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1 INTRODUCTION
Definition(1.1)[1,2,3,4]: The fractional derivative of order a is defined, for a function f(z), by

1 d [ fQ
(1-dz) z=0"

Dg‘f(z):=l, d¢; 0<a<1,

where the function f(z) is analytic in simply-connected region of the complex z-plane C containing the origin, and the
multiplicity of(z — {)™* is removed by requiring log(z — ¢) to be real when(z —{) >0 .
Definition (1.2)[1,2,3,4]: The fractional integral of order a is defined, for a function ,

Ef@) = f fOE =0 s 0<a<l,

where the function f(z)is analytic in simply connected region of the complex z-plane Ccontaining the origin, and the
multiplicity of(z — {)*~is removed by requiring log(z — ¢) to be real when(z — ¢) >0.

Remark(1.1)[1,2,3,4]:From Definitions 1.1 and 1.2 ,we have

rv+1)
D?{z”}:mzv_“ ;v>-1,0 <a<1
and
rv+1)
[2{7V) = vta . > -1
Z{Z} F(v+—1+a)z ;U , a>0

Remark(1.2):From above remark we have,
1£f(2) = D;*f (). 1)
2 Fractional Calculus-(g,y)

Now, we define the a new fractional integral operator I;”ﬁ'yf(z) .Consider for natural number neN={1,2,...} and real B,y
then-fold integral of the form

1 1 il
P f@)= fy 6P Y 2ag S 6F T dg L S 0P TR () dg, )
By Dirichlet technique Which yields

fFafrdg [ PEQ) dg= 7P A ST 6P g

-0 .8_ _% {IB_}H—% VA
=l O @l
= L[5 P — P PTRR() &

_b’—y+;
Repeating the above step n—1 times, we obtain
z & {n-1
[arrsas [ o g . | orrirg) s,
0 0 0

_,al1-n 1 1 !
SO e pod vty oy ar,

(n—1)!

which implies the fractional operator (for n=a),

(p-r+y"

1 1ya—1 1
1977 f(2) = r'(a) f (ZB_HE - 5ﬁ_y+i) PR de, (3
0

where B,y are real numbers and the function f(z) is analytic in simply connected region of the complex z-plane Ccontaining
1 1 1 1
the origin, and the multiplicity of(zf ™"z —¢#7*2)a-1is removed by requiring log(z’ 72— ¢*7*2) to be real
1 1
when(z# "2 — ¢ 742) >0,

In this paper, we define above operator by called it the fractional Integral operator-(8,y).
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For O<p<1 ,the Bergman space AP is the set of functions f analytic in the unit disk U:={z :z€ C;|z| <1} with IIfllﬁp <
where the norm is defined by||f|l%, = %fu If(@)I°P dA< =, zeU

And dA is denoted Lebesgue are a measure.

Theorem (2.1): Let a> 0,0<p<= and B,y €R. Then, the operator I is bounded in APand

P @ < i,

where

1-a a—1 p
Erag (1-sf74)  sFr

c: fO r'(a)

Proof: Assume that f (z) € AP. Then, we have

@ =

“”f( )| da

P

1|+ fo(ﬂ—v%—cﬁ‘“%)a_l ¢ FQdg| da

r'(a)

_1
= fo

P
dA.

:%f01|(5*7+§) f0< 1% V*Z) g Z(afl)(ﬁ-y%) 1 F@)dg

| r'a) ]

Let s=§ ,then we obtain

P

dA

f ‘u f (1 = )e12DE4) (250773 f(zs)ds

1 1

P

(B - 1)1—01 ¢
T = p i1 1 1
2 f (1 — §)a-17@DEV D145 13 £(z5)ds| dA

I'(a)

(-r+3) " ,,

@ dA

f (1-s)e1 sﬂ_y_% f(zs)ds

P

1
=
& - ; (G1re1° a)

)1—a

1 1
<z

T Jo

=C [If I

This completes the proof.

