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Abstract

In this paper*, we study the weak-injective dimension and we characterize the global weak-injective dimension of rings. After
we study the transfer of the global weak-injective dimension in some known ring construction. Finally we study the transfer of
almost perfect property in pullback and D+M constructions.
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1 Introduction

Throughout this paper all rings are commutative with identity element and all modules are unital. For an R -module M ,
we use pd(M) to denote the usual projective dimension of M . gldim(R) and wdim(R) are, respectively, the
classical global and weak global dimensions of R .

In 2006, Lee in [9] introduced the class of weak injective modules which are generalization of cotorsion modules.

Definition 1.1 An R -module M is said to be weak-injective if Exty(F,M) =0 for all R-modules F of flat
dimension < 1.

After in 2009, Fuchs and Lee in [8] introduced the weak injective dimension of a module M to be the smallest integer n
such that Ext?™(F,M) =0 for all R-modules F of fd(F) <1.And they introduced also the global weak-injective
dimension of ring R to be the supremum of weak-injective dimension of all R -modules.

On the other hand in 2003, the notion of almost perfect ring has been introduced by Bazzoni and Salce in [1].
Definition 1.2 Aring R is almost perfectif R/l is perfect for any properideal | of R.

The main aim of this paper is to study the transfer of weak-injective global dimension of ring and almost perfect property to
polynomial rings direct product of rings and pullbacks constructions. Also we study some properties of weak-injective
modules and dimension.

In Section 2 we study the class of weak injective modules, in Proposition 2.2 we show the behavior theorem of weak injective
modules and we see that they are stable with direct product. After we see the definition and the characterization of weak
injective dimension Theorem 2.1.

In Section 3 we study weak-injective global dimension, in Proposition 3.2 we give its characterization. Also we see the
relation between weak-injective global dimension and the global dimension and the cotorsion global dimension. In the end of
this section we see the characterization of perfect and almost perfect rings using weak-injective global dimension.

In Section 4 we give the main results of this paper in studying the transfer of weak-injective global dimensions in polynomial
rings Theorem 4.1, direct product of rings 4.3 and D + M constructions Theorem 4.5.

2 Weak-injective dimension of modules

In this section we study the properties of weak injective modules. After we characterize the weak-injective dimension of
module.

We start by giving a characterization of weak-injective modules.

Proposition 2.1 Let M bean R -module. Then M is weak-injective if and only if EXtiR(F, M) =0 forany
i >0 andfor R-module F of flat dimension <1

Proof: We prove by induction on i.1f i =1 itfollows from the definition, suppose that it for i —1 and we prove it for i.
Let F be a R-module of flat dimension <1. Applying the long exact sequence of the functor HomR (., M) to the
short exact sequence of R -modules 0 —-K —- L —>F —0 where L isfreeand K isflat,

we have forany i >0:

0=Ext"*(L,M) > Ext""(K,M) > Ext'(F,M) — Ext'(L,M) = 0.
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since K is flat and by induction Ext'(K,M) =0, then Ext'(F,M)=0.

In the following proposition we show that weak-injective modules behave in short exact sequence and it is stable over direct
product.

Proposition 2.2

1. Let 0> A—W — B — 0 be ashort exact sequence of R -modules, suchthat W is a weak-injective module. If
A is weak-injective, then sois B .

2. Let {M,}

iel

be a family of R -modules. Then Hi I|\/|i is a weak-injective module if and only if every |\/|i is
€

weak-injective.

Proof:

1. Suppose that A is weak-injective and let F be an R -module of fd (F) <1, applying the functor Hom, (F,.)
to the short exact sequence 0 > A—W — B — 0, we get:

<o Extp (F,W) - Ext, (F, B) - Exti(F, A) — Ext;(F,W),
since W and A are weak-injective we have Extq(F,W) = ExtZ(F,A)=0. Thenalso Ext,(F,B)=0 and B
is weak-injective as desired.

2. Follows from the isomorphism Ext"(F, H.A) =~ HiEXt "(F,A) (see[10, Theorem 7.14]).

New we give the definition of weak-injective dimension introduced by Fuchs and Lee in [8].

