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1. INTRODUCTION

I'-near-ring, introduced by Satyanarayana [8] generalizes both near-ring and I'-ring. Booth and Grenewald [2],
Satyanarayana [9] were studied and developed the concept of MI'-groups. Given a I'-near-ring M, an additive group G is
said to be a I*near-ring-module over M (or M7=group or M7=module) if the following two conditions hold:

()) (M1 + Mp)y1g = My1g + Mayg; and
(i) (M1y1m2)y2g = Myy1(May2g) for my, mz e M, y1, 12 e Tand g € G.

Fuzzy sets introduced by Zadeh [15], has created interest among the researchers and motivated them to introduce and
develop the concept of fuzziness in several mathematical systems. Studies on anti-fuzzy sets in algebraic systems were
started in the 1990’s with Biswas [1]. Fuzzy MTI-subgroups were studied by Jun, Kwon and Park [3], later on
Kim, Jun and Yon [4] were studied Anti-fuzzy ideals in near-rings. Srinivas, Nagaiah and Narasimha Swamy [13] were
studied Anti-fuzzy ideals in I'-near-rings. Fuzzy ideals of MI'-groups were studied by Nagaraju, Satyanarayana, Babu
Prasad and Venkatachalam [6], Satyanarayana, Vijaya Kumari, Godloza & Nagaraju [12].

2. Anti-fuzzy ldeals

2.1 Definition: A mapping v: G — [0, 1] is said to be an anti-fuzzy ideal of G if it satisfy the following axioms:
) v(x-y)<max{v(x), v(y)k
(i) vix+y-x)=v(y)
(i) v(my(a+x)—mya)<sv(x)foralme M,yeTanda, X,y e G.

2.2 Example: If v: Z — [0, 1] defined by

0.2, if x=4n,neZorx=0
v(x)=40.6, if x=2m, whereme Z but not of the form x = 4k, for somek e Z ,
1, otherwise

then v is an anti-fuzzy ideal of Z.

2.3 Note: If v is an anti-fuzzy ideal of G, then (i) v(0) < v(g); (i) v(0) = Igr!g v(g) ; (i) v(-g) = v(9); (iv) v(g1 + g2) = v(ga2 +
gi1) forall g, 91, g2 € G.

2.4 Thorem: Let G be an MI'-group. Then a fuzzy set v is an anti-fuzzy ideal of G if and only if v° is a fuzzy ideal of G.
2.5 Theorem: Letv be an anti-fuzzy ideal of the MI-group G. If v(x - y) = v(0), then v(x) = v(y).

2.6 Note: The converse of the above theorem is not true. If we consider two odd integers for x and y in example 2.2,
then v(x) = 1 = v(y), which means v(x) = v(y) whereas v(x - y) may not be equal to v(0).

2.7 Result: If v is an anti-fuzzy ideal of MI-group G, and x, y € G with v(X) # v(y), then v(x - y) = max{v(x), v(y)}.
Proof: Without loss of generality suppose that v(x) < v(y). By the definition v(x - y) £ max{v(x), v(y)} = v(y) ... (i)

Now v(y) = v(y + X - X) < max{v(y + x), v(X)} = max{v(x +y), v(x)}. Suppose if v(x - y) < v(x), then v(y) < v(x), a
contradiction

If v(x - y) = v(x), then v(y) < v(x - y)....(ii) From (i) and (ii), we have v(x - y) = v(y) = max{v(x), v(y)}.
2.8 Result: If {vi/i e I} is a family of anti-fuzzy ideals of MI'-group G, then \/V;i is also an anti-fuzzy ideal of G.
iel

2.9 Definition: Let G be a MI'-group and v be any anti-fuzzy ideal of G. For any t € [v(0), 1], the set vi = {Xx € G/ v(x) <
t} is called anti level subset of v.

