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Abstract

This paper deals with a class of anticipated backward stochastic differential equations, we extend results of Peng and
Yang (2009) to the case in which the generator satisfies stochastic Lipschitz conditions. The existence and
unigueness of solutions for anticipated backward stochastic differential equation as well as comparison theorem are
obtained.
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1 Introduction
Consider the following backward stochastic differential equations (BSDEs for short):

T T
Yo=&+[ f(s)Y,,2,)ds [ Z,dw,,

Where § is the terminal condition, T is the time horizon, f is the generator. This type of equation was firstly
considered by Pardoux and Peng (1990), where the existence and uniqueness of adapted solutions were established
under the uniform Lipschitz conditions on f . Since then, BSDEs have been studied extensively, and have gradually

become an important mathematical tool in many fields such as financial mathematics, optimal control, stochastic
games and partial differential eugations.

Recently, a new type of BSDE, called anticipated backward stochastic differential equations (anticipated BSDE for
short), was introduced by Peng and Yang(2009). The anticipated BSDE has the following form:

—dY, = f(t,Yt,Zt,Y(t+5(t)),Z(H;(t)))dt—thWt, te[0,T];
Y, =&, te[T,T+K]; (1.1)
Z =n, te[T, T +K],

Where 6(-):[0,T]>R"\{0},£ (") :[0,T] > R" \{0}are continuous functions and satisfying:
(i) there exists a constant K >0 such that for each t €[0,T],

t+o(t) <T+K, t+J(t)<T+K;

(ii) there exists a constant L >0 such that for each t €[0, T ] and each nonnegative integrable function g(-),

[[as+s@nas<L “gs)ds, [a(s+s(e)ds<L| “g(s)ds

We mention that, Peng and Yang proved in Peng and Yang(2009) that the equation (1.1) has a unique adapted
solution under the Lipschitz conditions, furthermore, they established a comparison theorem, which required that

generators of the anticipated backward stochastic differential equations cannot depend on the anticipated term of Z

and one of them must be increasing in the anticipated term of Y .

Motivated by Peng and Yang(2009) and Hou(2013), the present paper deals with a class of anticipated backward
stochastic differential equations under the stochastic Lipschitz conditions, the existence and uniqueness of solutions
are given, furthermore, a more general comparison theorem in which the generators of the anticipated backward
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stochastic differential equations break through the above restrictions are obtained.
The rest of the paper is organized as follows: in section2, we list some notations and some conditions, in section 3,
we will give our main results, and in sections 4, we prove them.

2 Preliminaries
Let {\Nt;t > O} be a d-dimensional standard Brownian motion on a probability space (Q,F, P) and {Ft;t > 0} be its

natural filtration. suppose 1 > 0is given. For all N € N, denote the Euclidean norm in R" by | . | .Forany S [O,T] , we
use the following notation:

L2 (FT ; Rm) ={ R™ -valued FT measurable random variable f satisfying that E[l f |2] < +oo};
T
L,Z: (s, T; Rm) ={R"™ -valued and F, -adapted process {(Dt}te[s T1such that E[I | 0 |2 dt] < +oo};
! S
Sé (S,T;Rm) ={continuous process in L|2:(S,T; Rm) such that E[SUpte[S’T] | () |2] < 400 }.

If mM=1, we denote them by Lz(FT) ) LFZ(O,T) and Sé (O,T). The above L? are all separable Hilbert
spaces.

The setting of our problem is as follows: to find a pair of Ft -adapt processes

(Y_,Z,) (S SFZ (O,T +K; Rm) X L'Z:(O,T +K; Rde) satisfying anticipated BSDE (1.1).
In this paper, we assume that forall S € [O,T] ,
f(s,W,y,2,&,7): QxR"xR™ x *(F;R )x*(F.;R, ) = L’(F;R,),

where I, r'e [S,T + K], and f satisfies the following conditions:

(H1) f satisfies the stochastic Lipschitz continuous in (y, Z, f, 77) , non-uniformly with respect to (w,t), i.e., there
exists four (Ft) -progressively measurable and positive stochastic process M(W,t), Hy (W, t) ) Vl(W,t) and V, (W,t) :
QX[O,T] —R",M €R" satisfying

IoTﬂl () + v (0) + 1, (D)t +v7 (D)t <M,

such Vse[0,T]y, Y eR, 2,2 eR%, & E e 2(t,T+K),nn e B, T+K;RY),rre[t,T+K], we

have

| f(W!t’ y1z’§r’77})_ f(W,t, y,!Z,1§r"77;')|
< (W) [y =y [+, (W) | 2= 2 [+E [, W 1) | & & | +v, (W) [ 7, =77, ']l

T 2
(H2) E[j0 | (5,0,0,0,0) 2 ds] < 0.

