz(r,s,x(mzcsj]] ds), t € [0.1]
o

Firstly we prove that F: X — X.

Letu = (x.v) € X,rl,t2 € [0,1]
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va3> 0,38 > 0suchthat|t? — t1]| < 4 then

1

Fly(tl) = f1 [rl,f u1(t1,5y(01(s))) ds)
o
1

Fly(t2) = f1 [rz,f u1(t2,5,y(01(s))) ds)

1]

then

[F1y(t2) — Fly(t1)|
i

1
= |Jr"1[t?2JJr wl(t2.5y(01(s))ds) — fl[tl,Jr wl(tl, s y(@1(s)))ds)|
)

o

1 1

= |f1|:t2f ul{t2, s v(01(z)))ds) — fl[tl,f wl(tl.s y(@1{s10ds)
] ]
1 1

+ fl[tl.f ul{t2,s y(@1(=))ds) — fl[tl.f ul (2,5, y(01(=))0ds]|
o o

1 .
= |f1[t2uf wl{tZ,s y{01(=)))ds) — fl[tl,Jr ul(t2, = y(01(s)))ds)
o o

1

1
+ f1(eL f ul(t2.s y(01(s)))ds) — fl.:r,f ul(tl,sv(01(s)))ds)|
o o
1

1
_Ifiiez, f ul(tZ, s vi01(s)ds) — f1 [tl,f ul(t2, 5 v(01(=10ds)|
o

o

L 1
+ |f1[tl,f ul{t2.s v(01(=)ds) — fl[tl,f w115 (@107 )ds])
i i)
L 1
_If1ce2 f ul(t2,s,y(01(s)))ds) — f 1{r1,f ul(,tl 5 y(01(s)))ds)|
i i
1 1
+Ly| f ul{t2.5 {01 (=1)ds — f ul{tl.s y(B1(s)))ds|
b b

1 i
_If1cez f ul(t2.5 y(01(s)))ds) — fl[tl,f ul(t2,5y(01(s)))ds)]
o

i}
i
+11 f | ul{e2.s ¥(01(5))) — wl{tl.s y(@1(=)))|ds
o

This proves that F1: C[0; 1] = C[0; 1]

Simillarly
1

F2x(tl) = fzm,f u2(tl,5 x(02(s)))ds)

1]

1
F2x(t2) = fz.:rz,f u2(t2 .5, x(02(s)))ds)
D
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1 1

[F2x(e2) — F2x(t1)] < |f2(c2. f u2(t2,s,x(02(s)))ds — F2(rl. f u2(t2,5, x(02(s)))ds)|
o o

1
+sz |u2(t2,,s,x[92[5]j:l— u2 (rl,s, x(mz[sjjj| ds.
1]

This proves that Fz - C[0; 1] = C[0; 1]

Hence

F(x; v) = (Fly: F2x)

Il (Fx(e2)p(e2)) — FlxCe1dye)) | = I (Fly(e2). F2x(r2)) — (Fly(t1).F2x(t1)) |

= || (Fiy(t2) — Fly(e1).(F2x(z2) — F2x(r1)) ||

= || Fly(e2) — Fiy(e1) ||+ || F2x(c2) — F2x(c1) |l

then

F:X =X

Now to prove that F is a contraction, we have the following.

Letu = (x.¥y) EXw = (g.Vv)E X

F(x.¥) = (Fly. FZx),

F(g.v) = (Flv.F2g)

then

1

Fiy(t) = filit f u1(t, 5,y(01(s) ) ds)
i)
b

Flv(t) = f1 [r,f ul(r,s,::(m{s]j]:tsj

]

then

1 1
|Fly(£)} — Flu(t)| = |f1{t,[ ul (t, 5, ¥(@1(s)))ds) — fl(t,f ul (£, 5 w{@1(s)))d=)]|
] ]

1

I1 |J. ul(t. s v(B1(s)))ds —f ul(t, s, v(@1(s)))ds|
o

]

I

I,

L1|f ul(t, s, y(01(s))) — ul(t s v(@1(s])))ds|
o

ER

< L1 |ul(t.sy(B1(5))) — ul(t, s v(B1(s)))|ds
1

= Llf E1(t s)|y(B1(s)) — w(@1({s))ld=
o
1

= LlJ. kK1t s)ll y(81(s)) — v(@1(s)) llds

]
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1
< 11lly - uu[ K1(t 5)ds
o

| F1y(t) — F1le(®) || = M1L1ly — » L
Since M1L1 < 1, then F1 is a contraction.

