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1. INTRODUCTION:

Let A denote the class of functions of the form :
f(Z)=Z+ZanZ" , nEN, (1.1)
n=2

which are analytic and univalent in the open unit disk U = {z € C: |z| < 1}.

Consider a subclass I of the class 4 consisting of functions of the form:

oo}

fz)=z—- Z a,z" , (a, =0;n €N). (1.2)

n=2

The Hadamard product of two functions, f is given by (1.1) and
g(z2)=z+ b,z" , n€N, (1.3)
is defined by
F D@ =2+ ) apbz" =g+ ).
n=2

Definition (1.1): Let f €A given by (1.1). Then f be in the class H(f,g,V,M,a,B,y) if it satisfies the following

condition:
z(f+9)"(2) _ ay |2 x9)"@)|
(f9)' (@) [ F+9)'@ | (1.4)
[Z(f*g)"(z) 2(f) @) ] —w-m ’ :
(F+9)' (@) (f+9) (@)

wherea >20,0<f<1,-1<M<V<1-1<M<0,y=0.
We define the subclass H (f,g,V,M,a,B,v) = I n H(f,g,V,M,a,B,7).

Such type of study was carried out by several different authors for another class, like, Schild and Silverman [8], Gupta and
Jain [6] and Goodman [5].

2.Coefficient inequality

The first theorem gives a necessary and sufficient condition for a function f to be in the class H(f,g,V,M,a,B,7).

Theorem(2.1): Let the function f(z) defined (1.1). If

>l =D = A + @) + BV = Mlayllbn] < BV = M), @1)
n=2

where (@ =0,0<B<1,-1<M<V<1-1<M<0,y=0)thenfeH(f,gV,MapBy).

Proof: Let the condition (2.1) holds true and let |z| = 1.Then we have

|2(f  9)"(@) — ave®® |2(F « 9)"@)|| = BV = M)(f * 9 (@) — M2(f * 9)"(2) — ave?® |2(f + 9)" D]

Z n(n—1a,b,z" !
< (@) Y nn = Dlayllb Izl = BV = M) + SO = M) Y nla, lb Iz + BIMICL+ar) D nn = Dlalb, |12""
n=2 n=2 n=2

0

Z n(n — 1a,b,z" ! — aye®

n=2

n=2

o0

Z n(n — 1a,b,z" !

n=2

B

V-M+WV-M) Z na,b,z" 1 —M [Z n(n —1a,b,z" ! — aye®
n=2 n=2

< z n[(n— 1A - M)A + ay) + BV — M)]|a,||b,| — BV — M) < 0,by hypothesis.
n=2

Hence, by the principle of maximum modulus, f € H(f,g,V,M,a,B,v).
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Theorem(2.2): Let the function f(z) defined by (1.2) be in the class # (f,g,V,M,a,B,y) if and only if
Yool — DA =M1 + ay) + BV — M)]a,b, < B(V — M). (2.2)

(@=20,0<B<1,-1<SM<V<1,-1<M<0,y=0).

Proof: we only need to prove the "only if " part of Theorem (2.1). For functions f(z) € I, we can write

| '@ |29 @) |
F*9)'@ (F*9)(@)

z(Fx9)" @ 12(F*)' @]
| Cow ~ 7 [l ~ VM )|
‘ z(f * 9)"(2) — aye |z(f x 9)"(2)|
M(z(f * 9)"(2) — aye®|z(f * 9)"(2)| = (V = M)(f * g)'(2)]
3 (14 aye) Yn_yn(n— Dayb, |z !
- - -M) X, na,b 2zt + M(1 + aye®) Yo, n(n — 1)a, b, |z|" 1

<B.

Since Re(z) < |z|, (z € U), we thus find that

R (1+ aye®)¥r_,n(n— Da,b,|z|"? -
€ V-M)—WV-MY, _,nab,z" 1+ M1+ aye?)Yr_,n(n— Da,b,|z[*! B

If we now choosez to be real and let z —» 17, we get
> nltn— DA = M) +ar) + B = Mlayb, < B - M),
n=2

which is equivalentto (2.2) .m

Corollary (2.1): Let the function f(z) defined by (2.1) be in the class H (f, g,V, M, a, 8,y). Then

BV — M)
[((n = DA - M)A + ay) + BV — M)]b,

a, <
" n

The result is sharp for the function

- pw =) n
f@ =2 =~ e ararw o - (23)

3.Distortion and Growth Theorem
Next, we obtain the distortion and growth theorems for a function f to be in the class H(f,g,V. M, a, 8, 7).

