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Abstract:

In this paper the convolution product associated with the Bessel-type Wavelet transformation is
investigated.Further,certain norm inequalities for the convolution product are established.
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1 INTRODUCTION

The Hankel Convolution was studied by many authors from time to time, Cholewinski[1], Haimo[2], Hirshman Jr.[3] studied
the Hankel-type convolution for the following form of the Hankel-type transformation of a function f e L{T(I) , where

I =(0,%0) and
LL (1) ={f :| f(x)|do(X) < o0}. Namely

(h,, DX = F00= [ I, , 60 F Odo® o
where
Jup () =27 T(a = B)x 3, _4(x)
Here J,, ,(X) is the Bessel-type function of order & — /3, and
t2a=h)

100 = e g ™

Wesaythat f e L?(1),1< p<oo,if

Il =([1 01 do(9)” <o

it f el (1) and h,;f e L. (1) then the inverse Hankel-type transform is given by

£00= (LD = [, 00lh, , F Xdo®) o
if f eLL(1) and g € L. (1) then the Hankel-type convolution is defined by

(F#9)09 = [ (=, F Xy g(y)da(y), @

where the Hankel-type translation 7, is given by

(0 = f(x y) = [ D(x y,2) f ()do(2), @

DX ¥:2) = [ ooy XV iy (Y0 o p (200 1)

=2/ 7 [0 (Ta+5B)F[T(a— B+12)[ (xy2) 7 x[A(x, y, 2) [

For a— ff>—1/2,where A(X,Y,Z) is the area of a triangle with sides X, Y, Z, if such a triangle exists and zero
otherwise.Here we note that D(X, Y, Z) is symmetricin X, Y, Z.

Applying (2) to (4) we get the formula
[} 1ap(@)D(X, Y, 2)d0(2) = s (X1) I, (V).
Setting t =0, we get

j:D(x, y,2)do(z) =1

Therefore in view of (4),
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1Y) < L, (5)

Now, using (4) we can write (3) in the following form,

(F#9)(0) = [ [ D y,2) F(2)g(y)da(2)dal(y).

Some important properties of the Hankel-type convolution are:

11t f,gel,(l) then from [2]

I f#01<  lloll g llo O]

2. With the same assumptions,

h, s (F#9)(x) = (h, , T)(X)(h, ,9)(X) U]

1 p . . . . .
3. Let f el () and g eLl(l), p=1then (f#g) exists,is continuous and from [7] we get the inequality

I f#gll, <l T lLolall,. ®

4. Let f eLP(l) and g € L] (1),1/p+1/q =1, then f# g exists, is conntinuos and form [7] we have

I f#g o<l fll,0ll G0 ©

5 Let f eL?(l) and g e ! (1),1/p+1/q—1=1/r then f# g exists, is conntinuos and form [7] we have

IFf#g o<l Tl gl (10)

6. Let f eL"(l) and g € L} (I) and he L (1), then the weighted norm inequality

\ [ F0(@#N) ) da)| <l .0l 9l I DL, (1)
holds for 1/p+1/q+1/r = 2.

As indicated above, the proof of properties 1-5 are well known. Hence we next give the proof of 6. Using Holder s
inequality,we get

[T 00(@#Me)do ()| <l T 1, g, 1p+1/s =1,
thus by using (9) we get,

[ 00(g#n o) <l £ I, 119l N1 =1/ +1/r 1

From [4], ha,ﬂ is isometric on L(ZT(I) , h;‘lﬁha’ﬂf = f then Parseval s formula of the Hankel-type transformation for

f,g e L2 (1) isgiven by

[ 100900do(0) = [ (h, , f S, ,0ky)do(y). 12)
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. , 1
Furthermore, this relation also holds for f,g e L_(l) ,see [8].

