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ABSTRACT: In this paper, we will introduce the concept of weakly commuting and variants of weakly commuting
mappings (R-weakly commuting, R-weakly commuting of type (Af), type (Ag), type (P) mappings) for triplet in fuzzy metric
spaces. Secondly, we introduce the notion of weakly compatibility and its variants weakly f-compatible maps and weakly
g-compatible maps. At the end, we prove common fixed point theorems for a pair of weakly compatible map and their
variants, which generalize the results of various authors present in fixed point theory literature. Our result is validated with
a suitable example.

Indexing terms/Keywords

Tripled fixed point; fuzzy metric space; weakly compatible mappings.
Academic Discipline And Sub-Disciplines
Mathematics.

SUBJECT CLASSIFICATION

2010 AMS Classification. 47H10, 54H25.

TYPE (METHOD/APPROACH)

Fixed point theory and various mappings.

Council for Innovative Research

Peer Review Research Publishing System
Journal: JOURNAL OF ADVANCES IN MATHEMATICS
Vol .10, No 2

www.cirjam.com , editorjam@gmail.com

3184 |Page February 26, 2015


mailto:preeti1785@gmail.com
mailto:sanjaymudgal2004@yahoo.com
http://www.cirjam.com/

J ISSN 2347-1921

INTRODUCTION

Fixed point theory has been remained an important area of research for mathematicians. From Banach contraction
principle to upto now much have been invented, applied, generalized in this particular direction. After a long research in
fixed point theorems and their applications focus is how on coupled and tripled fixed point theory. In 2006, Bhaskar and
Lakshmikantham [1] discussed the mixed monotone mappings and gave some coupled fixed point theorems which can be
used to discuss the existence and uniqueness of solution for a periodic boundary value problem.

The concept of tripled fixed point has been introduced by Berinde and Borcut in 2011. In their manuscript, some new
tripled point theorems are obtained using the mixed g-monotone mapping. Their results generalize and extend the
Bhaskar and Lakshmikantham’s research for nonlinear mappings. Moreover, these results could be used to study the
existence of solutions of a periodic boundary value problem involving y = f(t, y, y).

It is well known that a fuzzy metric space is an important generalization of the metric space. Many authors have
considered this problem and have introduced it in different ways. For instance, George and Veeramani [11] modified the
concept of a fuzzy metric space introduced by Kramosil and Michalek [18] and defined the Hausdorff topology of a fuzzy
metric space. There exists considerable literature about fixed point properties for mappings defined on fuzzy metric
spaces, which have been studied by many authors (see [5,7,8,13-19]). Zhu and Xiao [21] and Hu [13,14] gave a coupled
fixed point theorem for contractions in fuzzy metric spaces, and Fang [7, 8] proved some common fixed point theorems
under ¢-contractions for compatible and weakly compatible mappings on probabilistic metric spaces.

In this paper, we give a new tripled fixed point theorem under weaker conditions than in [17] and give an example, which
shows that the result is a genuine generalization of the corresponding result in [17].

2.PRELIMINARIES

Before proceeding towards our main result we will give some preliminaries:

Henceforth, X will denote a non-empty set and X* = X x X x X. Subscripts will be used to indicate the arguments of a
function. For instance, F (X, y, z) will be denoted by Fxyz and M(x, y, t) will be denoted by Mxy(t). Furthermore, for brevity,
g(x) will be denoted by gx, metric space will be denoted by MS.

Definition 2.1 [17] Let (X, d) be a MS. A mapping f: X — X is said to be Lipschitzian if there exists k = 0 such that d(fx,
fy) < kdxy for all x, y € X. The smallest k (denoted by kf) for which this inequality holds is said to be the Lipschitz constant
for f. A Lipschitzian mapping f: X — X'is a contraction if kf < 1.

Definition 2.2 [12] A triangular norm (also called a t-norm) is a map *: [0, 1]°> — [0, 1] that is associative,commutative,
nondecreasing in both arguments and has 1 as identity. For each a € [0, 1], the sequence {"‘ na}"::l is defined
inductively by *'a = a and *"a = (+"'a) * a. A t-norm = is said to be of H-type if the sequence {* na}l, _,is

equicontinuous ata = 1, i.e., for all € € (0, 1), there exists n € (0, 1) such thatifa € (1 - n, 1], then s™a>1-¢forallme€
N.