2.10 Theorem: A fuzzy mapping defined on MI'-group is an anti-fuzzy ideal of G if and only if v is an ideal of G.

Proof: Suppose v: G — [0, 1] is an anti-fuzzy ideal of G. Let t be such that v(0) <t < 1. Since v(0) <t, we have that 0 e
vi = {x/ v(x) < t}. So vtis a non-empty subset of G. Let X,y € vi. Then v(x)<tand v(y) <t and so v(x - y) = max{v(x),
v(y)} £ min{t, t} =t which implies x —y € vi. So (vy, +) is a subgroup of (G, +). Letg € G. Now v(g + X - g) S v(x) £t
which implies g + x— g € vi. So (v, +) is a normal subgroup of (G, +). Letm € M,y e I'. Now v[my(g + X) — myg] < v(x) <
t and so my(g + X) — myg € v&. Hence v;is an ideal of the MI'-group G.
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Now suppose that vt is an ideal of G. Let x, y € G and write t = max{v(x), v(y)}. Now X, y € vt which impliesx -y e
viand so v(x - y) < t. Therefore v(x - y) < max{v(x), v(y)}. Write t =v(x) impliesthatx e viandg+x—-g € viforany g e
G. Thus v(g + x-g) £ t=v(x) implies that v(g + x - g) £ v(x). Since x € v{ and v: is an ideal of G, it follows that my(g + x)
—myg e viforanyme M,y eI, ge G. Sovimy(g+x)—myg]<t=v(x)forme M,y eI, x,g e G.

2.11 Proposition: Let v be an anti-fuzzy ideal of the MI-group G, and v, vs (with s < t) be two anti level ideals of v.
Then the following two conditions are equivalent:

(i) vi = vs; and
(i) there isno x € G such that s < v(x) <t.

Proof: (i) = (ii) In a contrary way, suppose that there exists an element x € G such thats <v(x)<t. Thenx € viand x ¢
vs, a contradiction.

(i)=> (@) Letxevsv(X)Ss<t=v(X)<t=> X € v

Now take X € vi = v (X) < t, by the assumption there is noy € G such that s < v(y) <t and so v(x) <s = X € vs. Hence v;
= Vs.

2.12 Notation: FI(x) denote the family of all ideals of the MI'-group G which contain x.
2.13 Theorem: Letv be an anti-fuzzy ideal of the MI'-group G.

). If FI(X) < FI(y), then v(y) < v(x)

(ii). If FI(x) = Fl(y), then v(y) = v(x)

Proof: (i) Suppose FI(x) < Fl(y) also suppose that v(y) > v(x). By letting t = v(X), X € vt but y ¢ v means that v; € FI(x)
and v; ¢ FI(y), a contradiction. (ii) follows from (i).

2.14 Theorem: If | is an ideal of MI'-group G, then for each t e [v(0), 1], there exists an anti-fuzzy ideal v of G such
that ve =1,

t, ifxel

. for
s, otherwise

allx € G, wheret<s. Clearly vi = I forallt € [v(0), 1). Forx,y € G,ifx,y € |, thenx -y e 1 and so v(x - y) =t < max{t, t}
= max{v(x), v(y)}. If x elandy ¢ I, thenx -y ¢ | and so v(x - y) = s < max{t, s} = max{v(x), v(y)}. Similarly, we can
observe that v(x - y) < max{v(x), v(y)} inthecase x ¢ landy e l. Ifx e l,y ¢ |, then v(X - y) £s = max{s, s} = max{v(x),
v(y)}. Take x € I. Since | is an ideal of G, we have thaty + x -y e land so v(y + x - y) =t = v(x). If v(y +Xx-y)=s,theny
+x-yelandsox ¢l Thisshowsthatv(y +x-y)=s=v(X). Soviy+x-y)=v(x)forallx,y e G. Takexel,ge G,y e
I'and m € M. Since | is an ideal of G, we have that my(g + x) —myg < I.

