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ABSTRACT

We analyze the existence of fixed points for mappings defined on quasi normed Banach spaces (X, ||.]|) satisfying a
general contractive inequality of integral type. We are affected from the similar results achieved by A. Branciari and B. E.
Rhoades. This condition is extension to Banach-Caccioppoli’'s one. We study mappings f : X — X for which there
Ifx)- f I lIx- yll
exists a real number ¢ € ]0,1] such that for each X,y € X we have O Nf @ldt£ (2- c)c § IIf ©)ldt
0

0

where f is a strong measurable mapping which is summable [7], [8, p.1] as well as ||¢|| on each compact subset of

e
[0,400[ and such that for each & >0 Ollf ()|l dt> 0. we give a general condition which enables one to easily

0
establish fixed point theorems for a pair of maps satisfying a contractive inequality of integral type.
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Introduction

The first important result on fixed points for contractive-integral-type mappings was the well-known Banach-Caccioppoli
[4] A. Branciari [3] and B. E. Rhoades [7] obtained a fixed point result for a single mapping satisfying an analogue of
Banach’s [1] contraction principle for an integral-type inequality. Their main condition has the form
d(ix, fy) d(x.y)

(‘) f (t)jt £cC 6 f (t)jt with the same above conditions We substitute this one with
0 0

If.0)- fI lx-yll

O IIf @IdtE 2- c)c o IIf ()it

0

where ||.|| is a quasi-norm; that is provided with property of usual norm expect the triangle inequality which is substitute
with

eyl K Q-+ [yl K> 1

From the inequality
O<c< (2- c)c<1
we claim to have a better result than Branciari one.

The example 3.2 shows that.

In the general setting of complete quasi-normed spaces this theorem runs as follows .

Theorem 1.1. Let (X, d) be a complete normed space, C € ]0,1[ andlet f : X — X be a mapping such that for each
X,ye X || fx- fy[l£ | x- yll (1.2)

then f has a unique fixed point @ € X suchthatforeach X € X, limf"x=a

n—oo

After this classical result Kannan in [5] analyzed a substantially new type of contractive condition through integral. The
aim of this paper is to analyze the existence of fixed points for mappings f defined on a complete quasi normed space

(X, d) satisfying a contractive condition of integral type (see (2.1) below).

Section 2 contains the main result. At the end of the paper some remarks and two examples concerning this kind of
contractions are given.

In the sequel, [] will represent the set of natural numbers (starting from 1), ‘R the set of real numbers, and R the set of
nonnegative real numbers

1. Main Results

The following theorem is the main result of this paper; the proof, which proceeds by steps, is based on an argument
similar to the one used by Boyd and Wong [2, Theorem 1].

Theorem 2.1. Let (X, d) be a quasi normed complete space, C € ]0,1[ andlet f : X — X be a mapping such that
foreach X,y € X

I G- £ lIx- vl

o IIf Oldte 2- o). o IIf @)t -~
0

0

where ¢ is Bochner-integrable mapping which is summable (i.e., with finite integral) on each compact subset of X and
such that for each & >0
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e

Ollf @©)ldt>0
0

then f has a unique fixed point & € X such thatforeach X X, limf"x=a

n—oo

Proof
Step 1. We have

"% £ x| lIx- x|
o If OIdtE - 0)"c” § IIf @)l 2.2)
0 0

This follows immediately by iterating (2.1) n times:

(ARSI £ 2% £ 2x)
o |If ®|ldt£ (2- c)c o |If Ot £ L

0 0
lIx- |

£(2- 0)'c" § IIf @IdtE (2- c)"c™f x- fx M
0

(2.3)

where (p(t) is bounded as an integrable function.

As a consequence, since C € ]0,1[ we further have

H fx- f n+1X”

O IIf @)dt® 0" asn— +o0 (2.4)

0

Step 2. We havel|| f"x- f™'X||® 0" as N — 400 . Suppose that

lim sup] f"x- f"'x|=e>0 (2.5)

then there exists an U, € Nand a sequence (f n"X)uzu such that || f™x- f™x||® e>0 as

€
v—> 4o fux- fUix|P =foreach v>0,,
2

thus (by Step 1 and the sign of || (p(t))||) we have the following contradiction:

£ £ %
0= lim & If @ld> ylIf Ole>0 2.6)
0 0

Step 3. For X € X {f nx}neN is a Cauchy sequence, that is
Ve>0 Fou, el |Vmnel, m>n>v, | f"x—f%x|<e 2.7)

Suppose that there exists an & > O such that for each veN there are m,,n, ell with m, >N, >v, such that

| f™x- f%X|P e, then we choose the sequences (mU )UeN and (nU )UeN such that for each vell m is

e
“minimal” in the sense that | f™x- fn”X||3 ebut || f"x- fn”X||< — for each he{nu+1,---,mu —1}
K
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fnu+l