The most important and well-known continuous t-norm of H-type is * = min, that verifies min (a, b) 2 ab for all a, b € [0, 1].
The following result presents a wide range of t-norms of H-type.

Lemma 2. 3 Let 6§ € (0, 1] be a real number and let * be a t-norm. Define *& as x *6 y = X  y, if max(x, y) <1 - &, and
X *0 y = min(x, y), if max(x, y) > 1 = 8. Then %8 is a t-norm of H-type.

Definition 2. 4 [18] A triplet (X,M, #) is called a fuzzy metric space (in the sense of Kramosil and Michalek; briefly, a
FMS) if X is an arbitrary non-empty set, = is a continuous t-norm and M : XxXx[0,») — [0, 1] is a fuzzy set satisfying the
following conditions, for each x, y, z € X, and t, s > O:

(1) Mxy(0) = 0;

(i) Myy(t) = Lifand only if x = y;

(iii) Myy(t) = Myx(t);

(iv) Myy(+) : [0,%0) — [0, 1] is left continuous;

(V) Myy(t) *Myz(S) £ Myo(t + S).

In this case, we also say that (X, M) is a FMS under =. In the sequel, we will only consider FMS verifying:
(Vi) lim—-Myxy(t) = 1 for all x, y € X.

LemmaZ2.5

[17] Mxy(+) is a non-decreasing function on [0,).

FMS is said to be continuous at a point Xxo € X if, for any sequence {x,} in X converging to Xo, the sequence {gxn}
converges to gxo. If g is continuous at each x € X, then g is said to be continuous on X. As usual, if xo € X, we will denote
g-1(xo) = {x € X: gX = Xo}-

Now, we will define fixed point, coincidence and weakly compatibility and its variants for the case of triplet.
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Definition 2. 6. An element (x,y, z) € X x X x X is called a tripled fixed point of F: X x X x X — X if F (X, y, z) = x, F (y,
z,x)=y,and F (z, x, y) = z.

Definition 2.7. An element (x, y,z) € Xx Xx X is called a tripled coincidence point of mappings F: X x Xx X — X and
g: X—>Xif
Fxy,2) =g (), F (v.zX) =g (y) and F (zx,y) = g (2).

In 1994, Mishra [20] introduced the concept of compatible mappings in fuzzy metric spaces akin to the concept of
compatible mapping in metric spaces, see [8]. In 1994, Pant [21] introduced the concept of R-weakly commuting maps in
metric spaces. Later on, Vasuki [28] initiated the concept of non compatible of mapping in fuzzy metric spaces and
introduced the notion of R-weakly commuting mappings in fuzzy metric spaces and proved some common fixed point
theorems for R-weakly commuting maps in the fuzzy metric space. Further, Pathak et al. [22] generalized the concept of
R-weakly commuting maps of type (Ag) and type (Af) as follows.

Definition 2.8 A pair of self-mappings (f,g) of a fuzzy metric space (X,M,*) is said to be

i. weakly commuting if M(fgx,gfx,t) = M(fx,gx.t).

ii. R-weakly commuting if there exists some R > 0 such that
M(fgx,gfx,t) = M(fx,gx,t/R).

iii. R-weakly commuting mappings of type (Af) if there exists some R > 0 such that
M(fgx,ggx,t) = M(fx,gx,t/R).

iv. R-weakly commuting mappings of type (Ag) if there exists some R > 0 such that
M(gfx,ffx,t) = M(fx,gx,t/R).

In 2006, Imdad and Javid Ali [15] introduced the definition of R-weakly commuting mappings of type (P) as follow. A pair of
self-mappings (f,g) of a fuzzy metric space (X,M,*) is said to be R-weakly commuting mappings of type (P) if there exists
some R > 0 such that

M(ffx,ggx,t) = M(fx,gx,t/R), for all x € X and t > 0.

Now we introduce the following notions for tripled mappings.
Definition 2.9 The mappings f: X x Xx X — X and g : X — X are said to be weakly commuting if
M(f(gx,gy.92).gf(x.y.2).t) = M(f(x.y,z).gx.t),

M(f(gy.9z.9x).gf(y.z.x).t) = M(f(y.z.x).gy.t)

M(f(9z,9x,9y),9f(z,x,y).t) 2 M(f(z,x,y),92,t)

for all x,y,z in X and t > 0.