Now, we discuss the semigroup properties of the integral operator
Theorem (2.2):Let f be analytic in the unit disk. Then, operator (2) satisfies
PP @) = PP f(2),  ad> 0. 4)

Proof: For function f by using Dirichlet technique yields

_az

P f@) = F(a) ] ( (=) T PTG ag
0
B V"‘z)l_a [ p—y+=
= T'[ (Z LaP

N1-2 2
a—1 -y += A-1
_pr) Tt [ BT f (Pt ) ST f() |deds
0
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@B-y +%)(17a)+(171) 2
I'(a)r) fO

®)

Eﬁ_y_zif(f) [ff (Zﬁ—y+% _ (ﬁ—V%)a_l (zﬁ—y% _ eﬂ—y+§)l_1 qﬁ—y—%]

By Z_If ey
Let s= {—1€—f,then we have

e
¢
€

(Zﬁ _Y‘% _ {ﬁ‘l’*’%)a_l ({ﬂ—}"*‘% _ E'B —V‘%)A—l Zﬂ—}’—zl aq

a-1

ﬁ—y+l P y+1
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d{de .

A-1
1
2P Y+2 —frt

¢ dg

P s

7—¢€f 14

¢
[ (=g ) (o) (2
€

(2

1 1y a1 1 1\ A-1
5ﬁ—y+7_55—y+7) ({B—y+7_fﬁ—y+7) (ZE—V+ Bre )rxH 2

a—1 1 1\ A1
—y+5 —y+5 +1-2
2P V+2 (ﬁ V+z> ({ﬁ Yy _B y+2> ( F; y+2 Eﬂ —y4t )a

T T
—Y+2 P vy 2PVt _Briz

¢ dg

1 1 1 1
gPrig_ Briz 2P Vtg_Brtz

:f: (1_

_f{ (1 — )@ 1(s)A~ 1( B V+2 — P )OH—/1 2

¢ dg

a+A-2
( B-v+y _ B y%) ff (1 — s5)a-1(s)A1 (ﬁ—yf% ds

a+i-2

( e y+) ¢ By+s
- R
- e s

a+l-2

fj (1 — 5)@1(s)*1 ( gli’—y+zi .

(Z/?*}’*%,e/?—}"*%)

1
B-v+;-

ef _y+zi) ds

+A-1
(5 “r+y_ By z)a

DY |

= fz (1-s)1(s)*1ds

a+i-1
(e ”2) r@ra
s T@ath) '

(6)

From (5) and(6) ,we have

(s
rr)

(/i’ V"'Z_E:B 4t )a+l 1

J;) B—y+2i

4 il 1\ a+i-1
J- (Z/f vt P —V+§) P
0

r(a)r) B y—+
I'(a+ 1)

Ig.ﬁ.ylj.ﬂ.yf(z) — 2 f(e) de

i (ﬁ L %)1—0[—1

XCER) y

Q)

=[{7 PV (2)

Example(2.1): Let f(z) = z¥
B-y+pI “fo (Z/f—y% _gﬁ—yé)a_l

Ig.ﬁ.y v — e

cﬁ—}’—%‘*v dq

_ By
- I'(a)

1 1na—1 [ p-y+b a-1 1
fOZ (Zﬁ—}’+5_{ﬁ—]/+§) (Z Y 2) (:B_]/_E‘FV d¢

T
PLay

_Byp
T Ir@

1y a—1

LT PN iyl oyt

f T 2 ¢ 277 dq
0 —7+2 P

1 B*V*%

B-v+; 1 —1
Let s:(g) P ¢=zsP I dl = _Z+1557V+7d5_
2
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Then
1 z
p—y+)“ 1 1 —
Ig.l?.yzv — ( F(a)z) _f(l _ S)a—lz(a—l)(ﬁ—}’+5)+ﬁ—}’—5+v+1sﬂw+5 ds
0
B-v+p™ | e
— 4 2 f(l _ S)af—lza(ﬂ_y“%)"'vsﬂﬂ’*f‘k - ds
I'a
@
1
(ﬁ_y+l)—a (ﬁ +1)+ L vifyiy
— 2 a(B-y+)+v _ 1. p— s
S 2T [ (A =s)*Ts Fr ds
) elpord)ep (o 2
ra) vty
1@ r(a)r(—l—vw_w%)
() a(py+d)v pory
r(a) F(ﬁwﬁ—w%)
B-y+y

1
vHp—y+3

1 r\—m———=
_Za(/f—y+7)+v ( B-y+3 )

Y ey

B-v+3

whereg is the Beta function.
3 Fractional differential operator-(8,y)
Corresponding to the fractional Integral operator-(8,y), we define the following fractional differential operator-(8, y).