By a similar way we can prove that
1

F2x(t) = fZ[t,f u2 {r,s,x(mz[ﬂ]:] ds) .
D
1

F2g(t) = f2 .:r,f uz(r,s,g(mz[sj:l]dsj
o

then
1

| Faxit) — Fzgio) |l = L2llx — g ||f k2(t,s)ds
o

= M2L2||x — g
Since M2L2 < 1, then F2 is a contraction.

Hence

I Fee.yy — Figw) Il = |l (Fiy.F2x) — (Flu.F2g) |
= || (F1y — Fiv,F2x — F2g) ||
= | F1y — F1v || + l|F2x — F2g|
= max(L1M1, L2M2)]| (x.v) — (g0 ||

and max(L1M1,L2M2) < 1 then by using Banach fixed point Theorem , the operator F has a unique fixed point in X of the
coupled systems of equations (1)

3 Existence of a unique integrable solution of (1)
Consider the functional integral equation (1)with the following assumptions:
(i)  fi: [0, 1] X R =R+ be measurable in t € [0, 1], fi(t, 0) € L1[0,1] and satisfy the

Lipschitz condition, with constant Li, i = 1; 2

Ifit.x) — fit.y) = |Li |x — yl

and

1

f fle.0de = Ni

o

(I1*) wui: [0, 1] % [0, 1] * R —R+are measurable int, s € [0, 1] and satisfy, that for every

(t, s, %), (t, s, y) €[0; 1] = [0; 1] % R, the Lipschitz condition

luift.s, ) — wi(t, =) = kife.s)|x — v].

with
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J‘ f ui(t,s, 0)dsdr < Ci
oo

(iii*)

supSE[D_l:f kife.s)de = Mi, t e [0.1],
o

ISSN 2347-1921

(iv*) @i: [0, 1] = [0, 1] is nondecreasing and there axists # > 0 such that @ = §.

Let ¥ = {u= (x.v):xy € L1[0,1] } and it is norm defined as: —

1 1
luller = Dxl + Dyl = [ lx@lde + [ Iyl
o o

Theorem 3.2  Let the assumptions (i)-(iv) be satisfied. If

has a unique integrable solution inY .
Proof. Define the operator T by,

Tix.v) = (T1y. TIx)

where
i
Tiy(t) = f1 [r,f ul(t, s,}f(ml[s]:lj]d:jh
D
1
T2x(t) = f2 .:r,f u2 (t,s, x(mzcsj]] ds),
i}

Firstly we provethat T: ¥ — ¥
Letu = {x,v) € Y, then

i

[Tiv(t)] = | fl[r,Jr ul (.5, y(01(s)))ds)|
i}
1

I Tivee) IL1 = |T1y(e)|de = | fl.:r,f ul(t, s, y(01(s)))ds)|dt

]
From Lipschitz condition

Ifift.x) — filt.y)l = Li [x — vl

t e [0,1].

t E [0,1].

Ifie. 0l ~ Ifi O _Ifiex) - fi@0)] < Lild

Ifictx)] < Lilx] + |fi(t.0)]

then

1 1

| Tiy(e) 21 = f (L | f ul l(r,s,}fliml[sjj‘] ds| + |fu(t. 00y de
B

D

1 1
gf [Llf lul(t.s ¥(B1(s)|ds) + |f1(6.0)])de
o o

From Lipschitz condition

luift.s . x) — wilt.s. v)| = kie.s)|x — v].
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|uift.s, ©)] — |uift.s. 0] = |uwi(t.s ) — wi(t.s, 0] = ki{t.s)]|x].
|uwilt.s.x)] < ki(t.s) |x] + |ui{t.s. 0]

then
i i

IT1y(e L1 = f (L f k166,)|y(0100)|ds + lul(es, 0l + |f1Ge 0)Dde

o
11
chlffk
oD

Then by changing the order of integration , we get

y(01(2))|dsde + |ul(t.s.0)|dsdt +f |f1ie 0))de

1 1 1 1
< LIM1 | |y(01(s)|ds + [ui(t.s,0)|dsde + | |Fi(e.0)]d
l /] l

1
= L1M1 Jr [v(1(s)lds + €1 + N1
o

But
o1l
f|1’(ﬂ1[s]]|'f5 J\l“"iﬂﬂﬁ

1
1
=5 lv@ds
gl

1
==l
g

then
1

N1y e = [ Irylde <
i)