3 Existence and uniqueness result for anticipated BSDEs

In this section, inspired by Peng and Yang(2009) and Hou(2013), we will extend the result obtained in Peng and
Yang(2009) (see Theorem 1 in the following). Before that, Let us present two results which will be useful in the proof
of the theorem.

Lemma 1 Forafixed & € L*(F;) and g,(-) whichis an F, -adapted process satisfying

.
E[(J‘0 | 9, (t) | dt)?] < +o0, there exists a unique pair of processes (Y.,z) e L2(0,T;R"") satisfying the
following BSDE:

T T
Yo =&+ go(s)ds—[ zdw,,  te[0T]
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If 9,() e L2(0,T), then (y,z)eSZ(0,T)xL2(0,T;R").

Lemma 2 if the assumption(ii) holds, then for all t € [0, T],U(t) >0 and nonnegative integrable function g(-),
we have

u(r)dr

feb

T+K J.SU(r)dr
g(s+48(s))ds <L L e g(s)ds

Proof. In fact,

s S+5(s) S+5(S)
T J‘U(r)dr T I a(r)dr —I a(r)dr
J.te 0 g(s+5(s))ds=£e 0 e s g(s+0o(s))ds
T JS+5(S)U(r)dr
s_[te 0 g(s+o(s))ds

< LLT+KeIOU(r)drg(s)ds.

where (ii) was used in the last equation.

The following Theorem 3.3 is the first result of this paper, which extend the result obtained in Peng and Yang(2009)
by weakening the Lipschitz condition to stochastic Lipschitz condition on coefficients.

Theorem 1 Suppose that f satisfies (H1) and (H2), and &, satisfy (i) and (ii). Then for any given terminal
conditions & € SZ(T,T+K;R™) and 7 € L2(T, T +K;R™), the anticipated BSDE (1.1) has a unique

solution, that is, there exists a unique pair of Ft -adapted processes

(Y,Z)eS?(0,T +K;R™)x LA(0, T + K;R™?) satisfying (1.1).

Proof. we fix ;l(t) = 4407 (8) + 4v7 (t) + 4L (1) + ALV (1) +1, where 24 (W,t), 22, (W,t), v, (W,t) and
v, (W,t) is the stochastic Lipschitz coefficients of f given in (H2), and introduce a norm in Banach space
L2(0, T +K;R™) :

t7
u(r)dr

v L, = (EL jowejo v,  dt])2.

Clearly, it is equivalent to the original norm of Li(O,T +K;R™). But it is more convenient to use this norm to
construct a contraction mapping that allows us to apply the Fixed Point Theorem.

For V(Yis Z)iorok] € SZ(0, T +K)xL2(0,T + K;R"), by the suppose (H2), we have

| f (S’ ys' Zs’ ys+5(s)' Zs+§(s)) |

< £(5,00,0,0) [+£4(8) | Y, | +V1(5) | 2 |+ E" [14:(8) | Vars) | +V2(8)  Zg. 5 1

Then
T 2
ELC | (Yo 220 Yooy Zc) [ 0D
T 2 T 2 d 2
<BE[([, | f(t,0,00,0) dt)]+5E(] 4 ()], |dt)*]+5E[(| v.(®) | 2 |dt)’]
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+BEL([ 1, OF™ | Yy, 50 16021+ 5EL([ v, (D™ | 2, 1 01)°]
<SE[([, | f(t0.0,00) d)-+5E[sup |y, I [[ 4 ®dty’]

telo,

+5E[[ V@ F dt[ 7, dt]+BELsup (E™ |y, D2([ 4 (®)dt)?]

te[0,T]
T T
+5E[[ [V, F dt] (E" |2,z Dclt]