Proof: Let G be a MI'-group and | an ideal of G. For any t e [v(0), 1] define v: G — [0, 1] by v(x) = {

Therefore v(my(g + X) - myg) =t = v(x). If x & I, then v(my(g + X) — myg) <s = v(x). Therefore for all x € G, we have that
vmy(g + X) — myg] = v(x).

2.15 Notation: For an anti-fuzzy ideal v of G, we write G, = {x € G/ v(x) = v(0)}. Clearly G, is an ideal of G.

2.16 Definition: Let G and G' be two sets and h a function from G into G*. Let v and v* be fuzzy sets on G and G*
respectively. Then

inf v(x) if h™2(y!)=¢
h(x)=y* ( )

0 if h—l(y1)=¢

(i). the image of v under h, h(v) is a fuzzy set in G' and is defined as h (v)(yl) = for

ally* € G*; and
(ii). h™(v") the pre-image of v* under h is a fuzzy set in G and it is defined as h™(v')(x) = v'(h(x)) for all x € G.

2.17 Definition: Let G and G* be two sets, v is a fuzzy set on G and h: G — G' a function. Then v is called h-
invariant if h(x) = h(y) implies v(x) = v(y) for all x, y € G.

2.18 Note: (i) If v is h-invariant, then h™(h(v)) = v.
(ii) If his onto, then h(h™(y)) =y, where v is anti-fuzzy ideal of G".

2.19 Theorem: If v is anti-fuzzy ideal of the MI'-group G, then h(v) is anti-fuzzy ideal of the MI'-group G*; and if v' is
anti-fuzzy ideal of the MI"-group G, then h'l(vl) is anti-fuzzy ideal of the MI"-group G which is constant on ker h.
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Proof: Assume that v is an anti-fuzzy ideal of the MI'-group G. We prove that h(v) is anti-fuzzy ideal of the MI-
group G. Itis known that h(v)(x +y) < max{h(v)(x), h(v)(¥)}; h(v)(x +y - x) £ h(v)(y). Consider h(v)(ny(a + x) - nya) =

inf v(2) s v(n*y@" +x" - n'ya'). Since h is onto there exists n*, a*, x* such that h(n') = n, h(a") = a, h(x") = x
h(z)=ny(a+x)—-nya
and so h(n*y(a" + x*) - n'ya") = h(nY)yy(h(@") + h(x")) - h(n*yyh(a') = ny(a + x) - nya) < v(x*). Therefore h(v)(ny(a + X) - nya) <

ir})f v(xl) = h(v)(x). Hence h(v) is anti-fuzzy ideal of the MI-group G.
h(x" )=x

Suppose that v* is anti-fuzzy ideal of the MT-group G*. To show h™(v') is anti-fuzzy ideal of the MI'-group G. Consider h°
(vH(ny(a +x) - nya) = vi(h(ny(a + x) — @) = vi(mh(a + X) = nvh(@)) = vi(ny(h(@) + h(x)) - nyh(a)) < vi(h(x)) = h*(v'(X) =
h'l(vl)(x). One can easily verify the other conditions of fuzzy ideal. Therefore h™~(v") is anti-fuzzy ideal of the MI'-group G.
For any x e ker h, we have that h*(v')(x) = v}(h(X)) = v}(0). This shows that h™(v') is constant on ker h.

2.20 Lemma: If vis a fuzzy ideal of G; h: G — G* an onto homomorphism, such that v is constant on ker h, then v is h-
invariant.

Proof: Suppose h(x) = h(y) for some x,y € G. Then h(x-y) =0 and so x -y e ker h. Since 0, x —y e ker h, we have
that v(0) = v(x - y). It follows that v(x) = v(y).

2.21 Theorem: The mapping v — h(v) defines a one-to-one correspondence between the set of all h-invarinat anti-
fuzzy ideal of the MI'-group G and the set of all anti-fuzzy ideals of the MI'-group G*, where h: G — G' is an epimorphism.