Theorem (3.1)2 Let the function f(z) defined by (1.2) be in the classH (f, g,V, M, a, 8,y).Then for z € U, we have

BV—M)
A-pM)(A+ay)+B (V—M)]b,

BV—M)
A-pM)(1+ay)+B (V—-M)]b;

|zI?, |2| < 1. (3.1)

— 2
2l - 212 < 1f @] < l2] + 5

The result is sharp for the function f(z) given by

_ BW-m) 2
F@ =z = s mnaran o 2 (3-2)

Proof: itis easy to see from Theorem (2.2) that

20(1 = B+ ) +BWV = M)y ) ay < ) nln= 11 = B +ay) + BV = Mlayby < BV = M).

n=2 n=2
Then
N BV — M)
nz:zan =20 - B + ay) + BV — M1, (3.3)

Making use of (3.3), we have
@2 Izl = 12 ) e,
n=2
BV — M)

@O 2 12 = S a + ap) + g0 =0T,

and
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©

@ISzl + 121 ) e,

n=2

BV —M)
2[(A = M)A + ay) + B(V — M)]

Theorem (2.3): Let the function f(z) defined by (1.2) be in the class H (f, g,V, M, a, 8,y). Then for z € U, we have

BV —M) : BV —M)
- (1 =AM +ay) + BV — M)]b, Al =lr@l=1+ [(A=pM)A +ay) + BV — M)]

with equality for

lf @I < Izl +

2
z|*.n
5l

lzl,1z| <1, (3.4)
b,

ﬁ(V_M) Zz
A-BM)A+ay) + BV —M)]b, -

f(Z)=Z—2[

Proof: From (3.3) and Theorem (2.2) that

BV —-M)
[(A-BM)A+ay)+B (V—M)]b,’

Y N, <

Consequently, we have

F@|z1-12 ) ne,
n=2

— sV —M) 12l
T [A=-pMA +ay) + BV -M)]b,
and
If @] <1+]z Znan
n=2
<1+ pu — M) |z|.m

(A= BM)(1 +ay) + BV — M)]b,
4. Closure Theorems
We will consider the functions f; (z)defined, for j = 1,2,3,...,1 by

)

f(2)=z- 2 7", (an; > 0). (4.1)

n=2

In the following, we prove closure theorem.

Theorem (4.1): Let the functions f; (z) defined by (4.1) be in the class #(f, gV, M, a, 7).

Then the function h(z) defined by
! l

h(Z)=ZCj]j-(Z)and ch =120
=

j=1 J
is in the class H(f,g,V.M, a, 5, 7).

Proof: By definition of k, we have

h(z) = qu]z— i Iic] anljlzn,
j=1 n=2 [j=1

further. Since f; are in the class :f-?(f, g, V.M,a,B,y), forevery j = 1,2,3,...,1, we get

n[(n— DA - M)A + ay) + BV — M)la,; < BV — M),
n=2

forevery j = 1,2,3,...,1. Hence, we can see that
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> nltn— DA = M +ay) + B0~ M)

n=2

2|

=1 ln

!
2.5

j=1

n[(n—1)A-BM)A +ay) + BV — M)]an,j]
=2

l

<D g BW M) =BV - M),

j=1
which implies that h(z) € H(f,g,V.M,a, 5,y).m

Theorem (4.2): Letf,(2) = zand

o B—m) n
12(2) = 2 = S AT ran o, £

Then f(z) is in the class H (f, g,V, M, a, 8,y) if and only if it can be expressed in the form

F0) =) dufu2), “2)
n=1
where d, > 0and },_;d, = 1.
Proof: Assume that

B BV —M) i
n[(n—DA -pMA +ay) + BV —M)]b, ™

[0 =) dnfu@) =2
n=1

Then it follows that

0

n[(n—1DA =M+ ay) + BV — M)]b, BV —M) p
— BV —M) n[(n— DA -BM)A +ay) + BV —M)]b, "

n

:Zdnzl—dlsl,
n=2

which implies that the function f(z) € H(f,g,V,M,a,B,7).
Conversely, assume that the function f(z) defined by (1.2) be in the class H(f,g,V, M, a, 8,y). Then
BV —M)

