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ABSTRACT
The article presents some methods of calculating limits
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Below we present some methods for calculating the limits of the numerical sequence.

We recall the following definition.
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Definition. A function T : N — X whose domain of definition is the set of natural numbers is called a
sequence.

The values f (n) of the function are called the terms of the sequence. It is customary to denote them by a
symbol for an element of the set into which the mapping goes, endowing each symbol with the corresponding
index of the argument. Thus, Xn = f (n) . In this connection the sequence itself is denoted { Xn } and also

written as X, X,,..., X,... — Itis called a sequence in X ora sequence of elements of X . The element

n?
Xn is called the nth term of the sequence. Throughout the next few sections we shall be considering only

sequences f : N — R of real numbers.

Anumber @ € R is called the limit of the sequence { Xn} if for every & > O there exists an index N such
that |Xn - a| < ¢ for all n > N. We now write these formulations of the definition of a limit in the language of

symbolic logic, agreeing that the expression lim X,=4a is to mean that N —ood is the limit of the

n—o0
sequence { X }.
Let us consider some examples.
Example 1.Leta € R, \a\ >1. Prove that

lim i:0.

n—oo an
Solution.Let‘a‘ =1+06. Thend = \a\ —1>0andVn € N by inequality Bernoulli's we obtain
(1+0)" 21+n8 > N4 therefore

1 1
" no '
1 1
Thus —n—oz—n<8(8>0)
a a
Inequality holds for all n>—.
&go
If
1
Y200
then, for VN > Ny
1
Y — O <¢&
a
.1
Thus im —=0.
n—oo an
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Example 2. Let, a € R, \a\ >1ua € R. Prove that

. n¢
lim —=0.
Nn—ooo a
1

Solution.Suppose that for a number kK holds the inequality K > a+1. Since | a |k > 1 therefore, assuming
1 1

that|a|* =1+, 1. e.d =|a|* —1>0. Thenby inequality Bernouli's V¥ neN, we obtain

n
lalk=1+5)" >21+ns>ns.
ntt o1

n < k
a no

1
Let N :[5k _(J+1 (6 >0)

Hence

For V N > Nywe obtain

a a k-1
g - "8
a" lal” [n]"
. n®
Thus lim — = 0.
Nn—o0 a
_ . lgn
Example 3.Prove equality  lim —=0.
n—wo N
Solution.Since forV & >0andV N € N we have
lgn n
0<39 , o lgn<ne < n<10™ & ——<1
n (10%)
Noting that10® >1and using the Example 2 we obtain
— —> 0 npun—>ccand 3Ny eN, Vn>ng: -<1
(10%) (10%)
lg n . _lgn
And so, for ¥V n>nog—<€.Hence, lim g—=0.
n n—»w N
.., 1 3 5 2n-1
Example 4.Take limitlim(=+ = +—+...+ ).
oo 220 23 2"
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. . 1 3 5 2n-1
Solution.Assuming that S, = =+ — +— +...+———. Then
2 2° 2 2
1 1 ,3 1 5 3 2n-1 2n-3, 2n-1
S, —=S ==+(5-=)+(=—=)+...+ - - =
n 2 n 2 (22 22) (23 23) ( 2n 2I’1 ) 2n+1
- L
1+(1+i2+...+ nlfl)—%,sn:1+1+l+...+in—2n—n_l:1+ 2n—1_2nn—1
2 2 2 2 2™ 2 2 2 1_1 2
2
Thus
- 1
lims = lima+—2~ 21 jimas2-—L _2"L jimg_jim_L —
L 1_1 n n—o0 2" 2 2n n—w n—w 2" 2
2
2lim 2 1 lim L =3,
now 2" nowo 2N
Since
ni_ n n . n SN 2 Py,
2" @+ g, 0= o n(=D) -1
2 2
: 1 2 @ n
for an arbitrary £ >0, ifn>1+—, ie. lim—=0.
E N—oo
2, Q2 12
Example 5.Take Iimitlim1 js t"'+(2n 12)
oo 2%+ 4% 4 4 (2n)
Solution.We have 2° +4° +...+ (2n)* =4(1* +2° +...+n%) = 244 +1;(2n i) :
P+22+...+(2n=1)°+(2n)* = & +1;(4n + 3 . Subtracting the second equation from the first, we
2_
obtaind? + 3 4.+ (2n—1)° = n(2n +1;(4n +1) ) 2n(n +1§(2n +1) g n(4n3 1) S

Iim12+32+...+(2n—1)2_Iim n(4n*-1)
e 224474 +(2n)  m=2n(n+1)(2n+1)

Example 6.Prove that if the sequence {a,}converges, then the sequence of arithmetic means{&, }, where

a,+a,+..+a
G = :

T also converges and lim& =lima, .
n—o0

N—o0

Solution.We use Theorem Stolz: i.e.if

. . X =X X X —X
a)vneN,y,,>VY,,b)limy, =+w,c)3lim——>"L thenlim—= = |lim———22L
= e yn - yn—l n—e yn n—e yn - yn,l

Putting X, =&, +a, +...+a, 1n Y, = Nwe obtain
. . X —X .
limé&, =lim———L =lima,.

n—o0 n—o0 yn — yn—l nN—0
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