Definition 2.10 The mappings f: X x Xx X — X and g : X — X are said to be
0] R-weakly commuting if there exists some R > 0 such that
M(f(9x,9y,92).9f(x.y,2).t) = M(f(x.y,2),gx.t/R),

M(f(9y,92,9x).91(v,2.x).t) 2 M(f(y,z,x),9y,t/R)

M(f(9z,9x,9y).9f(z,x.y).t) 2 M(f(z,x,y),gz,t/R).

for all x,y,zin Xand t > 0.

(i) R-weakly commuting maps of type (Af) if there exists some R > 0 such that M(f(gx,gy,9z),99x,t) = M(f(x,y,2),9x,t/R),
M(f(9y.92,9x).99y.t) 2 M(f(y,z,x),9y,UR)

M(f(9z,9x,9y),992,t) 2 M(f(zx,y),9Z U/R).

for all x,y,zin Xand t > 0.

(iii) R-weakly commuting maps of type (Ag) if there exists some R > 0 such that
M(gf(x.y.2).f(f(x.y,2).f(y.z x).f(z,x.y).t) 2 M(f(x.y,2),9x,tR),
M(gf(y,z.x).f(f(y.z.x).f(z.x,y).f(x.y.2).t) =2 M(f(y,2.x).gy,/R)
M(af(z,x,y),f(f(z,x,y),f(x,y,2),f(y,z,x),t) = M(f(z,x,y),9z,t/R).

for all x,y,zin Xand t > 0.

(iv) R-weakly commuting maps of type (P) if there exists some R > 0 such that
M(f(f(x.y,2).f(y.z.x).f(z.x.y), 9gx.t) = M(f(x.y,2),9x,tR),
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M(f(f(y,z.x).f(z.x.y).f(x.y.2), 99y.t) = M(f(y,z,x).gy,VR)
M(f(f(z,x.y).f(x.y.2).f(y, 2 x), 99z,t) =2 M(f(z,x,y),gZ,UR).
for all x,y,zin Xand t > 0.

Definition 2.11 The mappings F and g where F: X x X x X — X and g: X—X are said to be weakly compatible if
F(xy,2) =g (x), F (y.zx) =g (y) and F (z,x,y) = g (2) implies that

gF(x, y, z) = F(gx, gy,92), gF(y, z, X) = F(gy, 9z, gx) and gF(z, x,y) = F(gz, gx,gy) forall x,y, z €X, that is, the mappings
commute at coincidence point.

Remark 2.12 Itis easy to prove that if F and g are compatible, then they are weakly compatible,

but the converse need not be true. See the example in the next section.

Definition 2.13 The mappings f: X x X x X — X and g : X — X are said to be weakly f-compatible if either
limn oo Hf[:xn +¥n ,zn] =f(xy,2), limn —oo gf (}Fn 1 Zp ,xn] =fly.z,x), hmn oo Q'f(zn X }?n:] =f(zxy),
or

M noggxn = f(X,y,2), liIM 1o«ggyn = f(y,z,X), lim n-<ggz, = f(z,X,y).

whenever {x,} and {yn} are sequences in X such that lim .« f(Xn,Yn,zn) = liM -« g(Xn) = X,

M noe f(Yn,Zn,Xn) = liM now glyn) = Y, iM now f(Zn,Xn,Yn) = liM . g(zn) = 2.

and

lim n_. f(g%n,9Yn,gzn) = lim n—»wf(f(xn s Vs Zy), f(}rn P ?xnj!f(zn 2 X0 ¥y :]:] =f(x.y.2),

lim o (@Y @20, 0%0) = M el (F (V2 200 2 %)y F(Zn 0 X 2 Vs F (200 W0 2 )) = H(,29),

M o< £(@Z0, @0 QYn) = M 0ol (F(Z0 s X s V) F (00 V0 20 s F (V0 200 ) = H2 ).

for some x,y,z € X.

Definition 2.14 The mappings f: X x Xx X — X and g : X — X are said to be weakly g-compatible if either
lim now f(@%n,9Yn,92Zn) = X, lim 1« f(Qyn,92n,0%n) = gy and lim .« f(gzn,gx%n,gyn) = 9z

or

i oG (s » Vi s Z0) F O 200X ) (20X 30 )) = 0%,

lim n—“"f(f‘(}rn ’zn ’xn)i f(zn’xn -'}Fn:]’f(xn’}rn’zn]j =9y,

im noef(F(Z 0 s X ¥y FCE Vi s Z0 s f (W 20 %)) = 02

whenever {x,} and {yn} are sequences in X such that lim .« f(Xn,Yn,zn) = liM -~ g(Xn) = X,
lim ne f(YnZnXn) = M noe glyn) = Y, M oo f(Zn,Xa,Yn) = M 0w g(zn) = Z.

and

liM 1o gf(Xn,Yn,Zn) = liM noe 99(Xn) = gX,

liM 1o gf(Yn,Zn,Xn) = liM 1w 99(Yn) = gy, liMm noe gf(zn,Xn,Yn) = lim 15« gg(zn) = gz.

for some x,y,z € X.