Definition(3.1): The fractional derivative-(8, ) of order « is defined, for a function £ (z), by

at; (B-v+) ai Q@
DZ Byf(z) i F(l — C{Z) EJ- (Zﬂ_y*—% 1 {B_V*’%)a
O<a<1l , €)

dc )

where B,y are real number and the function f(z) is analytic in simply connected region of the complex z-plane C containing
1 1 1 il
the origin, and the multiplicity of  (z# "2 —¢#7*2)~ is removed by requiring log(z" 7"z — ¥ 77*2) to be real
il il
When(zﬁ_“E - (B_"Jri) >0.

Example (3.1): Let f(z) = z",v €R, we find the fractional derivative -(8,y) of this function as follows:

siorrral vl a S

— dq.
= 1 1, &
rl-a dZo (zﬁ‘“E & {ﬁ_”E)

B-r+s — %
Let s=(§) P (=zsF"2 5 dl = > Z+1s/"“f ds
—y
1\% z 1\ ~¢%
B-v+3) d ; e [P 1
peAy =( 2 _f B=v+5 _ B-v+; B-y—3tv
2D =g dz | (77 =) el B
ne Z —y4t N\ —y—tv Byt
B—y+- B-y+; By —«/ L\ :
DYV f(z) = ( 2) 4z j _$ j zﬁ_y% z sfrz sPrtads
rl—a) dz —y+s v+ 1
Ozﬁyzzﬁyz ﬁ—y+5
a1 z
(b=r+3) 4 S
=~ 27 7|1 =g)ta-1 ,A-a)Br)tvsr; g
rd-a) dzf( s) z vos s
0
1\« 1 1
(,3 -y+ E) d 1 — 111
N - 27 = -yt — )A—a)-1B-v+5
z 2 1-9) shrtz ds
rl1—-a dz f
( ) J
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(B-v+)" 4 1 N -y
=iz - Y- A=a){f-y=)+v-1 NG T S s
Ta—a) d@z S~ OB-y=—P+vz 2 f (1-5) s ds
0
(ﬁ_y'l'l)a_l 1 v+ﬂ y+l
= 2 (1—a)(ﬁ—y—3)+v—1 - 3
=——m s -aB-y-)tvz 2 Bl1-—a—" "2
rd—-a 2 . +%
- B-y+;
ne-1 I‘(l—a)l‘(b)
— (B -r+ E) 1 (1—a)(/3—y—l)+1;—1 ﬁ—}/+%
= (1-)B-y-5)+vz 2 :
r'l-a 2 p—
rft—-a+———*
B-v+3
r{——+1
1 a—1 1 _ 1 _ (5— +l >
=<ﬁ—)’+5) (1—a)<ﬂ—y_5)+vz(1 a)(p-y—3)+v—1 Y+

rft—-e+—2++1
( B=y+; >

@1 v (1-a) ﬁ—y—l +v—-1 v
(B_]/‘FE) <1—a+m> z ( 2) ﬁ'—]/Jr% !