M = = D = pMA + ay) + BV — M)Iby
Setting
4 - n[(n - 1)(1—BM)(1 + ay) + B(V — M)]b,
n BV — M) m

where d; =1 - ), _,d,, we can see that the function f(z)can be expressed in the form (4.2).m
Corollary (4.1): The extreme points of the class H'(f, g,V, M, a, 8,y) are the functions f, (z) = z and

BV —M) g
[(n = DA - M)A +ay) + BV —M)]b,

5. Radii of Close-to-convex and Convexity

fn(z)zz—n

Next, we discuss the radii of close-to-convexity and convexity.

Theorem (5.1): Let the function f(z) defined by (1.2) be in the class H (f, g,V, M, a, 8, y). Then f(z) is close-to-convex of
order (0 < p < 1)in|z| <, where

(1= (- DL~ B +ay) + BV - M)]bn}rf_l 5
BV — D) - 6

The result is sharp, the external function given by (2.3).

n= infnZZ{

Proof: we must show that
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lf(2) —1| <1-pforlzl <m, (5.2)
where r; is given by (5.1). Indeed we find from (1.2) that

o

lf(2) —1| < Z na,|z|" 1.

n=2

Thus

lf@' -1|<1-p if

N n n-1
; Aoyl <, (5.3)
but by using Theorem (2.2), (5.3) will be true if
"< n[(n— 1)1 - M)A + ay) + B(V — M)]b,
1-p) B BV —M) '

then

(54)

1] < {(1 -pln—1DA-M)A +ay) + BV — M)]bn}ﬁ
B BV —M) '

The result follows easily from (5.4).m

Theorem (5.2): Let the function f(z) defined by (1.2)be in the class H (f, g,V, M, a, B,v). Then f(z) is convex of order
p(0<p<l)in|z| <,

where
(U =ple- DA - M + @) + BV — M)]b, )T
T = infisx { Bn—p)(V =) } . (55)
The result is sharp with the external function given by (2.3).
Proof: we must show that
Zf,((ZZ)) <1-p, for|z|<m,
where r, is given by (5.5). Indeed we find from (1.2) that
|2f '@ _ Ziean(n — Day 2l
| f@ ]~ 1-Einalzl""
Thus
z2f " (2)
A%
if
- (= p) _
a,lzl" <1 (5.6)
nZZ ( 1-p )
But by using Theorem (2.2), (5.6) will be true if
(n(n - p)) ot < M0 = DA =B +ap) + 51V = M)lb,
1-p a BV —M) '
then
(1= P - DAL= ML+ @) + BV = M), )T
é S{ B —p)V — M) } ' (57)

The result follows easily from (5.7).m
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6. Convolution Operator

Definition (6.1)[7]: The Gaussian hypergeometric function denoted by

= b
oF (a,b;c;z) = Z%z“, lz] <1,

where ¢ >b > 0,c >a+band
x(x+1Dx+2)..(x+n—-1), forn=123,...
N T
Definition (6.2)[7]: For every f € A,the convolution operator is defined by
C (@.(b)

Wap,e()(2) = oF1 (a,bic;2) « f(2) =z — L (c)pn!

where ,F; (a,b,c;z)is Gaussian hypergeometric function (see [1] and [7]) introduced in Definition (6.1).

Theorem (6.1): Let f is given by (1.2) be in the class H (f, g,V, M, a, 8,y). Then the convolution operator W, , .(f)(z) is
in the class # (f, g,V, M, a,6,y) for |z| < r(B,6), where

Bl — 1)1 - (A +an) + V-] |
Bln — 1)1 — OM)(1 + ay) + OV — M)] Lo ®n)

(¢)nn!

r(B,0) = inf, {

The result is sharp for the function

BV — M)
[((n—1DA - M)A +ay) + BV — M)]

Proof:since f € #(f,9,V,M,a,B,v), we have

[es)

L@ =2--

b z"n=23,..