3. MAIN RESULTS
Recently, we have proved the following results for tripled fixed point in fuzzy metric spaces:

Theorem 3.1 [17] Let = be a t-norm of H-type such that s * t = st for all s, t € [0, 1]. Let k € (0, 1) and a, b, ¢ € [0, 1] be
real numbers such that a + b + ¢ < 1, let (X,M, %) be a complete FMS and let F : x3 - X and g : X — X be two mappings
such that F(X3) C g(X) and g is continuous and F and g are compatible.

Suppose that for all x, y, z, u, v,w € X and all t > 0O,

MnyzFuvw(kt) 2 nggu(t)a *nggv(t)b *Mgzgw(t)c-

Then there exists a unique x € X such that x = gx = Fx. In particular, F and g have, at least, one tripled coincidence point.
Furthermore, (x, X, X) is the unique tripled coincidence point of F and g if we assume that g—1(xo) = {Xo} only in the case
that F = xois constant on X>.
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In this result, in order to avoid the indetermination 0°, we assume that nggu(t)0 =1forallt>0andall x,y € X.
Now we are ready to prove our results for weakly compatible mappings.

Theorem 3.2 Let  be a t-norm of H-type such thats * t > stfor all s, t € [0, 1]. Letk € (0, 1) and a, b, ¢ € [0, 1] be real
numbers such thata + b + ¢ < 1, let (X, M, *) be a FMS and let F: x® > X and g: X — X be two weakly compatible
mappings such that F(X®) C g(X) and F(X®) or g(X) is complete.

Suppose that for all x, y, z, u, v,w € Xand all t > 0,

Mesyzruna(Kt) 2 Mgigu()* *Maygu(t)® *Mgzgu(t)"- (1)
Then there exists a unique x € X such that x = gx = Fx. In particular, F and g have, at least, one tripled coincidence point.
Proof . Throughout this proof, n and p will denote non-negative integers and t € [0, =).

Step 1. Definition of the sequences {xn}, {yn} and {zn}. Let Xo, Yo, Zoe X be three arbitrary points

of X. Since F(X®) C g(X), we can choose Xi, Y1, z1 € X such that gx; = F;D}.DED , Oy1 =F;.DEDID and gz, = anxn}n
Again, from F(X®) € g(X), we can choose Xz, Y2, Z2 € X such that gx, =F;‘_}.‘_z‘_, gy2 = 'F_'r}'._z._x._ and gz,= Fz

Continuing this process, we can construct sequences {Xn}, {yn} and {z.} such that, for n 2 0, gXn+1 = F;H.‘r'qzq’ gYn+1

and gzn+1 =F,

-'*'15"'1-'4r EnTadn

Step 2. {gxn}, {gyn} and {gz,} are Cauchy sequences. Define, forn 20 and all { =0,

6”(0 gx Q'I +4 (t:] g}.l_g}.-“_ (tj Q'E.IQ'S.H_ (tj :

Since &, is a non-decreasing function and t — kt < t < t/k, we have that

On(t — kt) < On(t) < On(t/k), forallt>0and n 2 0. )

From inequality (1) we deduce, foralln € Nand all t=0

¢ A c
Mg:rngxn+._(t]: MFxn—'_}‘n—*_Zn ..'1}‘121[ j n—19%n [;j ) M -9'}‘1( jb gz.l_ ,93.1[ j (3)
M—g}'ng}'n+'_(t:]= Mﬁ‘n_a_zn sxm_s FrnEnx 1[ :] - 5}1— 5}1[ j E"'1— 53'1( jb 51"1— 51'1( j “)
M93n93n+*_(tj: Man_._xn_._} 2 Frpxnyn [t:] T 93-1_ 53-1[: :] g:r-l_ gxn ( jb 53*'1— g_‘,,l( j (5)

According to (3), (4), (5) we have that

G
Mg:rngxn_,_._(t:] E MQ’IH_._Q'IH_ [;:]ah: _')-.1_ g}.l( ]b Q'Z.-l_ Q’Z.l( jc_,'::-