2
<1—a+ v1>< vl—a>!
B=v+5 ) \B-v+;

apy = /3—”7“) (-a)(p—y—)+v-1
D f(2 z 2 i

zZ

Proposition (3.1): Let f(z)be analytic function in the unit disk U of the form

[ee]

f(z)=2anzn, zeU 9

n=1

Then
DI f@) = PV DI F(2) = £(2)
4 Fractional complex transform

Fractional complex transform is important and useful methods for fractional calculus is proposed to convert fractional
differential equations into ordinary differential equations so that all analytical methods devoted to advanced calculus can
be easily applied to fractional calculus see [3,5] .We use some properties of the fractional operator-(8,y). The Wave

transformation
{ =Az% + Bwf+.., (10)
isspecial case of the fractional complex transform
¢ = Az"CTD 1 BT Dy (12)
Suppose the fractional complex transform
a _yL
DI f@) =505, ¢ =210 (12)
1
aBy _ a‘l(ﬁ—y“'j)f
|f DZ f(Z) = —aza(ﬂﬂ'*%)
9eBTDf  gfarbridg
0,610 0 5aB-rD
)
=£ Oapy (13)

where g, 4, is the fractal index, which is usually determined in terms of gamma functions.

1
Example (4.1):Let { = z*® 772 and f = ¢",n # 0 then, we have
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1 1
aa(ﬁ—}"*'g)f B of aa(ﬁ—}"*'g){n
87763 00 5 aB-y—p

Gapy Il —— +1)
“hr <l’—V+7 (1—a)(,8—y—l)+nrx—1
— 2 L z 2 .
r1—a+—"1+1

( B-v+y

_of
¢ Ca By

Z(lfa)([f 7yf%)+na -1

(-r+)

_N%apy

Therefore we have

5 Applications

5.1 Distortion inequalities involving fractional derivatives([7]:
We discuss some applications of the fractional operators-(8,y) (3) and (8) in geometric function theory.
Let 2 denote the class of functions f(z) normalized by
f(2)=z+Yy ,a,z", z€U (14)

Also, let Sand Kdenote the subclasses of 2 consisting of functions which are, respect tively, univalent and convexin U. It
is well known that if the function f(z) given by (14) is in the class S, then

a, <n , mneN\({1}. (15)
Equality holds for the Koebe function
z

f(2) = a=22" zeU

Moreover, if the function f(z) given by (14) is in the class K, then
a, <1, mneN. (16)

Equality holds for the function

(2) = Z EU

f(z) = T z f

Now, we shall also make use of the Fox-Wright generalization
w (allAl)l (aq:Aq);
P 1B, BY, - (B By);

N F(al,nAl)...l"(aq,nAq)z"
“4n=0 (g, nB,)..I'(B,nB,)n!

q¥ [z] of the hypergeometric ,F, function defined by[3]

z| = q¥p [(“J"Aj)m;(ﬁf' Bj)l,p:z]

oo ]'[lel"(aj,nAj)z". ) .
=, W, (fox-wright function)
where 4; > 0 for all j=1...q ,B; > 0 for all j=1...p and

1+X7_, B —X]_; 4 = 0for suitable values |z| < 1 anda;, §; are complex paramrters.

Theorem (5.1.1):Letf € S. Then,

1 1
) (D, 1+ ~ ~ |
Df_“%f(z)‘ _ a-a(pr+d) (ﬁ_YJrE)a 1 (B-v+3) (B-v+3) T‘ an
1 1
T ) )

(r=lzl;zelU;0<a <),

where the equality holds true for the Koebe function.
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Proof: Suppose that the function f (z) € Sis given by (14). Then,

[oe)

Df’ﬁ’yf(z) = D;””'Y Z a,z"

n=1

=Xn—1 Gn (Dg'ﬁ'y z")

(s _y+§)“‘1r(_"r+1)
an

— 1
:Zle liwz Z(l—a)(/}—y—z)+n—1' a =1
F<1—a+ﬁ—1—7y+?>
_ (2 +1>
Z( a)([ﬁ’ 4 2) (ﬁ ]/+E) n=2 4 2n+1 An+1 2
F(l—a+—1—>
B-v+3,
| n+1 I
1 1\t r ﬁ—}'+‘+1
D;z.ﬁ.yf(z)| — Z(l—a)(ﬁ’—y—g) (ﬂ —y +§> —zlan_H z"
n=0F<1—a+ L 1)
B—v+;

<Note;|an| <n = |ayl Sn+1)

(ﬂ +1
1 1“7 vty
DIFTf@| < PR (poy ) Y T L

n+1
1 W ()
= r(l—a)(ﬁ—}’—g) (B —y+ %)a 2;.10=0 B-y+y (n+1) n! ”

+1 n!
rl1-a+—— )
( B-y+3,

1
o r(2+n)r<”+ i 1
e &2 B-v+; %
petrsa| s AR o-r +3) Y e
n=b r<1—a+ﬂ”“1) \

1 1 ;
[ )

= 106 (g oy + )T .

