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ABSTRACT

In this paper, we use the concept of a weak structure to introduce some new concepts such as sub weak structure,
separation, connectedness and sub connected space. Furthermore, investigate some theorems with their proofs and state
examples.
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1. INTRODUCTION

In 2011, “A. Cs'asz ar[2] defined concept of weak structureon a nonempty set and he shown that these structures can
replaced in many situations minimal structures [4] or generalized topologies [1]. More recently, E. Ekici [3] in 2012, further
introduced and studied properties of sets on a weak structure. Furthermore, M. Navaneethakrishnan and S. Thamaraiselvi

[5] extended the study of weak structure and m —structure . Further, [6] in 2013, they defined and studied properties of
some subsets.

2. PRELIMINARIES

Throughout this paper, let X be a nonempty set, if A < X then A° is denoted the complement of a subset A , and the

set P{ X'} is denoted the power set of X ADH it called the interior of A4, and EH denoted the closure of A.

The pair [X, ,u::] is denoted X' with a weak structure Lt, simply called a space (X, ,LL:].

Definition 2.1

[2] Let X be a nonempty set and P its power set. @ — P is a weak structure (briefly, WS) on X if and only if ¢ Ew.

Definition 2.2

[6] Let & be a weak structure on X , and A < X . The elements of 4 are called g—Open sets and their
complements called zz—cClosed sets, foraWS g on X the the intersection of all zz—closed containing 4 is denoted
by C, (A) and it called the closure of A, and the union of all 4z—Open sets contained in a subset A is denoted by

3. SOME NEW CONCEPTS ON A WEAK STRUCTURE

In this section we study our aim of this paper which discusses sub weak structure, separation, connectedness and sub
connected space. Further, state examples and investigate some theorems with their proofs.

Definition 3.1
We say that a set A is & — clopen if A is both £ — open and i — closed set.

3.1 Sub weak structure
Definition 3.1.1

Let [X, ,LL:] be a WS space and X 4 c X and let My - be the collection of all subsets of X ~ that are of the form
X"NU foral e A then 4 . is a WS on the set X . The weak structure M . on X " is referred to as the sub

weak structure space on X .
Theorem 3.1.1

M, -is a sub weak structure space on X .
Proof

Let (X, 1) be a weak structure and X~ be a subset of X , a subset U of X~ is open respect to the (X *,,ux*)
because

,ux*z{U2U=X*mG Geu X =X}
Since g€ g1, and X~ < X then
X "M@ =¢ then peu,.

Hence £/, . is a weak structure space.

Theorem 3.1.2
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Let (X *"ux*) be a sub weak structure respectto (X ,z2) and A= X <X if A € pthen A € M- -

Proof

Since ,ux*z{U:sz*mG : G e u}
Then A=ANX eu
Since AcX ™, Aepyu.

Example 3.2.1

tee. X ={ab,c,d},  u={g{a}.{db.cr{ac}t}, A={a}
Then  p, ={¢.{a}} .
Theorem 3.1.3

If (X **, My w) is a sub weak structure respect to (X *, My ) and (X *, My ) is a sub weak structure with respect to
(X, p) then (X7, M, ) is asub weak structure from (X', 1) .

Proof

Ly U :U'=X"nU :U €M, -}

Since (X 7, fy ) is asub weak structure respect to (X i M) -

Ly =U U =X"Nn(X"NG) :Geu}

Since (X 7, M, ) is asub weak structure respect to (X , £2) .

Ly U U =X"nX)"G :Geu}

Since the intersection is associated.

while X " < X “then g, =U : U =X"NG :Geu}.

Hence (X 7, M, ) is a sub weak structure respectto (X, £z) .

Example 3.2.2

Let X ={a,b,c,d}, u={g{a}{b,c}{a,c}}, A ={a,b}, B ={b,c,d}
Then 4, ={¢.{a}.{b}}, 1 ={p{b.ck{c}}.

3.2. Separation with respect to WS space:
Definition 3.2.1

Let (X, 1) be a weak structure and E be a nonempty subset of X we say that A, B are mutually separated sets the
set E and we denoted that by E =A / B if and only if

1-AB=¢g

2-E=AUB

3-AnB=¢

4-And(B)=¢ & d(A)NB=¢

Or we can instead the third and fourth conditions by the separation condition
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(AnB,)U(A,NB)=4¢.
Corollary 3.2.1
Let (X, 1t) be a weak structure then X =A /B ifandonlyif A,B both are nonempty zz—clopen sets.