1
= Mg:r.l_ g:r.l[: :] g_‘,.l_ 53“1[ :] gz.l_ gz.l( j:6n_1(t/k);

M_g}.-lg}.l_'__(t:] — Q’}.l_ 93“1[ :] Q'E'l_ _Q'E.-l( :]b _Q'I-l_ Jxq ( j —

= M—Qf}q— 9}1( j 93-1_ 53-1( j _grx.l_ gxn [ j On-1(U/K);

MQ.EF-IQ'E-I_'_ (tj - Mgz.l_ Q'Z.l( j g:r.l_ e ( ]b ,g}.l_ _g_‘,.l( ]—

4
= Mgz.l_ gz,l( ] g:r.l_ gxyn ( j g}.l_ ¥ (kj = On-1(VK).

This proves that, forallt >0 and all n =0,

Mgy (O Moy gy (0 Mpz o () 26000 260100, 6)
Swapping t by t - kt, we deduce, for all t > 0 and n =0, that
My ge,,, (E—KE), My o (t—kt), My, . (t—kt) 25.(k). ™

Taking into account that +is commutative and * = -, and (3), (4), (5), we observe that
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93'193'1+ [:tj

6n(t)_ e Y b S [tj g_', T¥nea (t]

2 [:M_gx.l_ X ( j 5}1— 9}1( ]b ,gz.l_ ,gz.l[: j)*
(M Pyew M Daw M oy
( gxn_:gxn[kj ) gyh_:gyn(kj ) an—zgzn(k])
*(ﬂdgxq_ Fxg ( jb F¥n_1 5}1[ j 931_ 531[ jﬁ*:
= (ng.l_ gx.l[: :] gx.l_ gxg ( j 9-"1— g.x.l[: :])*
t
*[:Mg}q— g}q( jb ¥ 1 Q'J"'L( j Q’.‘!ﬂ_— 5}1[: j)*
*(thzq_ gzq( ] 931_ 531( jb gzq_ gzq( j)*z
>(ﬂng1_ gxn ( j Xn_g G%n ( ] gxq_ gxq( j)*
*(Mg:»-l_ g:r-l( jb G¥n s g:hl( ] 9:»-1_ gh( :])*
*[:M_gz.l_ gz.l( j - S gz.l( ]b FEq_y _gs.l( j)_
+h+ ¢ +h+c 3 +b+
gx,l_ gx ( ]a i ‘8 Mg}.-l_ 95'1 ( ]a b " Mgz.l_._gzn (;:]a - 2
2 hdgx1_ Fxg ( ] 931_ 5}1( j 531_ 531[ j On-1(t7k).
If we join this property to (2),
On(t) = On-1(t/k) = On-1(t) = On-1(t — kt), forall t>0and n = 1. (8)
Repeatedly applying the first inequality, we deduce that 8n(t) = Sn-1(t/k) = Sn-a(t/k®) = . . = &p t/k")
for allt>0 and n = 1. This means that for all t > 0,
liMn_wn (£) = limn_«00 (k") = 1 implies limg_«0n (t) = 1. 9)
Properties (6) and (8) imply that
Mgt e B Moy gy (0 Mgz gz (8) 2610) 2 8ra(tkt). (10)
Next, we claim that
ngngxrup (t).M ¥n@nap (t), M 8505 n4p (t) = # Gpa(tkt), forallt>0,np=1. (1)

We prove it by induction methodology in p 2 1. If p = 1, (11) is true for all n = 1 and all t > 0 by (10).

Suppose that (11) is true for all n = 1 and all t > 0 for some p, and we are going to prove it for p+ 1.Applying (1), the
induction hypothesis and that * > -,

M (kt)= Mg

5¥n+18%n+p+a

E, (kt) =

XnFnin” Xn+p¥n+pin+p

= ngngxn+p (t:]a* gz.lgz“_“ ( :]

= (£ Bna(tkD)? = (£ Sra(tk)® = (£ Sna(tk)® =

¥nd¥n+p (t] be
Z (2 Sna(t-kt)? (£ Sna(tkt))® - (¥ Sna(t-kt)
= (2 Sna(t-kt)2PC = P 5,4 (t-kt).