= r(l—a)(ﬁ—y—%) (ﬁ —v+ %) r

Theorem (5.1.2):Let f € . Then,

1 1
w1 | QDN 1T+ —x, 77— |

a+tk,p, (
|DZ * yf(z)| = @ (p-r+3) 1 k 1 ;
(e oim)

(r=lzl;z€U;o < a<1,kis enteger number),

(18)

where the equality holds true for the Koebe function.

Proof: Suppose that the function f (z) € Sis given by (14). Then,

o)

DR F Gy = 547 S g

n=1

=Ee1 (D 2
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(a+k) n
(B-v+3) r(—r_ _+1> L
- :?:1 lfn Y+3 a, Z(l—(oc+k)(ﬁ—y—2)+n—1‘ a = 1
r<1—(a+k)+ﬁ_—ry+7>
r("—“rﬂ)
1 (a+k)-1 I
= Z_(a+k)(ﬁ_y_5) (ﬁ - l) - Xn=o —_— nt1 Z
2 I"(l—(oc+k)+ ntl )
7

(Note;lanl <n = |ayl Sn+1)

n+1
oo e )
L@rio(s Z L it 2
(1 —(a+k) + nt )

)(a+k) 1
DI f(2) =

n=0J"

2

(a+k) -1 r n+1 +1
B-v+ (ﬁ y+l
Dg+k,ﬂ,)’f(z)| — |( Z (

An+1 z"
( +k)
¢ 1—(a+k)+ n+1)
Bv+;
_(p-r+ )(‘”") B F( )
< < k) 5 Z n+1) ™
a+
7t n=01"<1_(a+k)+ n+1)
Y+§
(a+k)—
(B—y %) +k)-1 r(n+2) F(—rB 2+B_I—y+f+1) i

= T Dm0
r(a+k)(/3—y‘7) " (1 (a+k)+_f+_f) n!
L7 =

1 1
ari-1|(2,1), |1+ —x, 77— |5
NCRT sl (e i

S ar(p-r—

) 1 1 i
(- eromm)

1\ (at+k)-1
=% W Il
Theorem (5.1.3):Letf € K. Then,
)| 1+ 1 ;
4l ) = —y+3) (B=y+3))
Df y+2f(Z)‘ - T‘(l_a)(ﬁ_]/+2) (B_y_i_%) (ﬁ 14 2) (ﬁ 14 Z) r (19)
1 1
1—a+

1\’ 1 ;
(B=rv+3) (8-7+3)
(r=lzl;z€U;o <a<1),
where the equality holds true for the Koebe function.

Proof: Suppose that the function f (z) € Kis given by (14). Then,

[ee)

Dg'ﬁ'yf(z) = Dg'ﬁ'y Z a,z"

n=1

— aBy
=Xn=1an(D, """ 2")

-1
(Br+d)" r(#%ﬂ) .

=Xn=1 . a; =1
F<1—a+ﬁ—1—7y+i)
a-a)(p—r-2) 1\ )
1-a 4 1 0 “vty
(5 y+ 2) n=2 r<1_a+ -~ )an+1 z
B-v+3,
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o (25541

~ 1 1 a-1 <,8 y+l

|Dzaf,ﬁ,}’f(z)| — Z(l a)(ﬁ 14 2) (ﬂ_y+5) —+1>an+1 zn
n

1
B-v+3

n=0F<1—a+

<Note;|an| <1 =la,l = 1)

o r n+1 +1
—) (L 1"t (ﬂ— +5
DI f@| < rOET R (goy ) Y L

r(”—“r+1)
- a-a(p-r-3) (B_y+%)“‘1 o _\frig ) nmbon

2

1 1
1,1+ , S
Fa=a(B-r—) ([g y+1)a1|[ ( (B=r+3) (s _V"'%))
|
|
|

1 a—1
=) (poy L 1.
Theorem (5.1.4):Letf € k. Then,
w1 (21)( . %)
| a+k/>’yf( )| ﬁ +)( ] (B—V‘Fg) (B—V‘FE) -

Pt (p-y+7 ) 1 1 :
[ erorm)

(r=1zl;z€ U;o < a < 1,kisenteger number),

(20)

where the equality holds true for the Koebe function.