Applying Doob’s martingale inequality,

E[sup (E™ | Vs D1 <E[sup (E[ sup |y, [D)?]

tef0,T] tef0,T] ref0,T+K]

3.1
<4g[ sup |y, . oy

ref0,T+K]
Thus we have

T 2
ELC, | F (Yoo 2o Yewsr Zeoc) A0
T 2 2 2 T 2
<5E[([ | f(£,0,0,0,0)F dt)]+5M *E[sup | y, 1+5ME[[ |z [ dt]
0 te0,T] 0

+5M2E[ su 2 THC 2
p 1Y, F1+5MLE[| |2 [ dt] < +cx.

ref0,T+K]
So

T
E[I éT +_L f (S, ys’ Zsi ys+6(s)’ Zs+§(s)ds |2] < +oo.

.

which means {E"[& +L (S Vs Zos Ysus6)1 Zsic(9)dSTheprokg IS @ square integrable martingale.
According to the martingale representation
(Z)prex € LE(0,T + K;R) such that

theorem, there exists a unique
|:t T _ T
E [§T +.[0 f (S! ys’ Zs’ ys+5(s)' Zs+§(s))ds] _E[§T +j0 f (S! ys’ Zs’ ys+5(s)' Zs+§(s))ds]

+[zaw,  0<t<T.
0

(3.2)
Let

T
Yt = EFt [é:T +-[t f (S1 ys’ Zs’ ys+5(s)' Zs+g“(s))ds]’ O <t<T. (33)

Obviously, (Y,Z)el2(0,T +K;R™xR™). Equation (3.2) and (3.3) have constructed a
mapping from Li(O,T +K:R"xR™%) to Lf:(O,T +K;R™"xR™®), and we denote it by ¢,

Set
T T
Yt = §T +J-t f (S! y51 Zs, y(5+(5(5)) ’ Z(5+§(5)))ds_J.t ZSdWs’ t S [O,T],
Y, =&, te[T,T+K]; (3.4)
Z, =n, te[T,T+K].
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That is
Py, z)]=(Y,2).

If ¢ is a contractive mapping with respect to the norm [|v() |- Ty by the fixed point theorem,

there exists a unique (Y,Z) e LF(O,T +K:R™xR™) satisfying (3.2) and (3.3), i.e. (3.4).

Now we prove that ¢ is a contraction mapping under the norm ”'”a(r)' For two arbitrary

elements (y,z) and (y',z') in L2, T+K;R"xR™®) , set (Y,Z)=¢[(y,z)] and
Y',Z")Y=¢[(y.',2")]. Denote their differences by

(¥.2)=y-y).z-2)), (.Z2)=(Y-Y).(Z2-2)).
T
J. A(rydr
We apply 1t6's formula to e° Y, |?, consider the suppose (H1), we have

t
. T Amd .
Yo+, o (@)Y, [ +1Z, )t

T J-#(l')df A ] [ 1 1
- ZI e® (Y T4 Y 2 Ysw Zeecy — TV 20 Yo Zieq DA

-2 eI o Y, Z,dW,)

m(r)dr
<2f eL Yol O 19105 @O 19 1+, OF | G s | +2OE T 2, Dt

-2 eJ o Y, Z,dW,).

Then take expectations on both sides, noticing that the last term in the right-hand side is

martingale and use the inequality 2ab < ga® +b?/g, by Fubini theorem, we have
t

t
T+K A(r)dr _ N A T A(r)dr _ A A
EJ, o <u(r)|Yt|2+|zt|2)dt]=E[joeI° @MY [ +1Z, F)dt]
t

T | 2Z(r)dr R 1. . n 1
< E[I0 ejf’ (4 ()Y, [ +Z| ARAVINES +Z| 2 F

> 1 . > 1 5
HALVIO 1Y, o+ (B Gy )P+ ALV O 1Y, P+ (B 25 D7)l

a(r)dr

SE[jo“KeL (422 () + 4v2 () + 4L () +ALVE )Y, P+ |yt| + |z ? dt].