2.22 Theorem: Letv and v* be anti-fuzzy ideals of the MI'-group G and G respectively such that Im(p) = {to, t1, ..., tn}
with to < t; < ... <ty, and Im(v) = {So, S1, ..., Sm} With Sg < 53 < ... < sm. Then (i). Im(h(v)) < Im(v) and the chain of level

ideals of h(v) is h(Vto) = h(th) c ..C h(th); and

(ii). Im(h(v%)) = Im(v*) and the chain of level ideals of h™(v') is h‘l(vio) c h‘l(vil) c .. h‘l(vslm )

Proof: (). h()y") = Inf v(X) eimv =Iimhv)cimv. y' e G y' e h(vt_) & there exists x € V, such that h(x)
h(x)=y ' '

=y' & v(x) <t and h(x) = y* < h(ixr;l‘ylv(x) <t o0t = yve(h (v)) . Therefore h( ) = (h(v)), -

Since tp <ty < .. <ty and Im h(v) c {to, t1, ..., ta}, it follows that (h( ) ( |4 )t = ( ))t is a sequence of

(),
the anti-level ideals of h(v). Since h(Vti) = (h(v))t we can conclude that h(Vto) e h( ) c..C h(th) is the

sequence (of maximum length) of the anti-level ideals of the anti-fuzzy ideal h(v).

(i)) Since h™*(v1)(x) = v*(h(x)) for all x € G, and since h is onto we have Im(h™(v})) = Im(v}). x e (V. ) < there exists

(v')
h‘l(v;) = (h’l(vl))Si . NOW So < §1 < ... < S and Im(v) = {So, 1, ..., S, implies that ( Vl))so ( ))Sl
c..c (h‘l(vl))sm. Since h’l(vsli) = (h‘l(vl))S , we conclude that h’l(vslo) ch*(1vt)c.c h’l(v1 ) =G

) . Therefore

Si

er such that h™(y) = x < vi(y) £siand y = h(x) < vi(h(x)) £ si < h*(W)(X) < si <:>Xe(h

) S
is a chain of anti-level ideals of h'l(y).

3. Anti-fuzzy Cosets

3.1 Definition: Let v: G — [0, 1] be an anti-fuzzy ideal of the MI'-group G, and y € G. Then the fuzzy subsety + v: G
— [0, 1] defined by (y + v)(X) = v(x - y) is called an anti-fuzzy coset of the anti-fuzzy ideal v.

3.2 Theorem: Let v be an anti-fuzzy ideal of G. Then forallyi, yo € G, y1 + v <y + v implies v(y1) = v(y2).

Proof: Supposey; + v <y, +v. Thatis (y1 + v)(x) < (y2 + v)(X) for all x € G. Now v(y2 — y1) = (y1 + v)(y2) < (Y2 + v)(y2) =
v(y2 — y2) = v(0). Which implies that v(y> — y1) < v(0) and hence  v(y2 — y1) = v(0). Thus v(y2) = v(y1).

3.3 Theorem: Let v be an anti-fuzzy ideal of G. Then v(y2 —y1) = v(0) implies thaty; + v=y, + v forall y;, y» € G.

Proof: Consider (y1 + v)(x) = v(X — y1) = V[(X = Y2) — (-y2 + y1)] £ max{v(x — y2), v(yz — y1)} = max{v(x — y2), v(0)} = v(x — y2)
= (y2 + v)(X). Which implies thaty;, + v <y, + v. Similarly we can show thaty, + v<yj + v.
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3.4 Corollary: Let v be an anti-fuzzy ideal of G. Then v(y2 —y1) = v(0) ifand only if y1 + v =y, +vforallyi, yz €
G.

3.5 Notation: We write G/v = {x + v/ x € G}, the set of all anti-fuzzy cosets of v. Define (x +v) + (y+v) = (x+y) +v
and my(x+v)=myx+v form e M,y e T and x € G. Then the set G/v becomes an MI'-group with respect to the
operations defined. The MI'-group G/v is called as the quotient group with respect to the anti-fuzzy ideal v.