Definition 2.3 The weak-injective dimension of an R -module M is the smallest integer N such that

Ext2™(F,M) =0 forall R-modules F of fd(F) <1, denoted Wid(M)=n
This result is a characterization of weak-injective dimension

Theorem 2.4 Let M bean R -module, the following conditions are equivalent for a positive integer n:

1. wid(M)<n;
2. Extp™(F,M)=0 forany R-module F of fd(F)<1.
3. BExti"(F,M)=0 forany i >0 andfor R-module F of fd(F)<1.

4. Forany exact sequence 0 > M W, >W, —»--->W,_ ;, ->W, =0, if W,,---W_, areall

weak-injective modules, then the R-module Wr1 is also weak-injective.
Proof: 1< 2 Follows immediately from the definition of weak-injective dimension.

2=3.Let F bea R-moduleofflatdimension <1.Let 0 - F, — L — F — 0 be an exact sequence,

where L is a free R -module, then Fo is a flat R -module. Applying the functor HomR (—, I\/I), we get the exact

sequence, for 1> 0:
0=Ext'(L,M) — Ext'(F,,M) - Ext""(F,M) — Ext"*(L,M) =0
and by induction we get the desired result.
3= 4. First, consider an exact sequence 0 > M —> 1, —>---—>1 , —> 1, —0, where l,,---, 1., are
injective R -modules. We have Extf™(F,M)=Ext.(F,1,) for all R -modules F . if fd (F)<1, then
Exti™(F,M)=0, and so Exty(F,1,)=0. Then, |

injective R -module, with 0 <i<n—1, we get the following commutative diagram:

is a weak-injective R -module. Now, since each I. is

n 1

0—-M—-Wjy—-..—W,—0
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I !

0—-M—lp— - —-I,—0

This diagram gives a chain map between complexes:
0— Wy—--—W,—0
! 1

O—>IO — —>In—>0

which induces an isomorphism in homology. Then, from [10, Exercises 6.13-6.15] its mapping cone is exact. That is, the
following exact sequence:

W, = 1,&W, —>---—> 1 ,&W, -1, >0

Finally, decomposing this sequence on short exact sequences and using Proposition 2.2 we deduce that Wn is a
weak-injective R-module.

4 = 2. Consider an exact sequence:

O—>lg—>-—>I1,—>1,-0,
where  lg,---, 1, are injective R-modules. Then, by hypothesis, | is  weak-injective.  Then,

Exty™(F,M) =Ext,(F,1,) =0, as desired.

Proposition 2.5 Let {A}iel a family of modules. Then:

wid ([ TA) = sup{wid (A), i<}

Proof: Follows from the isomorphism Eth(F,HiA) ~ HiEth(F, A) (see [10, Theorem 7.14)).

3 Global weak-injective dimension of rings
In this section we give definition the global weak-injective dimension of rings and we give its characterization.

Definition 3.1 The global weak-injective dimension of R is the supremum of weak-injective dimensions of all R
-modules, denoted:

Wi — gldim(R) = sup{wid (M)/M R —module}
The following proposition gives a characterization of global weak-injective dimension

Proposition 3.2 Let R bearingandlet N be a positive integer. The following are equivalent:
1. Wi—gldim(R)<n;
2. Exty™(F,M)=0 forall R-module F of fd(F)<1 and M an R -module.
3. Exty(F,M)=0 forany i >n+1 andfor R-module F of fd(F)<1 and M an R -module.
4. pd(F)<n forall R-module F of fd(F)<1.
5. wid(M)<n for R-module M .

Proof: The proof is obvious it follows from the definition and Theorem 2.4,
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The global cotorsion dimension of a ring R is denoted C — gIdim(R) is the supremum of cotorsion dimensions of all
R -modules, denoted, C —gldim(R) =sup{cod (M)/M R —module} (see [4]). In the following proposition we
see the relation between Wi —gldim(R) and C —gldim(R) and global dimension of R gldim(R) .

Proposition 3.3 Let R bearing and let N be a positive integer. Then:
C —gldim(R) <Wi — gldim(R) < gldim(R)
Proof: Suppose that Wi —gldim(R)=nand let F be a flat module, then since fd,(F) <1 and from Proposition 3.2

we have pd;(F)<n and then C—gldim(R)=n<Wi-gldim(R) . The second inequality is easy since
gldim(R) = sup{pd;(M)/M R —module}.