L1M1

g

vl + c1+ w1

Ll;'-fl
=—— ¥l
B
This proves thatT1: L1[0,1] = L1[0,1].
Simillarly
L

|T2x(t)| = |f2|:t,f uZ(t, 5, 2{02(=)]0ds)|
]

1

1
| T2x() ||IL1 :f IT2x(t)ldt = |f2 {r,f u2 (r,s,x(!:flz{s]]} ds) |de
i) i}

then

1

L2M?2 L2M?2
I T2x(8) L1 =f IT2x(0)|de <
i

<l + €2 + N2= 7

Il =1l

This proves that T2 : L1[0.1] — Li[0.1].

Hence
T y)ll = Il (Tiy.T22) ||
= Tyl + || T2x ||
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LiM1 L2M2
=5 Iyl + T Il
then T:Y =Y.

Now to prove that T is a contraction, we have the following.
letu = (x V) E¥VYWw=(gv) EY¥

T(x.v) = (T1v.T2x),

Tig.v) = (T1v.T2g)

then
1

Tiy(t) = f1(t. f ut (£ 5y(01(2)) ) ds),
i)
i

T1v(t) = fl[t,f ul(t, 5 (0, (5)))ds)

1]

then
1 1

|T1iv(t) — Tlv(t)| = |fl[t,f ul(t. s y(01(=))ds) — fl{t,f wlit, s v{@1(s)))ds])]|
o ]

1
| T1vge) — Tiege) |IL1 :f IT1y(t) — Tiv(t)|de
o

1 i

= |f1[r,f wl(t. s v(01(s1))ds) — fl[tf wl(t. s v(@1(s)))ds)|de
D D

1
= Il |f ul(t s y(01(=)))ds —f ul(t. s, w{01(=))ds|de
b b

i

Ef L1 |f w1t s v(01(s))) — wlit.s v(@1(s)))ds|dt
b

o

1M

1
f Llf Jul(e.s. y(@1(s))) — wl(ts v(@1(s)))|dsde
i)

T
f Llf k18 5)|y(01(=)) — v(O1(=))|d=dt

o
1
Llf
o

1M

=[S

K1(6.5)|y(01(s)) — v(01(s))|dsdt

But
Bl
f 1) - »(@19lds = [ Iy - vea)
o el EI =)

1
1
=5 | v - oz
o
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==ly-vl
g
then
1
M111
| T1yie) — Tiv(e) 121 = | | Tiv() — Tiv(n)|de = v — |
]
Since m;’l = 1, then T1 is a contraction.
Simillarly
1
T2x(t) = f2 [rf u2 (r,s,x(mztsjj‘j ds),
]
1
T2g(t) = F2 {r,f u2 (t.5,9(02(s))) ds)
]
then
1 L1
| T2x(t) — T2g() lL1 = f IT2x(t) — T2g()|dt = szf k2ie.s)|x(02(s)) — g(OZ(s))|dsde
] oo
1
M2L2
| T2x(t) — T2g0t) [l21 =f IT2x(t) — T2g(E)lde < lx—- gl
]
Since M;L: < 1, then T2 is a contraction.
Hence
I TCx. ) = T(g.v) | = || (T1y.T2x) — (T1r.T2g) ||
= || T1y — TiwT2x —T2g|
= [|T1y — Tiv ||+ | T2x — T2
. I:LL'-fl L2M2_ ey 2 @l
=max (———. x5y — L)
L
and max {Ljfl,ugnj = 1 Thenby using Banach fixed point Theorem , the operator T has a unique fixed pointin Y of

the coupled systems of equations (1)

Example:
Let
filtu) = ai + w,

then the coupled system (1) will take the form
1

1) = at + [ w1@sy(o16)ds,
o
1

y(t) = a2 +f u2(t,s, x(02(s))ds

1]

Which is a coupled system of Unysohn type integral equations.
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