Arguing in the same way, we come to

lII'd--g:t:'l.+ gx‘l+“+ (ktj V4 g}1+“+ (ktj’Mgzn+-_gzn+p+._(kt] 2 *pén’l(t_kt)'
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Applying the axiom (v) of FMS, @) and the induction hypothesis,
Mgongtnapes (B = Mog gur o, (£ kt—i—kt] =
= Mg gen.s (t—kt) = M, P (kt) =

= Sna(tkt) # (£ Sna(t-kt)) = £ Sna(t-ke).

The same reasoning is also valid forMM [t] [t] Therefore, (11) is true. This permits us to

H¥n8¥n+p+s HEnd%nypea

show that {gxn} is Cauchy. Suppose thatt > 0 and € € (0, 1) are given. By the hypothesis, as =is a t-norm of H-type, there
exists 0 < n <1 such that spa > 1-¢ for all ae (1-n, 1] and for all p = 1. By (9), limn_~ 0n (t) = 1, so there exists npe N
such that on (t — kt) > 1 — n for all n = no. Hence from (11), we get

M-Q'x'1911+“( ] ¥nd¥n+p (tj HEnH2n

Similarly, {gyn} and {gz,} are also Cauchy sequences.

(t:]> 1 -¢forall n2noand p 2 1. Therefore, {gx»} is a Cauchy sequence.

Step 3. We claim that g and F have a tripled coincidence point.
Without loss of generality, we can assume that g(X) is complete, then there exist x, y,z and u, v, w e g(X), such that
liMnoe gXn = g(u) = X, liMhoe gyn= g(v) =y and limp—- gz, = g(w) = z.

liMp—e GXne1 = liMp_e F:'fn.‘r'nﬂn: g(u) = x.

My Qynes = liMnee By 2 2 =) =y

[iMn e 9Zn+1 = liMn_e F'ann}.n =gw) = z.

From (1) we get

MF., F, (kt] = ( ngngu (t:]a* Mg n G [t:]b gz.l,gm (tjj

XFN Ent urw
( g’..i[:t:] Q’}.lg'l? (tj . Mgzngw(t:] j
Since M is continuous, taking limit as n—, we have
"LFEJ.I.?“' [:kt:] = l

which implies that F(u, v, w) = g(u) = x.

Similarly, we can show that F (v, w, u) =g (v) =y and F (w, u, v) = g (w) = z. Since F and g are weakly compatible, we get
that gFuw = Fgwgwygm) » 9Fwwu = Fgwomygw) and gFwuw = Fomygwgwy 9 Which implies that

Fxyz = gx. In a similar way, we can show that Fy,x = gy and Fzy = gz, so (X, y, z) is a tripled coincidence point of the
mappings F and g.

Thus, Fyyz = gX, Fyzx = gy and Fzy = gz. (12)
Step 4. We claim that X = F»y, ¥ = Fxyz and z = Fy,«. We note that by condition (1),
Mygrnss R =My (k) 2 My (% My, g (6 % Mg (6° (13)
Mg}'gzm-_ (ket) = Mﬁ'z::an::n ¥n (kt) = Mg}'-ﬁrzn (1) Mgzgx ()" = .s'.rx g¥n (&) (14)
Mgzgx, (ket) = MFz“} Fxnynzn (kt) = Mgzgxn (£)* M 4% g¥n (8)"= Mgy g=p (£) (%)

Let Ba(t) = Mgy (t) =M, a2, (t) =M, — (t) forallt>0and n=0.By (13), (14) and (15),
Broa(kt) = My gy, (Kt) = My, (kt) = M., (kt)
= Mg:rg}'n (tj =M :» g3 (t:]b gz.s‘.rx [tjc*
* MQ}'QHn (t]ag M-ngxn (t " MQIQ}'n (tjc*

:Mgzgx1[tj ,g:rg} (tjb g}gz (tj

3190 |Page February 26, 2015



ISSN 2347-1921

= Mgy, (£)= Mzgyn (£)° = Mz gy, (£)° =
* My gy, (£)°= Mgygz, (£)°* Mgy gz, (£)°%
* Moz g, (8)° * My g (8)°% My, g, (8)* =
= Mgy, (07 Mgegy, (8- Mgagy, (£)" =
* Mgy g, (£)". Mgygz, (8)% Mgy gz, (2)°
* My g, (8)° Mgz g () Mg, (B)a =
= Mgy, (O Mgy oo (87 = My, g, (D)™ 2

= ngg}'n (t) = Mg}'gzn (t) = Mgzgxn (£) =B

This proves that Bn+1(kt) = Bs(t) for all n 2 0 and all t > 0. Repeating this process,