In [1] bazzoni and salce introduced the almost perfect rings which are the rings since R/l is perfect for any proper ideal |

of R . in the following proposition we see a characterization of perfect and almost perfect rings using weak-injective global
dimensions.

Proposition 3.4 Let R be aring. Then:
1. Wi—gldim(R) =0, then R is perfect.

2. If R is anintegral domain, then Wi —gldim(R) <1 ifand only if R is almost perfect.
Proof:

1. Suppose that Wi —gldim(R) =0, andlet F be a flat module from Proposition 3.2 pd,(F) =0, then F is
projective and R is perfect.
2. See [8, Theorem 6.3].

4  Weak-injective dimension under change of rings.

In this section we are interesting in finding some change of rings results for weak-injective global dimension in some known
ring extension and ring constructions.

We begin by the weak-injective global dimension of polynomial rings.

Theorem 4.1 Let R[X,, X,,---, X,] be the polynomial ring in n indeterminates over aring R . Then:

Wi —gldim(R[X,, X,,--+, X, ]) =Wi —gldim(R) + n
Proof: By induction we can prove it only for N =1, we prove that Wi — gldim(R[X]) =Wi —gldim(R) +1.
The firstinequality C — gldim(R[X]) <C —gldim(R) +1 is same [7, Example (iv)].

Conversely, Assume that C —gldim(R[X]) =n+1<oo. Let F be an R-module such that fd,(F) <1, then it is
easy to see that fdg;,;(F[X]) <1. Then, pdg(F)= pd;(F[X]) = pdg;x;(F[X]) =n+1. This means that
Wi — gldim(R) < n+1. Assume that Wi — gldim(R) =n+1. Then, there exists, from Theorem 3.2, an R -module F
of fdgz(F)<1 suchthat pd;(F)=n+1. Thus, there exists an R -module E such that fd;(E) <1, such that

Ext"™"(E,F) =0. From [2, Example (7), page 9], the endomorphism z: F — F | defined by u(f)=Xf  is
injective. Then, we may apply the Rees’s theorem [10, Theorem 9.37], which gives:

Extprx;(E, F[X]) = Extp™(E,F) =0
Then, From [10, Exercice 9.20, page 258]
Extfy; (E[X1, FIX]) = Homg (R[X1, Extzy (E, F[XD)) = (Extgyx, (E, FIX)" = 0.
Then, Wid g, ;(F[X]) =n+2, which contradicts with Wi —gldim(R[X]) =n+1,so Wi—gldim(R) =n

Example 4.2 Let R be an integral domain which is not a field. Then from Proposition 3.4 R[X,, X,,---, X, ] is
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never almost perfect forany n>1.

In this theorem we study the transfer of global weak-injective dimension in finite product of rings.

Theorem 4.3 Let {R}.;

_..m beafamily of rings. Then:

Wi — gldim(] JR) = sup{Wi — gldim(R,),1<i <m}
Proof: The equality follows by induction on m and using Proportion 2.5 and the following lemma.

Lemma4.4 Let R xR, beadirect productofrings R, and R, ,andlet F; bean R;-modulefor i =1,2.
Then, de1XR2(F1 xF,)= Sup{del(Fl), de2 (FR)}.

Proof: Since R, is a projective R, x R, -module, [3, Exercise 10, page 123] gives:
del(Fl x0) < del((Fl xF,)x(R,x0)) < de1XR2(F1 xF,).
Similarly, we obtain: de1(0 xF,) < fd RyR, (FxF).

Thus sup{fdy, (F), fd, (F,)}< fdq o (F xF,).
Conversely, from [3, Exercise 10, page 123], we have:

fdy e, (F x0) < Ty o(F, x0) = fd, () and
fdy ., (0xF,) < fd, (F,).

Therefore, fd (F,xF,) =sup{fd (F, x0), fd OxF,)}< Sup{del(Fl), fd Ry (F,)}, as desired.