For w € L, (1) ,using translation 7, given in [7] and dialation D, f (X,y) = f(ax,ay), the Bessel-type

wavelet [6] is defined by
t b 0 t b
w(—,—j = D,urw ()= w(z)D(—,—, zjda(z) )
a a 0 a a
The continuous Bessel-type transform [6] of a function f e L{T(I) with respect to wavelet ¥ € Lf,(l) is defined by
(B, f fb,a) = a 24" [w DYt wydom.a>0
voo o"\a’a ’
by simple modification we get
_ b
(B, f Jb,a) = (f#y/)(g}a >0

From [6] and [7] the continuous Bessel-type wavelet transform of a function f & L{T(I) can be written in the form:

(B, f Xb,a)= [ i s OW(h, , FYW)(h, ) (@W)d () (14)
Now we state the Parseval formula of the Bessel-type wavelettransform from [6,pp. 245],

i do(b)do(a) _

[T (B, f kb,a)(B, g )b, ) s e 1= O 9 (15)

2 2 o
for f el (l) and g €L (I). Now we also state from [3,Theorem 2c,pp.312] and [3,corollay 2¢,pp.313] which is

useful for our approximation results:
Theorem 1.1:Suppose that

1. K,(X)=200<x<o

2 I:Kn(x)da(x):l,n:O,l,2,3...
3. iMoo j:Kn(x)da(x) =0 foreach >0,

4. p(X)e L (1)
5. ¢ is continuous at X, X, €[X—0J,X+3J] and 6 >0

Then

lim (## K, ) (%) = $(%,)-

n—o0
. . . 1
Corollary 1.1:with the same assumptions on k_n(x),if f(x) € L_ (1) then _n||f#k_n-f||_1=0.

Motivated from [5,pp.129-136], we define convolution product for Bessel-type wavelet transform and study some of its
properties.

2 THE BESSEL-TYPE WAVELET CONVOLUTION PRODUCT

In this section,using properties(5),(12) and (13) we formally define the convolution product for Bessel-type wavelet
transformation by the relation

B, (f ®g)(b,a)=(B, f)(b,a)(B,9)(b,a) (16)

and investigate its boundedness and approximation properties.This in turn implies the product of two Bessel-type wavelet
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transforms could be wavelet transform under certain conditions.

Theorem 2.1:Let f,g,w €L (I) and h,, 5 () (W) # 0 Then the bessel-type wavelet convolution can be written

in the form
(f®9)(2) = [ (.. )Y)(y)do(y),
where
(72 D)) = [ F 00D, (x, ¥, 2)do(x),
D,(x,¥,2) = || | (h, )@, )@ oy (XV) i,y (YEL, (1€, 2)da()do (&) a7y
and
L(t£2)= [y (V) i (YOIQu (Y, 2)d (), a8)
Q)= [ s WD) o )

(h, s¥)(aw)

Proof:From (14) we have

h, 5|(B, F)(b,a)[w) = (h, ) (@w)(h, , )W)

therefore

h, (B, f ®g)(b,a)fw) =h, ,|(B, f)(b,a)(B,g)(b,a)w)
=h, 0% ((h, ) @), , O (h, w)@)(h, ,9)() w)

By property (7) of the Hankel-type convolution we have,

h, s[(B, f ®9)(b,a)[w) =|(h, @), , F)Ox#(h, w)(@)(h, ,9)¢) (W)

Therefore we get

(h, w)@wh, ,[(f ® g)w) = |(h, w)(@)h, , F)OxH#(h, w)@)h, ,9))fw) @o)

This gives a relation between Bessel-type wavelet transform convolution and the Hankel-type transform convolution.

Let us set

F. = (h, s»)@)(h, ;1))

G, =(h, s)()(h, ,9)()
Then by (3) and (4) we get

n, (B, f ®9)b. )W) = [ (7,G)(m)F. (r)do(n)
= [[R.0( [ oW, £)6,(9)do () Jdo)

= [ [ F.)G,(&)DW.7, £)do()do(n)
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= [ R0 1y W),y 1) ],y ()do(y)d (o)
= [ ([ FRmie,mdom) [0, ,@)do(@ )i, (w)do(y)

= [ (h, RO, ,6)W) s (Wy)do(y)
Therefore by the inversion formula of the Hankel-type Transformation we have,

o pWz)
sv)(@aw)

= [, ,F)(, ,C)Y)Q, (v, 2)da(y),

where Q, (Y, z) is given by (19).