Proof: Suppose that the function f (z) € Sis given by (14). Then,

o

DI = DI a0

n=1

=¥@_ a, (DF TP

13 (@+k)—1 ( n )
¥+ r +1
()™ (2

1
:Z;‘f:l - Z(l—(a+k)(B—y—5)+n—1’ a = 1
r<1—(l1+k)+m>
2
F( n+1 +1>
= g @ro(p-r—) 1) @07 o, Frig n
=2z 2 ﬁ - 5 Z =0"7 ..\ +1 Z
( 2) " F(l—(a+k)+ "*i) "
2

(Note;lanl <1 =>lapul < 1)

(a+k)-1 r n+l +1
orey s (=

+k
Pals n:0r<1—(a+k)+ "“)
-v+s

DT f(2) =

n
An+1 2
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1—(a+k)+

(a+k)—-1 » 1"< n+1 + 1>

a+k,By _ |(B V ) B- +l n

Dz f(Z) - (rx+k) ( 1 )an+l Z
= n

+2

(a+k)-1 n+1
(8- Y+) F<—+1“>
< Z rht
( +k)
S ATy
v+
(a+k)—-1
ot o k)

T Zm 0
(a+k)(/3 V’f) n= (1 (“+k)+—r+—r) n!
tz7 Fr+g

1 1
a1 |(LD | 1+ 77—, 77— |;
(o€ )< D (ﬁ—r%)) .

T er(pr) 1 PEEEAY
<—<ﬂ—y+%> et )'—@—ye))'

(ﬁ —r+ )(a+k) 1

(a+k)([?—y—%) 21‘Ul [T] .

5.2 Fractional differential equations

Now, we consider the Cauchy problem by employing the fractional differential operator-(8,y).and determined the solution
by terms of the fox-wright function.

Example(5.2.2):Consider the Cauchy problem in terms of the fractional differential operator-(3,y) defined by (8)
DIV u(z) = F(z,u(@), (21)
where F(z,u(z)) is analytic in uand u(z) is analytic in the unit disk. Thus, Fcan be expressed by
F(z,u) = 6u(z)
Suppose the fractional complex transform
7 = ,2BY+D

Then the solution can be expressed it as:

w(2) = Xi_o a, Z* (22)
Where g, are constants.Substituting (22) into Eqution (21) implies
A z VAR Z a,Z"
k=0 k=0
ka

e+ () =

— aka—GZaka=0. (23)

oz ka

k=0 r{1-a+ k=0
B—v+;
1\% ka
H (ﬁ_y+5) F(ﬁ’*}”r;—l)
Since g, 3, = —
kF<1—a+5—1—7y+E>
Then we have
1\% ka
(ﬂ )/+E) F<ﬂ—y+%+1>
Gak_l =0
r (1 —a+ 1>
B-v+3
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fork=0,1,2,..
. _F(l—a) fa_q
N
(B-r+3)
a
<1—a+ﬂ_y+%> fa,
a; = e )
a
(B-r+3) F(,;_Hg“)
<1—a+ﬂ_2:+l> fa,
a; = P : )
1 2a
(-r+d)'r (1)
3a
F(l—(l+7+l) 9(13_1
as = - 2
(B-v+3) r<ﬁ3“l+1>
Then
i kF(l—a+B_k;+l)1"<1—a+%>
B 1\ k 2 k-1 %
(B-v+3) r(—fﬁ_:+_+1>r<(ﬁ_ )‘1+1)
Z
Thus
5 X kF(l—a+ k“+l>r<1 +(k_1i‘;)
w(2) = B-v+; B=v+3) &
=0 (,3 Y+) (= 1 ) D%+ 1
B=y+3 B-v+;
which is equivalent to
fri1-—a+25)r(1-a+ %2
°° 0 B-v+; Briz) k!
u(Z =Z ¢ k!
2, \ (B + ) (1) i + 1
B=v+; B—y+;