Now we analyze the properties of || f™x- f%x| and| f™"'x- X||. First of all, we have

|| fflux- fhx ||® €as U — +00, in fact by the triangular inequality and Step 2
ef| f™x- fhx||
£ K[| Fx- ™ x|+ || F™ %= FYx][] 28

u® +¥
< K| fMx- f™x||+e ® e*

€
further there exists peN such that for each natural number v > £, one has || f™*x- ™" !x|i< ek in fact, if there
1
exists a subsequence (Uk )keN c U suchthat || ™" 'x- f"*x|P e, then
1 1
e£ || F™ x- e K F™ x- f Mex|

2 rTlLI I’]LI 2 nu nu+1 k®¥
+ K fx- |+ K f*x- f* xX||® e

(2.9)
And from (2.1)
(ERA S e I ™x- £ kx
o If ©lldte (2- c)yc o NIf @lldt 1
0 0

Let (e), e> 0 be a decreasing sequence convergent to zero. Letting now Kk — 400 in both sides of 2.10 we have
e e

0<llf ®lot £ (2- c)collf ()]dt which is a contradiction because (2- C)C<1 being C e J0.1] and the
0 0
integral being positive. Therefore for a certain €[] onehas || f Mty f Mactly < e foral o> u.

Finally we prove the stronger property. That there exists S i p,e[and v, € U such that for each U > L, (U el ) we

=3
for every Ne€l] suppose the existence of a subsequence (Uk)keN C N such

have || ™ x- fhtix <
K

” fmuk+1x_ fnuk+lx||® e as k — 400, then from

my, +1

17 e £k [1F ™ x £k
0O If @)ldte 2- c)c o NIf @)lldt (2.11)
0 0
letting K —> 400 we have again the contradiction 0< ¢} ||f Ot £ (2- c)collf (Il dt. In conclusion of this
0 0

step we can prove the Cauchy character of (f "X)neN (X € X)in fact for each natural number vV>v, (1)g as above)
e£| FMex- Frex|ie K| fMox- fm™t x|
K| F™ R I+ K2 M X f x| (2.12)
m, My+1 2 Ny, +1 n u® ¥
< K| f™Mx- f% ||+ (e- s )+ K?| ™ 'x- f¥x|| ® e-s.

Thus € < €- S which is a contradiction. This proves the step 3.
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Step 4. Existence of a fixed point. Since (X ,|| . ||)is a complete quasi-normed space, there exists a point X € X such
that lim f "X = X . Further X is a fixed point, in fact suppose that ||x-fx|[>0, thus
n—o0
0<[Ix- fx[i¢ K(Ix- ™[+ f™x- &X[)® 0 (2.13)

In fact both || X= f™x|| and || f™*x- fx|| converge to 0 when N —>+00 Eor the first one it is obvious while for
the second one we have

17 1%t 1% x| n® + ¥
O If@®ldte 2- c)c o If @)ldt ® 0 (2.14)
0 0

Step 5. Uniqueness of the fixed point. Suppose that there are two distinct points X, X, € X such that
B =x fx, =X, and lim f'% = x lim f"x, = x,

n® ¥

From the inequality

1% - % 1€ KX~ F"% [+ K2 ™% 7%, [[+ K2 || £"%,- %, ||

we have
- Kllx- "]l K2[| "% x| K2[| "%y, X |
O<g, If@ldte ¢ Nf@fdt+ o Nf@ONdt+ o Nf@fdt (2.15)
0 0 0

and inequality
1" "% [X- Xall

O If@Idte (2- ¢)'c” § [If (O)[ldt® 0

0 0

then by (2.1) bring us to the contradiction.

This final step also proves that for each X € X such that lim f "x =X, = fx; .The proof is thus completed.

n—o0

2. Examples

In this section, we give some remarks and examples concerning contractive mappings of this integral type, similar with the
examples given and proved by from Branciari which clarify the connection between our result and the classical ones.

Remark 1. Theorem 2.1 is a generalization of the Banach-Caccioppoli principle, letting (p(t) =1foreach t > 0in (2.1),
we have

Ity -yl
O f@dt=| fx- fy[l€ (2- c)cAlx- yl= (2- ¢)c ¢ f (tHt 3
0

0

thus a Banach-Caccioppoli contraction also satisfies (2.1). The converse is not true.

&
The condition that for each €~ 0 we must have I?(tht >0 is essential for the existence of fixed point as we will
0

show in example below.

Example 2 . In order to compare our condition with above Branciari condition and to see their difference we can
construct one example that their condition is not fulfilled but our conditions stand.

%1forx1 1

I x- yli€ 1and f(X)=13

ke ¢(t)=t, t>0,c= .
a) Let we take ¢( ) >0, c ¥E for =1

Wl
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1
We have that || fx — fy ||= 5 and

1
Sl g1 vl 51 15
Oo tdt = Oo tdt 3 £ (2 C)CO0 tdt = 33 Oo tdt = _18

On the other side in these conditions the Branciari result is not satisfied.

1
| Iix- il > 1 3 a lIx- vl

\ _ _ 1 1
Oo tdt—OO tdt—g CO0 dt—g ! 6_

A
—
o
-

Il
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