Then by the definition of Hankel-type transformation (1)

(1@ =[ & [0, R0, ,BIW) .y ()da(y) Jdo(w)

(f®9)@) = [ [ i p(YO)(h, )@, , f )(t)da(t)[ jj’ja_ﬂ(yg)(ha,ﬁw)(a:)(ha,ﬂg)@)da(é))cea(y, 2)

=[ j:(ha,,}w)(at)(ha,ﬂw)(aé)(ha,ﬂf)(t)(ha,ﬂg)(f)( [ 1cp (V) ey (YOQuY, z)da(y)]do(t)da(é)

= ["[ th. )@, @M, , HOM, 0L £ Ddo®do(E)

Therefore

(f®9)@ = [[ [} (. 1)@, @) [} 1., 60 1 0d0) ) [}, p (1&g (do(y) JLu(t & Ddo0do(@)

= [ F0aW[ [ 1 00 iy (YO, ) @0, ) (@O, (1, €, 2)do (D) do($)d o (X)do (y)

=[] 1099(y)D, (x, v, 2)do(x)do(y),

where

D, ¥,2) = [ [ s O0 s (YO O, ) (@) (N, ) (@D, (1,€, 2)do (D) d o (&)

If we define the generalized translation by

Rz ¥)= (. () = [ Da(x, Y, 2) f (0o (x),

then

(f®9)(2)= [ (.. HNYa(ydo(y)

Thus proof is completed.

Theorem 2.2:Assume that inf . | (h, ,w)(@w)|= B, (a) > 0.Then
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1 s
” Da(Xl y1 Z) ”S ——a Aep) ” 4 ”12,0-

B, (a)

Proof: From (17) we have

D,(x,¥,2) = [ | (h, )@, )@,y (XV i, (YL, (€, 2)da(t)do(E)

= fja_ﬁ(xt)ja_ﬁ(yf)(ha,ﬂw)(at)(ha,ﬂw>(a§)( [ ha sy E)Qu (. z)da(n))da(t)da(é)

= [ [ iy 001, O, @O0, @] T, D, (né){ [ e W2, )]

(h, s¥)(aw)
xdo(w))do(r7)do(t)do ()

= [ 1o 001y a0, @0 | [y ) iy 0D, 1)@ () . 2.1 ()

= [h, i, OO, @), i, (v, ) @&
xQ,(z,m)do(n)

= [, plia OO, )@t i, 4 (yE) N, )@ i, s WD), , (W)(h, ) @) do(wW)dor(n)

= [ i s ), )@ ], (90, ) (@) W) J, , w2)(h, ) @) | der(w).
Now set F,(t) = ], ,(xt)(h, ,p)(at) and assume that inf | (h, ,¥)(aw) |= B, (a) >0

since | J, ;(2)[£1,[2, pp.336],we have

|D,(xy.2) |sﬁ [ IF#F) W) do(w)

Using (6) we have

1
B, (a)

174

[f |y 00N, ) (@v) | da(v)T

|D.(x,y,2) < IF lloll F il

1
B,

<a @b Iv@dow]

<

1 p
BV/ (a) [” l//a ”1,6]
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g Aah+)

This completes the proof.

(A

In order to obtain Plancheral formula for the Bessel-type wavelet transform,we define the space

win=sb o= [ lovar 0500) <

Theorem2.3:Let f e L2(1),r € L2(1) then
1B, H)b.a)[| .=C, | ..

proof: Proof can be completed by just putting f = g in (15).

Theorem2.4:Let f,g e L% (1), € L2 (1) be aBessel-type wavelet which satisfies
oa
C, = [ 1t e 572 >0,

Then || f @G lloo < f o0l 9 llooll ¥ Il20

Proof:using formula (16) and (18),we have
VG, 1T ®gll,,=[B,(f®g)l|
=IIB, f (b,2)B,g(b,a)ll,

(H |B, f (b,a)B,g(b, a)|2%j

From (15) and (9) we have
|B,g(b,a) <l (g(a )y () (b/a)|

Nalloollv .,

Applying above results we obtain

Fnf®g||2¢,<||g||2(,nw||2(,(jj 1B, f(b,2)B,9(0, a)|2%dﬁifa)j

From theorem (2.3) we get

VG, 1 T@a <l glsllw o0 C, NI T lo0

Thus
[z | P o N PR 77| PO I i P

Thus proof is completed.