I—'\’le{2 R’lsz RlxR2

Let T =K+ M be an integral domain where K is afieldand M is a maximalideal of T .Let D asubringof K

, and consider the ring R = D + M . Now we study the transfer transfer of global weak-injective dimension in D + M
constructions. This construction have proven to be useful in solving many open problems and conjectures for various
contexts in ring theory (see for example [5, 6]).

Theorem 4.5 Let T bearingoftheform T =K+ M where K isafieldan M amaximalidealof T .Let D be
asubring of K where frac(D) = K . consider R=D+ M, then:

Wi — gldim(R) = sup{Wi — gldim(T),Wi — gldim(D)}
The proof of the theorem concludes from the following lemma.

Lemma4.6 Let T bearingoftheform T =K+ M where K isafieldan M amaximalidealof T .Let D
be a subring of K where frac(D) = K . Consider R=D+ M, then for any R -module F such that

fd;(F) <1 we have:
pdg (F) = sup{pd; (F ®; T), pd, (F/MF)}
Proof: Suppose that de(F) =N and consider the following exact sequence of R-modules:

0—>P, —>P_ ,—>-—>PF —>F >0, where P, are projective modules. Since T is flat, we obtain the

following exact sequence of S -modules :
0->P&RT >P T —>-->P&T >F&®&T—>0
Then pd; (F®,T)<n . On the other hand from [11, Proof of Theorem1.1], TOL"(D,F)=0, and since
fd,(F) <1, then TOI’pR(D, F)=0 forany p>0 and by [3, Prpopsition 4.1.3], for any D -module C and for any
intege N>1 we hae Exti™(F,C)=zExt}*(F®,D,C) , so pd,(F/IMF)<n and then
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sup{pd; (F ®; T), pd, (F/MF)} < pd (F)

Conversely, suppose that sup{fd;(F ®; T), fd,(F/MF)}=n, for some positive integer n. And let the exact
sequence of R-modules 0 >P, »>P _, —>---— P, —> p, >F —0 such that P,---P,_, are projective. then,
P, ®, T and P,/MP, are projective T -module and D -module, respectively. Thus, from [11, Theorem 1.1] P, isa
projective R -module. Then pd,(F) <n,so pd;(F)=sup{pd;(F ®; T), pd,(F/MF)} as desired.

In this theorem we study the transfer of almost N -perfect ringin D + M constructions.

Theorem 4.7 Let T bearingoftheform T =K +M where K isafieldan M amaximalidealof T .Let D
asubring of K where frac(D) =K . consider R=D+ M, then:

R is almost perfect <> D and T are almost perfect.

Proof: Follows from Proposition 3.4 and Theorem 4.5 above.

References

[1] S. Bazzoni and I. Salce, Almost perfect domains, colloq. Math, 95 (2003), 285- 301.
[2] N. Bourbaki, Algebre homologique, Chapitre 10, Masson, Paris, (1980).

[3] H. Cartan and S. Eilenberg; Homological algebra, Princeton University Press, 1956.

[4] N. Ding and L. Mao, The cotorsion dimension of modules and rings, Abelian groups, rings, modules, and homological
algebra, Lect. Notes Pure Appl. Math. 249(2005) 217-233.

[5] D.E. Dobbs; On the global dimensions of D + M, Canad. Math. Bull. 18 (1975), 657-660.

[6] D.E. Dobbs, S. Kabbaj, N. Mahdou, and M. Sobrani; When is D + M ncoherent and an (n, d)-domain ?, Lecture Notes
in Pure and Appl. Math., Dekker, 205 (1999), 257-270.

[71 E.E.Enochs, O. M. G. Jenda, and J. A. Lopez-Ramos, Dualizing modules and n-perfect rings, Proc. Edinb. Math. Soc.
(2) 48 (2005), no. 1, 75-90.

[8] L. Fuchs and S. B. Lee, Weak-injectivty and almost perfect domains, J. Algebra, 321 (2009), 18- 27.
[9] S.B. Lee, Weak-injective modules, Comm. Algebra 34 (2006) 361-370.

[10] J.J. Rotman; An Introduction to Homological Algebra, Academic Press, New York, 1979.

[11] W. V. Vasconcelos; Conductor, projectivity and injectivity, Pacific J. Math. 46 (1973), 603-608.

6190 | Page council for Innovative Research
May 2016 www.cirworld.com