k  rie+1 r<1 a+—1—> <1 S ”“)
Gy By Z"
ko

r(ﬁ—r"”‘ +1>F<ﬁ(—rk 1)‘1+1>

=Xk=0 ((B —:+§)a>

Since @is an arbitrary constant, we assume that

o=(-r+d)
Then

(k—Da
rk+1) F(l a+—1—>1"<1 a+—1—>
B B-v+3) 7%

p— 0
u(z)=Yr—o r< ka +1) ((k 1)a+> k!
B-v+y B-v+y

ka
ree+1) rf1-a+ r(1-a+ 1
(k+1) ( « ,;__I) ( —a m)zk(ﬁ—wg)

u(z) =X7—o I"< ka +1)r((k 1)a+1> k!
B-v+3

3_
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1,1),[1- —L,L,l— ‘L;

@ (1= ) (1o
L—= (17—
() (-Er )

Now, we study the (existence and uniqueness) of univalent solution[2,3], for the fractional differential equation (21),subject

to the initial condition u(0) = 0, where u: U — C is an analytic function for all z € U, and f : U x € = C is an analytic
function in z € U. Let B represent complex Banach space of analytic functions in the unit disk.

= 31}’2 Tl

Theorem(5.2.5):(Existence) Let the function f: U x C - C be analytic such that [|f|| < M; M > 0. Then,
there exists a function u : U — C solving the problem(21).

Proof: DefinethesetS: {u € B: |lull < r,r > 0}, and the operator P: S — S by

1\ 2

-y +s 1 1,@— 1

Pu(z) = %J‘ (Zﬁ—y+5 _ Zﬁ—y+5) 1 {[f—y—gf(z'u(z)) di, 0<a<1. (22)
0

First , we show that P is bounded operator

[Pu(z)| =

nl-a
(ﬁ ;(-;)2) f (Zﬁ”}’ﬁ%_ {ﬁ*}’+§)a—1 (ﬁ*}’*%f(g‘u(g)) d(
0

At 1 1ya—1 1
|Pu(z)|::u foz (zﬁ_Y+E ra ZB_}H—E) Zﬁ—}’—gf(Z,u(Z)) d(|

I'(a)
1—a
B ]/_|_ N B_y+l ﬁ—y+l a—1 B—V—l ;
< —"- -
y I'(a) OH RN Gt NN G
1= 1 1\ a—1
_M(ﬁ_y"'%) z [Pz e Byt a—1 g —y 3
(@) Jo T (Z 2) ¢" 'zl dd.
1
B—y+: — - y=B—3
LetS = (g) Z - (= 7z sPr+z - d( — ; Z+1 sPr7 ds
v+
1\1-a
M(ﬁ 4 +_) 1y a—1 1
eams 7MW _cya-1(, B-v+; B—y—
-] |- () e«
1 1-a z i 4
M(B—y+- 1 a—1 A= B-r= ad
|Pu(2)| < (1-.—2).[ (1—5)1 (ZB_Y+5) (z sﬁfﬁi) - P45 ds
(a’) o ﬁ -y + -
m(p-y+3) ™" . ) 1 \Brg|
=Tx)2foz (1 =8)a-1(zg) 1Bty 1 <s/?-7+71> 577 ds

N 1 1 y=B—3
:—M(ﬁ;&?) 2| =)t @ Gyt S i ds
_M(ﬁ_“%)ﬂ 1 a-1¢0
_Tfo (1-95)*"1s0 ds

1\ "%
More) J, 1= 8)1s1=1 gs.

r'(a)
Then
M(p-y+1)"
Pu(2)| < %ﬁ(a, Y
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=T,

that is ||Pullz = sup,ey|(Pu)(z)|. We proceed to prove that P:S — S is continuousoperator. Since f is continuous
functionon U x S, then it is uniformly continuous on a compact set U x S, where

U={z€eU:|zl <1,l€(0,1)}.