3 WEIGHTED SOBOLEV-TYPE SPACE

In this section we study certain properties of the bessel-type wavelet convolution on a weighted Sobolev-type space
defined as below:

Definition 3.1:The zemanian space H, ;(I),1 =(0,00) is the set of all infinitely differentiable functions ¢ on
(0,%0) such that
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k
Xm[x—l %) X—(a—ﬁ+1)¢(x)

Par(4) = sup < oo, @1)

xel

forall M,k € N,. Then f e H;'ﬁ(l) is defined by the following way:

<f,9>=[1()p()dx geH, (1)

Definition 3.2:Let k(W) be an arbitrary weight function.Then a function @ € [Haﬁ(|)]' is said to belong to

weighted Sobolev space G ;, (1) for & — € R,1< p <oo, if it satisfies

- 1/p
10l o= [} TKW(H, 0N dow) | @ e L5(1),
In what follows we shall assume that K (W) = ‘(Haﬁt//)(aw)‘

Theorem 3.1:tet f €G, ;. (1) and g €G} ;, (1), p=1.Then

” f ®g ”p,zx,ﬂ,o‘,kS” f ||1,a,ﬂ,o‘,k|| g ”p,a,ﬂ,a,k
Proof:in view of (21),we have
” f ® g “p,a,,b’,o‘,k S” Fa (W) ”l,a,ﬁ,cr,k” Ga (W) “p,a,ﬂ,a,k (22)

(b, v aw)(h, , T XW) Ll ol (B o7 KWWY, 5@ W) 1 o (23)
From definition 3.2,we get
” f ®g "p,aﬁ,o‘,ksll f ||1,a,,6’,o‘,k” g "p,a,ﬂ,a,k

Thus proof is completed.

Theorem 3.2: f G} ;,(1),p>1and gG; ,; (1),1< p,q <o and £:£+1—1.Then
rpq

” f ®g “r,a,ﬁ,o‘,k S” f ”p,a,ﬂ,o‘,k” g "q,a,ﬁ,cr,k

Proof: Using (10) and (21) we get (23).Thus proof is completed.

Approximation properties of the Bessel-type wavelet convolution are given next.

Theorem 3.3:Let ¥, (W) =¥, (aw),n=0,1,2... be the sequence of the basic wavelet functions such that
¥, (W) 20,0 <w<oo[ W, (W)do(w) = 1lim [ ¥, , (W)do(w) = 0 foreachs > o(h, ,%, . kw) e L (Dh2 [, ¥,

Then
liml f(b)-(By, f)(b.a)l,,=0

Proof: Proof follows from [3,pp.315-316].
Theorem 3.4:Let K, (W) = (h, s»)@w)(h, ,9,) (W) for fixed a>0,neN and
(W) = (h, sw)(@w)(h, , f)(w) satisty:
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K,(w)>0,0<w< ooj:Kn (w)do(w)=1,w=0,1,2,3...1im I:Kn (w)do(w) = 0foreachs > 0g(w) e L (I)giscontinuousatw,, and (h, ,i)(aw

N—o

Proof:in view of relation (20) we have
(h, sw)(@wh, ,(f ®g,)(w) = (##K,)(W).
Now using theorem 1.1 we have

lim(h, pp) (@), (T @9, )(Wo) = lim (47K, ) (W)

= (W)
= (h, sw)(@w,)(h, , T)(Wp).
This implies that

limh, , (T ®g,)(wp) = (h, , ) (Wo).

Thus proof is completed.

Theorem 3.5:Let f,p e L5 (1) and K (W) be the same as theorem 3.4, which satisfies all the four properties of
theorem 3.3.Then

liml (h, g (@) (h, 5 )(Wo) — (R, 1) (@), s (T © G )Wo) [y, = O

Proof:using (20) we have
lim Il (h, ) (@wp)(h, ; F)(Wo) —(h, ) (awp)h, ,(F ® g, )(Wo) [, . = lim | 6wy ) — (## K )(Wo) I,

since .17, € L (1),6(w) = (h, ,w,)(h, , 1) =h, ,(T#y,).
Therefore using the tools of [3,corollary 2¢,pp.313-314] we have
lim|| (ha,ﬂ'//)(awo)(ha,ﬁ f)(w,) - (ha,ﬂl//)(awo)ha,ﬂ( f®g,)w,) “1,0': 0

n—o

Thus proof is completed.
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