Bn(t) 2 Ba-1(t/K) = Ba-a(t/k?) 2 . .. 2 Bo(t/K"), for all t > 0 and n 2 1. (16)
Now, by (16), (13), (14) and (15),
Mgy, (Kt) = Mg, ()% My, oo (8= M . (£)° = Ba(t) 2 Bo(tK"); €y
Myygz, (kt) =My, oo (8P My g, (£)°% My, o0 (£)° = Baft) 2 Bo(tK"; (18)
Myzge .. (kt) =M, gy (% My o (£)°% My oo (8)© 2 Balt) 2 Bo(tk"); (19)
Therefore, My gy (k) My oo (kt), M. (kt) >p(t/k) forall £>0and n>1.Since

limu-e fo (t/k7) = 1 for all ¢ >0, we have, taking limit in (17), (18) and (19), that lims-« gxz = gz limy-e gyn = gxand lims-e
gzn = gy. This shows, using (12), that

Fyz= gx=liMn-cwgVn=y, Fyzx= gy =liMn-wgzn = 7z, Fuy= gz=liMn-wgxn = x.
Step 5. We will prove that x =y = z.
Let 8(8) = My 8 * MyA£) » Mz(?) for all £ >0. Then, by condition (1),

MXY(kt) 3 MF:}‘I%‘:: [kt) = Mg:::g}' [tja* Mg}'gz [tjb b Mgzgx (tjc 5

= M, ()= M_ ()" = M, (t)° (20)
Melk) = Me 5 ey 2 Mayga (8% Myzg (87 = My gy (£)°=

= M_ (P M, (£)° =M, (t)° (21)
Mzx(kt) = MFZI},FI},Z (et) = Mg (E)= My, (E)° = M, ()=

= M, (£)* M, (£)" * M, (£)° 22

If we use these three inequalities at the same time,

o) = M (kE) = M, (kt)* M, (kt) >
> M, (t)= M, (t)o= M, (t)* M, (t)ex M, (t)r= M, (£ M, (t)= M, _(t)o= M_, (t)e
= Mx}_(t:]"* Mx}[t:] bx M.'-t:}'(t:]a * M}'E(t:]a ® M}'Z (tj o M}E[t:] bx Zx [t:]b* ME’J:Z [:tja# ME’J:Z [:t:]c
2M, (£)e. M, (£)e M, (t) » M, (t) . M, (t) <. M,_(t)> * M__ (t)e. M_ (t)e M_.(t)e

= M.‘(Z}' (t:]a+b+c$1 M}_z (tja+b+c & MEI’J:: [t:] atbtc >
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= M:r}'[t:] ® M}'z[t] * MEI’J:’ [t:] =6(9.
We find that 8(kf) > 6(¢) implies that 8(8) > 8(t/k) = O(t/k) =... > 6(t/K") for all t > 0 and n = 1. By (20), (21) and (22),
Mxy(kt) 2 ""Il'i'}'ﬂ’r':t:]a:éd MHI [t:]b * M:r_‘f (tjc 2 M}'z (t:] * Mz:r [:t:] * M:r}'[r:] =6(t) 2 e(t/kn)-

v

My(kt) 2 M, (£)*= Mx}'(tjb * M:»‘z(t:]c M_.(t)* M:r}'(t:] * M}'z[t:] = 6(t) 2 O(tk").

v

Ma(kt) 2 M, ()% M, (£)°* M_(£)° 2 M, () = M__(t) * M_.(t) = o) 2 6(vK").

Letting n — «, we have limn_.. 8 (t/k") = 1 for all t > 0, and this means that My,(kt) = My,(kt) =M,«(kt) = 1 for all t > 0, i.e., x
=y = z. The unicity of x follows from (1).
Remark 3.3 In the above theorem if we take & (t) = kt then we can get more generalized form of the result.

Remark 3.4 The unicity of the coincidence point of F and g is not always true. For instance, if F = X is constant and g = xo
is also constant, then every (x, Y, z) € X3 is a coincidence point of F and g.