3.3. Connectedness
In this part we go to define the connectedness in a weak structure space.
Definition 3.3.1

A weak structure space X is said to be connected if and only if X cannot be written as a union of two non empty
mutually separated sets.

Example 3.3.1

Let X ={a,b,c},  pu={g{a}{o.c}}. A={a}, B={.c}

Hence closed sets are X ,{b,c},{a}

Then A, ={a}=A, B,={bc}=B, AnB=¢, AUB=X
Then ANB,=¢, A NB=¢

This implies that (A ﬁB_y) U(A_\ﬂ NB)=¢

Therefore, X is not connected.

Example 3.3.2

X ={a,b,c}, u={s{a,b},{o,c}}. A={a}, B ={b,c} then closed sets are X ,{c}.,{a}
ANnB =4, AUB =X

A, =X n{a}={a}=A, B, =X

(A,NB)U(ANB,)=A=4¢

L]
The space (X, ,LL:] has no separation on Li then (X, ,L&:] is connected.
Definition 3.3.1

We say that the subset A of X is said to be connected if it connected in (A, £, ) where (A, £,) is the sub weak
structure respect to (X, i1 ).

Remark 3.3.1

A subset A of X is disconnected if and only if there exist two open sets UV in X with

AnU =g, AV =¢, ANUNV =4, AcCU WV .
Theorem 3.3.1

If A is a connected set and H,K are mutually separated sets with A —H WK then either A CH or
AcK.
Theorem 3.3.2

If A isconnectedand B = X with A B < A_\# then B is connected.

Proof

Suppose B is  disconnected then there exist two open uyv in X with

BNU=¢g, BV ¢, BNUNV %9, BcU W
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Now since A is connected and A cU WV soeither AV or AcU

Suppose A U

IfbeB and b ¢ A and with b €V then V is an open set containing b and with AV =¢ so b eﬁ_\ﬂ. A
contraction since B < Kﬂ.

Sob €U forany b €B and hence B —U and therefore B mV = ¢ which is a contraction so B is a connected
set.

Corollary 3.3.1
If A is connected then A_\” is connected.

Theorem 3.3.3

If every two points in E contained in a connected setin E then E is connected.

Proof

Suppose E is disconnected then there exist two mutually separated sets with E = A /B.

Since A=¢, B =g.

LetacA, beB.

Then there exist a connected set C contains a,b with C c E .

From theorem 1, then A —C or B —C which is a contraction, because if A —C then a,b € A which impossible
since ANB =¢,alsoif B cC then a,b € B thatis impossible since A N\B = ¢ therefore E is connected.
Theorem 3.3.4

(X,u) is connected if and only if for any nonempty subsets A,B of X and A,B #X with A,B are not
u—clopen sets.

Proof
= Suppose (X, [t is connected, if A is z—clopen setthen B =A® is u—clopen set.

Then A,B both are zz—clopen subsets, from corollary 1 then we get X =A /B which a contraction since X is
connected.

< Suppose X is disconnected then there exist two mutually separated sets A,B such that X =A /B, by
(corollary 3.2.1), A, B both are nonempty y—clopen sets, which is a contraction.

Theorem 3.3.5
If (X, 44, ) is a sub weak structure with respect to (X , £¢) then the subset E < X is connected in (X , 12) if and
only if is connected in (X, £, ).
Theorem 3.3.6
If {Aj }j r is acollection of connected sets with M Aj # ¢ then U Aj is connected.
jell jer’
Proof

Suppose U A is disconnected then there exist two mutually separated sets H,K with

jer

(VA)NH =g, (VA)NK =g, (VA )NHNK=¢ and UA; cH UK
jelr jer jer jel

i
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Since NA. #g let X € N A,
jell J jell J
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Then X €e K or X € H suppose X € H . Since Aj is connected for all j er and Aj cH UK then by the
theorem (3.3.1) either Aj cH or Aj K.

But since XeAj for all jer and X eH so Ach for all jer and so UAJ-CH, that is
jell

(UA;)NK =¢ whichis acontractionso U A; is connected.
jel

jer’
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