Because s(t) = 424 (t) +4v2(t) + 4Ls~2 (t) + AL v2(t) +1, then

E[J:JrKeJ:/’(

r)dr a(r)dr

(Y, E+IZ |2)o|t]s%E[jo”KI (19, 2 +12 )],
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or

. s 1., .
| (\(.,Z.)Ilgrﬁﬁll(Y.,ZA)II;r :

Consequently, ¢ is a strict contraction mapping of L%(0,T +K;R™xR™). It follows by the Fix
Point Theorem that (1.1) has a unique solution (Y,Z)elZ(0,T +K;R" xR™?). Since f
satisfies (H1) and (H2) and since J,¢satisfy (i) and (i) , we have
FCY.ZY 500 Z0c) € L2(0,T;R™). Thus, by Lemma 3.1, we obtain Y € S2(0,T +K;R™).

4 General comparison theorems

In this section, we will give a more general comparison theorem in which the generators of the anticipated BSDEs are

allowed to contain the anticipated term of Z . The main approach we adapt is to consider an anticipated BSDE as a
series of BSDEs then apply the well-known comparison for 1-dimensional BSDEs.

We assume that T (W, t, Y, z): Qx[0, T]xR™xR™ satisfies the following conditions:

(A1) f satisfies the stochastic Lipschitz continuous in (y, Z) , hon-uniformly with respect to (w,t), i.e., there

exists two (F.) -progressively measurable and positive stochastic process £(t), v(t) : Qx[0,T] > R" satisfies
(R H

[[ 2w, )+ (w

< o0,

o0

2) E[( jOT | (t,0,0) | dt)] < oo.

Lemma 3 et T <+00,&,E € LP(Q,F,P;R). g and g’ be two generators of BsDEs, (Y., 2.) and (Y',2) be
respectively a solution to BSDE(f,T, g) and BSDE(§',T, g’) U EL f', dP —as,, and one of the following two

statements holds true:
(i) g satisfies (A1) and (A2) and

g(t’yt"ztl)gg,(t1ytl1zt') dPth—aS,

(i) g’ satisfies (A1) and (A2) and
gty 2)<g'(t,y,z)  dPxdt-as,

then foreach t € [O,T], we have
Y, <V, dP-as.

From lemma 4.1, the following corollary is immediate.
- 2 .
Corollary 1 Assume that T <+o0, and one of § and g’ satisfies (A1) and (A2), Let &, &' € L°(QQ,F, P;R),

(y.,z) and (Y, Z) be respectively a solution to BSDE(&, T, g) and BSDE(&', T, Q). If
E<E dP-as,vy,z, g(t,y,2)<g'(t,y,z) dPxdt—as, thenforeach t €[0,T],
Y. <Y, dP-as.

Lemma 4 putting t, =T , we define by iteration
t. =min{t [0, T]: min{s+(s),s+<(s)}=>t ,,set,T]}, 1>1, (4.1)
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Set N:=max{i:t,_, >0}. Then N is finite, t, =0 and
[0.T1=[0ty ] lty poty o]V Ol L]V, T

Proof. Let us first prove that N is finite. For this purpose, we apply the method of reduction to absurdity. Suppose N

is infinite. From the definition of {t,},; , we know
mindt, +o(t.),t. +S(t)}=t,, 1=12,---.(42)

Since 9(-) and £'(+) are continuous and positive, thus obviously we have t, <t.(i =1,2,---). Therefore {t.}.=;

converges as a strictly monotone and bounded series. Denote its limit by t. Letting | — 00 on both sides of (4.2),
we get

min{t +5(),E+ ()} =1.

Hence S(t) =0 or £'(t) =0, which is just a contradiction since both & and £ are positive.

Next we will show that t = 0. In fact, the following holds obviously:
mindty, +6(ty).ty + ()31,

which implies t,, =0, or else we can find a t €[0,t,;) due to the continuity of 5(-) and £'()- such that
min{s +5(s),s+<(s)}=>t,, for all s[t,T),

from which we know that T is an element of the series sa well.
Lemma 5 suppose (Y, ZM)(j=1,2) are the solutions of anticipated BSDEs(1) respectively. Then for fixed

1e{1,2,---,N}, over time interval [t,,t, ;], anticipated BSDE(1) are equivalent to the following anticipated
BSDEs:

—Yt" = Y Z Y s 2 o)t =Z AW, telt t ]
Y_IJ :Yt(l)’ telt,,, T +KI; (4.3)
z) =29, teft,, T+K],

which are also equivalent to the following BSDEs with terminal conditions YtFj; respectively:
i