Example 3.5 Letx 210 11 1 1 LN _
Xample 3.0 Let X ={ ,1,2, 23 o« .5 F =min, M(X'y’t)_|x—_‘,'|+r
forall x,y € X, t> 0.
Then (X,M, ¥) is a fuzzy metric space.
Let g : X—X and F : X >5X be defined as
a, x= 0
1
g=1 = T Zar1
1 gl
¥ i — B
Znt1l Zn
1 if1 a
F(xy.2) :{ (2n+13* when (x,,z) = ( n’ 2n ’Enj
: others
Let X, = —Lth =—0andF = — 0, but
et xn=yn =7 then a(xn) = and F(Xn, YnzZn) = i)t , bu

i , oo MCG(F (%00, 2 ), F(g (%), 93 ), g(2,),2) =M(0.1,6) = 0.
so g and F are not compatible. From Fyy, = gx, Fyzx = gy and Fzy = gz
we can get (%, y,z) = (0,0,0),

and we have gFyy. = Fgxgye Which implies that F and g are weakly compatible.

1
By the definition of M and taking k = 7 and the result above, we can get that inequality (1).

Then all the conditions in Theorem 3.2 are satisfied, and 0 is the unique common fixed point.

Theorem 3.6 Theorem 3.2 remains true if the 'weakly compatible property’ is replaced by any one (retaining the rest of the
hypothesis) of the following:

(i) weakly commuting property, (i) R-weakly commuting property, (iii) R-weakly commuting property of type (Af), (iv) R-
weakly commuting property of type (Ag), (v) R-weakly commuting property of type (P).

Proof. Let u,v,w be three points in X so that Fuvw = gu and Fvwu = gv and Fwuv = gw. Taking X, = u,y, =v and z, = wiitis
easy to show that F(gu,gv,gw) = gF(u,v,w) and F(gv,gw,gu) = gF(v,w,u) and F(gw,gu,gv) = gF(w,u,v)  Now applying
Theorem 3.2, we can conclude that F,g have a unique common fixed point. In case if (F,g) satisfies R-weakly commuting
property, then there exists some R > 0 such that

M(F(gx.9y.92).9F(x.y.2).t) 2 M(F(x.y,2).gx.t/R),
M(F(gy.92.9x).9F(y.zx).t) 2 M(F(y,z.x).gy,t/R)
M(F(9z.9x,9y).9F(z.x.y).t) 2 M(F(z,x,y).9z.t/R)
for all x,y,zin Xand t > 0.
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Let u,v,w be three points in X so that Fuvw = gu and Fvwu = gv and Fwuv = gw, then it is easy to see that F and g
commutes at u,v and w. Now applying Theorem 3.2, we can conclude that F and g have a unique common fixed point.
Similarly, if pair (F,g) is weakly commuting, R-weakly commuting of type (Af), type (Ag), type (P) then it commutes at their
points of coincidence. Now, in view of Theorem 3.2, in all the cases F and g have a unique common fixed point in X. This
completes our proof.

Theorem 3.7. Theorem 3.2 remains true if the ‘weakly compatible property’ is replaced by any one (retaining the rest of
the hypothesis) of the following: (i) weakly f-compatible, (ii) weakly g-compatible.

Proof. In case if the pair (F,g) satisfies weakly f-compatible property, then either

lim, . GF (%5, Vs Z0) = Fixy2), UMy oo F (3, 25, %) = F(y,z0), im,, oo 9F(2,,, %0, ¥) = Fzxy),
or

lim no=ggXn = F(X,Y,2), lim n-«ggyn = F(Y,z,X), lim n-«ggzn = F(z,X,y).

whenever {x,} and {yn} are sequences in X such that lim n_« F(Xn,Yn,Zn) = liM no g(Xn) = X,

M e F(Yn,Zn,Xn) = M now g(yn) =Y, M e F(Zn,Xn,Yn) = liM w0 g(20) = 2.

and

M e F(@Xn,0Yn020) = im nooF(F (%, ¥ 0 Z0), F(V, 0 20, X0 L F (2,0, %, ¥ )) = F(xy.2),
M 1w F(QYn,020,%n) = M 0P (F (V2 %), F(20, %0, V) F (2, ¥y 2, )) = F(y,22X),

iMoo F(9Z0,0%n,0Yn) = M 0P (F (2,5 X005 V), F(2X, V0 20 ) F (W 02, %, )) = Fzxy).

for some x,y,z € X.

Let u,v,w be three points in X so that Fuvw = gu and Fvwu = gv and Fwuv = gw, then it is easy to see that F and g
commutes at u,v and w. Now applying Theorem 3.2, we can conclude that F and g have a unique common fixed point.
Similarly, the theorem holds good if the pair (F,g) weakly g- compatible.
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