3.6 Definitions: (i) If v is an anti-fuzzy ideal of a MI'-group G, then we define a fuzzy set 6, on G/v corresponding to v
by 0,(y + v) = v(y) forally € G.

(ii) If © is an anti-fuzzy ideal of the MI'-group G/v, then we define a fuzzy set oy on G by oy(y) = 6(y + v) forally € G.
3.7 Theorem: If v is an anti-fuzzy ideal of the MI'-group G, then the fuzzy set 0, is an anti-fuzzy ideal of G/v.

Proof: Leta+v,x+v,y+v eGlvandm e M. 0,((y + v) - (X + v)) = 0,((y - X) + v) = v(y - X) £ max{v(y), v(X)} =
max{,(y +v), 6,(x + v)}. 0,((y + V) + (X + V) - (Y + v)) = 0,((y + X-Y) + V) = v(y + X - y) S v(X) = O,(x + v) O ,(my((@ + v) + (y
+v)) - my(a +v)) = 0,(my((a +y) +v) - (mya +v)) = 6,(Imy(a +y) - mya] + v) = v(my(a +y) - mya) < v(y) = 0,(y + v).

3.8 Corollary: If v and & are two anti-fuzzy ideals of G such that ¢ c v and (0) = v(0), then the mapping h,: G/v — [0,
1] defined by hy(y + v) = o(y) for all y + v € G/v, is an anti-fuzzy ideal. Also h,c 6, 0n G/v and 6,(0) = h,(0).

Proof: Let x + v,y + v € G/v such that x + v =y + v. This implies v(0) = v(Xx - y) = o(0) £ 5(X - y) £ v(x - y) = v(0) = (0)
=00)=o(x-y)=x+to=y+c =>X+0)0)=(+0)0)=05(0-X)=0c(0-y) = o(- X) = o(-y) = o(X) = o(y) = hs(x +
v) = hs(y + v) . This shows that h, is well defined.

Takex+v,y+v,a+veG/lvand m e M. Now hy((X + v) = (y + v)) = hs((X - y) + v) = o(X - y) £ max{c(x), o(y)} = max{hs(x
+v), ho(y + V). Now ho((x + v) + (y +v) - (X +V)) =ho((x +y - X) + V) = o(X + Yy - X) S o(y) = holy + v). ho(my((a +v) + (x +
v)) - my(a + v)) = hy(my((a + x) + v) - (mya + v)) = ho([my(a + x) - mya] +v) = o(my(a + x) - mya) < o(x) = ho(x + v). It
follows that h, is an anti-fuzzy ideal of G/v. Now hy(x + v) = o(x) < v(x) = 6,(x + v) . This shows that h, < 6,. Also 6,(0) =
v(0) = 5(0) = h5(0).

3.9 Theorem: Let v be an anti-fuzzy ideal of G, and 6 an anti-fuzzy ideal of G/v such that 6 < 6, and 6,(0) = 6(0).
Then c4: G — [0, 1] defined by c4(x) = 0(x + v), is an anti-fuzzy ideal of G such that oy = v and v(0) = c4(0).

Proof: First we show that oy is an anti-fuzzy ideal of G. For this, take a, X, y e Gand m € M. cg(x-y) =0((x-y) +v) =
B((x +v) = (y + v)) = max{6(x + v), 6(y + v)} = max{ce(X), co(y)}

Oo(X +y-X) = O((x +y-X) +Vv) = 0((x +v) + (y + V) - (X+V)) SOy + v) = oy(Y)

og(My(a + X) - mya) = 6([my(a + x) - mya] + v) = 6(my((a + v) + (x + v)) - my(a + v)) <06(X + v) = cy(X). It follows that oy is an
anti-fuzzy ideal of G. For any x € G, we have that cg(x) = 0(x + v) < 0,(x + v) = v(X). This shows that 6y = v. Also cy(0) =
0(0 + v) = 6(0) = 6,(0) = 6,(0 + v) = v(0). Therefore c4(0) = v(0).
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