Z n[(n — 1A - M)A + ay) + B(V — M)]b, <1
nﬂ BV =) =n
It is sufficient to show that
© nl(n—1)(1—6M)(1 +ay) + 6V — M)]b, (‘2)—“;)
Z 8 =) —anlz|" < 1 (6.1)
n=2

Note that (6.1) is satisfied if

(@)n (P)n
" (c)nn!

nfn—1)A-6M)(1+ay) +60V —M)]b
6V —-M)

n[(n -1 - M)A +ay) + BV — M)]b,

anlzln_l S ﬁ(V_M) anr

solving for |z|, we get the result.

7. Integral Representation

In the following theorem, we obtain integral representation for the function f € }T(f, 9. V.M, a,B,y).

Theorem(7.1): Letf and g € A (f,g,V,M,a,B,y). Then

Y A UE
(f * 9)(2) = [ e ia-ei—pms oI dt.

Proof: By putting N(z) = % in (1.4), we have

N(z)—ay IN(z)| |
|M[N(z)—ay|N(z)|]—(v—M)l <k

or equivalently
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N(z)—ay N(z) B
MIN(z)—ayN(z)]-(V-M) — Bd(2),

where |¢p(2)| <1,z € U.
So

F9)'@ _ _ M-V)pp(2)
(Fx9)@  zld-ay)(1-BMep @)’

after integration,we obtain

N R e 10)
log((f * 9) () =, T—an G—pme @ 4

Thus

, WM © o,
(f * g) (z) = e 0tla-aU-pMP @I,

After integration, we have
z
(f 9@ = [ FTEa s a
0
and this gives the result.
8. Inclusive Properties

Now, we obtain the inclusive properties of the class H(f,g,V, M, a, B,7).

Theorem(8.1): Leta=00<pf<1,-1<M<V<1,-1<M<0,y>0.
Then #(f,g,V,M,a,B,v) € H(f,9,V,0,a,1,y), where

< (-DA+ay)V-M)B
T (-DA-pM)(1+ay )+ -M)(A-V)B

Proof: Let the function f given by (1.2) belongs to the class # (f,g,V, M, a, B,y).

Then in view of theorem (2.2), we have

Cnl(n— 1)1 - M) + ay) + B(V — M)]b,,
z S a, <1. (8.1)

n=2

We want to find the value t such that

i n[(n — DA + ay) + V1lb,
an
Vt

<1 (8.2)

n=2
The inequality (8.1) would obviously imply (8.2) if

n[(n—1)(1 + ay) + Vtlb, < n[n— DA - M)A + ay) + BV — M)]b,
Ve = BV — M) '

Rewriting the inequality, we have

< (n—-1DA+ay)(V-M)p
T-DA-MA+ay)+ ¥V -MA-V)E

This completes the proof.
9. Weighted Mean

Definition(9.1): Let f+g and hxk be in the class #(f,g,V,M,a,B,y). Then, the weighted mean E, of fxg and
h =k given by

N| =

E,@=5[0-F*g)@+ 1+ qhxk)(2)],0<qg <1
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Theorem(9.1): Let fxg and h+k be in the class H(f,g,V,M,a,B,y). Then, the weighted mean of f*g and h+k
is also in the class H (f, g,V, M, a, B, 7).

Proof: By Definition (9.1), we have

1
E,(2) = E[(l - *9)(@)+ A +q)(h*k)(2)]
) o o
=-|(1-¢q) <z— anbnzn)+(1+q) (z— cndnz")]

1
=z— Z E((l —q)a,b, + (1 + q)cndn)zn.
n=2

Since f*g and hx*k areinthe class H (f,g,V,M,a, B,v) so by Theorem (2.2), we get

o0

D nlln = D = B +ay) + B = M)layby < BV = M)

n=2

and
> nltn = DA = M) +ay) + B = Mlendy < B - M),
n=2

Hence

0

nln =D = (L +ay) + B~ ] (501 = Dy, +35 (1 + edy
=2

n

= 2= Y allr= DA~ A + @) + BV ~ Mlab,
n=2
-

+30+9) ) nl(n= D = A +ap) +BY = Meyd,
n=2

1
< (1—Q)ﬁ(V—M)+§(1+Q)ﬁ(V—M) =pWV —-M).

N| =

This shows E, € #(f,g,V,M,a, B, 7).
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