~ ~ ’[i_ ~ . ti_ ~
Y=Y [ Z0 Y ), 2D s s = [ ZIdw (4.9)
That is to say, N
S o - i
Y!=Y'=Y/, z2)=z2)=2! :%, telt,t,],1=12,

where (\7] W) is the variation process generated by \7] and the Brownian motion W.
Proof. We only need to prove the equivalence between anticipated BSDE(4.2) and BSDE(4.3). It

is obvious that for each seft,t ],s+5(s) >t ,,s+<(s) >t ,, thus
(Yw(t),Z(‘;(t)) Wti{;)(t), t+m)) in the generator of anticipated BSDE(4.2). Clearly
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fj(-,-,-,Ytig(t),zt(jg(t)) satisfies the Lipschitz condition as well as the integrable condition since f,
satisfies (H1) and (H2). Thus BSDE(4.3) has a unique adapted solution.

Moreover, it is obvious that (Yt(j),Zt(j))tE[t_ fiy] satisfies both anticipated BSDE(4.2) and
BSDE(4.3). Then from the uniqueness of anticipated BSDE’s solution and that of BSDE’s, we can
easily obtain the desired equalities.
Theorem 2 Let(Y?,2M)eS2(0,T +K;R)x LA(0,T + K;R?) (j=1,2) be the unique solutions to
anticipated BSDEs (1) respectively. If

(i) M > &P se[T, T+K],ae,as;

(i) for all te[0,T],(y,z)eRxR?,0V eS2(t, T+K;R)(j=12) such that
oY > 0% oV is a continuous semimartingale and (6”), 7 1.k = (E)rqr 12k

YT oret,T]
fl(t1 y! z, et(i;(t) ' nt(i)g(t)) 2 f2 (t, y' Z, gt(f)ﬁ(t) ’ nt(i)g(t))l (4'5)

d(@® W)

r d(6® W)
dr |r:t+§(t)) 2 f2 (ta Y.z, 9325(0’—

fl(t!y’z’et(}—t)s(t)’ ar rlr:t+§(t)) ae,as, (4.6)

(", W)
f(ty,z, gt(BS(t)’Tr |r:t+§(t)) > £, Y, 2,850,
then Y, >Y® ae,as
Proof. Consider the anticipated BSDE(1.1) one time interval by one time interval. For the first
step, we consider the case when te[t,T]. According to Lemma 5, we can equivalently

d (9(2),W
¢ %lr:ﬁé(t)) ae,as, (4.7)

consider the following BSDE:

~ . i T ~ o~ . . T~ .
(3)) = £()) () 7)) ) (1) (1)
Yt - éT +J; fj(S’Ys 'Zs | s+(>‘(s)’77s+5(s))dt_J‘t Zs dWs'
from which we have

S teloT] (4.8)

Noticing that &9 e S*(T, T +K;R)(j=1,2) and &Y >&£@, from (4.3) in (i), we can get, for
Se[tl,T],yeR,ZeRd,
f.(s,y,z, é:s(BS(s) , 775(1)4(5)) > f,(t Y,z 55(35(5) , 775(23;(3))-

According to the comparison theorem for 1-dimension BSDEs(Corollary 1), we can get

Y >Y®, ae,as

Consequently,
YO >Y® telt,T], ae,as (4.9)

For the second step, we consider the case when t €[t,,t,]. Similarly, according to Lemma 5, we
can consider the following BSDE equivalently:
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~ . . Y ~ .~ . - 4>
YI(J) :Yt:fj) +-[t fj(S’Ys(J)aZs(J)1Ys(+J(3‘(s)1Zs(il“(s))dt__[t Zs(J)dWy

dt
(i), we have, for se[t,,t,],yeR,zeR?,

from which we have Z = ,  for te[t,,t,], Noticing (4.6) and (4.7), according to

f.(sy, Z'Ys(i;(s)'zs(i)g“(s)) > f,(ty, Z’Ys(f;(s) , Zs(i)cj(s))'
Applying the comparison theorem for BSDEs again, we can finally get
YO >v® telt,t] ae,as

Similarly to the above steps, we can give the proofs for the other cases when
telt, LI, ][ty ty s
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