Hence, given € > 0,36 > 0 such that for all u,v € S we have

If(z,w) = fz vl <

el (a)
() 1<t rDpaa

|(Pu)(2)) = (Pv)(2)]

, foralllu—v||<é

B- y+ e . et )
'8_ 72— B= 2 B— -3
‘ @ | G e
ﬁ Y+ e 1ya—1 1
ﬁ B— 3 B— -3
@ Of TR PTG u) dg
(ﬁ V+ Y N
= F(a) f ﬂ Y+2_€ﬂ y+z) (ﬁ 14 zf((,u(()) d¢
0

V4

1ya—1 1
f B V+ {/3—}’*'5) Zﬁ—y—ff((’v(()) d{
0

Z

f (574 (B*\’*%)a_l E (G u@) dZ‘ =
0

oy

I'(a)

[y o)« ‘
0

z

3 2 IY(Z) f Coiaat GRS ot N | 2R

L T |t ) - £l
Then
_ (v ) el Dpaa @
[(Pw)(2)) — (Pv)(2)| < I'(a) X(lg_y+%)17ala(ﬁiy+%)ﬁ(1r“)
=€.

Thus, P is a continuous mapping on S. Now, we show that P is an equicontinuous mapping on S. For z;, z, € Usuch that
z1 # 7y, then for all u € S we obtain

|(P)(z1)) — P(u)(Zz)l

ﬁ Y+ - [ 1 a—1 1
/3 + B-v+3 p-v—3

F(a) Of R ) ¢Rf(u(9) d¢
'B ]/+ 7 1 a—1 1
ﬁ + B-v+3 B-y—3

r(a) Of TR TE) (G v©) d

ni-a s, z
ooy Z;;) (j (2?75 ) T T pqu@)| g + [ ()T (f'”(o)|d5>
0 0

of >
1-a

M(B—y+= 1 1
< % <z“(ﬁ g1, a) + 1T (1, a))

1 a-1
(Zlﬁ—y+;_ (ﬁ—y+ ¢

ﬂ—y+%_ (ﬂ—y+%)a_ P
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11—« f— 1
~2M(pr) o)

- I'(a)

B(1,a),

which is independent on u. Hence, P is an equicontinuous mapping on S. The(Arzela-Ascoli theorem) yields that every
sequence of functions from P(S) has got a uniformly convergent subsequence, and therefore P(S) is relatively compact.
(Schauder’s fixed point theorem) asserts that P has a fixed point. By construction, a fixed point of P is a solution of the
initial value problem (21).

Theorem(5.2.6): (Uniqueness) Let the function f be bounded and fulfill a Lipschitz condition with respect to the
second variable: i.e.,

If (z,w) = f(z, V)l < Lllu = v,

for some L > 0 independent of u, v and z.

n1l-a
If %ﬁ(l,a) < 1, then there exist a unique function u : U — C solving the initial value problem (21).
Proof:we need only to prove that the operator P in Eq.(22) has a unique fixed point.
|(Pw)(2)) — (Pv)(2)]

ﬁ V+ 7 1ya—1 1
ﬁ + B-y+; B-v—5
‘ F(a) f TR-R) FRA(Gu) d

(=1

1l =72

B ]/+ (1 ) 1 a—1 1
B f B —r+5 _ (ﬁ_”f) Fr2f(Lv(@) dg
0

F(a)
1 1ya—1 1
< ﬁ:)) B =) PN u@) - £(Gv@)]dg
1—a
<M @) Il
< @ B, a).|lu—v] .
Then, for all u, v, we obtain
1—a
L(B-v+3
[[Pu - Pvllgﬂ(l, a) . Jlu —vll.

I'(a)

Thus, the operator P is a contraction mapping then in view of (Banach fixed point theorem), P has a unique fixed point
which corresponds to the solution of the initial value problem (21).
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