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ABSTRACT

E. Karapinar and B. Samet (2012) [1] have given some fixed point theorems related o — vy Contractive Mappings in
metric space. N. Bilgili, E. Karapinar and B. Samet (2014) [2] have proved these results in quasi metric space. In this
paper we prove some new results for the existence and uniqueness of fixed point in quasi cone metric space using
generalized o — y Contractive Mappings related with diameter of orbits.
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INTRODUCTION

Huang and Zhang [12] have reviewed the concept of cone metric spaces replacing the real axis in the definition of
distance by an ordered Banach space. They have proved some theorems about fixed points in cone metric spaces for
contractive mappings and their results generalize some fixed point theorems in metric space. Abdeljaward and Karapinar
[4] have given the definition of quasi cone metric space and there are many authors who have worked in this direction. E.

Karapinar and B. Samet (2012) [1] have given some fixed point theorems related a — y Contractive Mappings in metric
space. N. Bilgili, E. Karapinar and B. Samet (2014) [2] have proved these results in quasi metric space. As the quasi cone
metric spaces form a bigger category than the one usual metric spaces and quasi metric space, it is the main aim of this
paper to extend the result of N. Bilgili, E. Karapinar and B. Samet (2014) and many others and giving some new results.

PRELIMINARIES

Definition 1. [14] Let E be a real Banach space and P be a subset of E. P is called a cone if and only if
(i) Pis closed, P = @, P = {0};

(i) forall x,y € P = ax + By € P, where a, B € R*;

(il xe Pand-xe P=x=0.

For a given cone P c E, we can define a partial ordering < with respectto P by x <y if and only ify — x € P. x <y will stand
x <y and x #y, while x ]y will stand for y — x e int P, where int P denotes the interior of P.

The cone P is called normal if there is a number k > 0 such that 0 < x <y = ||x|| < K]|y||, for all x, y € P. The least positive
K satisfying this, is called the normal constant of P. The cone P is called regular if every increasing sequence which is
bounded above is convergent; that is if x, is a sequence such that x; <X <... <X, <y, forsomey € E, then thereis x € E
such that ||xn — X|]| &> 0 as n —. Equivalently, the cone P is regular if every sequence which is bounded below is
convergent.

Definition 2. Let X be a nonempty set. Suppose the mapping d: X x X — E satisfies following conditions:

@) 0<d(x,y) forallx,y e X,andd(x,y) =0ifandonlyifx=y;
@iy d(x,y) =d(y, x) forallx,y e X;
(iii) d(x,y) <d(x,z) +d(z,y) forallx,y, z € X.

Then, d is called a cone metric on X and (X, d) is called a cone metric space.

Definition 3. [14] Let X be a nonempty set. Suppose the mapping g: X x X — E satisfies following conditions:

i) 0<q(x,y)forallx,yeX;
(i) g(x,y)=0ifandonlyifx=y;
(i) g(x,y)<q(x,2) +q(z,y) forallx,y, z e X.

then q is called a quasi-cone metric on X, and (X, q) is called a quasi-cone metric space.

Remark 1. Note that any cone metric space is a quasi-cone metric space.

Now we introduce the appropriate generalization in quasi-cone metric spaces by considering the established notions in
quasi-metric spaces.

Definition 5. [7] Let (X, q) be a quasi—cone metric space.

A sequence {xn} in X is called right (left) Cauchy if for each ¢ € int P, there is no X € N such that q(Xn, Xm) 0 ¢ (Q(Xm, Xn) 0 C
resp.) for all n > m > no.

The sequence {Xnhen in X is called Cauchy if and only if it is both left and right Cauchy.

Definition 6. Let (X, q) be a quasi-cone metric space. Let {x,}ncn be a sequence in X. We say that the sequence {Xn}nen
is right convergent to x € X if q(X, xn) = 0. We say that the sequence {Xn}ncn iS convergent to x e X if the sequence is right

and left convergent to x. We denote this by limx = X or x, — x.

n—o

Definition 7. A quasi-cone metric space (X, q) is called complete if every Cauchy sequence in X converges.

Definition 9. Let O(x) = {x, Tx, T %, ... } where x e X. The set O(x) is called orbit of x.
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Definition 10. Let M = X where X is a quasi-cone metric space.
8(M) = sup{a(x, ¥), a(y, x), x, y € M } is called diameter of M.
Define 8(0O(x) L O(y)) = max{q(T X, zj), q(T ky, T, o(T X, Tky)} fori, j, k, m € No.
The orbit O(x) is called bounded if there exist a ¢c € P, 8(O(x)) < c.
Definition 12. [4] The function y: P — P which satisfies the following conditions
1. VteP, yi)<t
2. V tLbeP ti<t,=> \U(tl) < \V(tz);
3. limy" ()| =0,teP

is called a comparison function.

Definition 13. [3] Let (X, q) be a quasi-cone metric space and T: X — X be a given function.

We say that T is o — y contractive mapping if there exist two functions a: X x X — [0, «) and y a comparison function that
satisfy the nonlinear contraction condition:

a(x, Y)a(T(x), T(y)) < w(a(x, ).
Definition 14. Let T: X » X and a: X x X — [0, «). We say that T is a-admissible if for all x, y € X and we have
aX,y) > 1= a(Tx, Ty) > 1.

MAIN RESULTS

The following results Theorem 1 and Theorem 2 are generalization of N. Bilgili and E. Karapinar in quasi-cone metric
space because cone metric space is bigger category than metric space.

Theorem 1. Let (X, g) be a complete Hausdorff quasi-cone metric space and let T: X — X be a continuous function that
satisfies the nonlinear contraction condition:

a(x, Y)a(T(x), T(y)) < y(M(x, y)).

where M(x, y) = max{q(x, y), a(Tx, x), q(Ty, y), %[ q(Tx, y) + q(x, Ty)] } for all x, y € X and y: P — P satisfies the

conditions y(0) =0, V't € P, y(t) <t and vy is semi-lower continuous. Suppose that

(i) @ X x X — [0, ) satisfies the property that exists xo € X such that a(T"xo, T"xo) > 1 for every n, m € N.
Then T has a fixed point x* € X and the sequence {T"xolen i convergent to x*.

Proof. Define the sequence {T"xo}n.n. Now we have to prove that the sequence {T"Xo}nen is right Cauchy.

"o, T"Xo)}nen IS Monoton decreasing.

Firstly, we see that the sequence {q(T
a(T™ ™ %o, T"%0) < (T %0, T"%0) G(T™ X0, T"™0) < W(M(T X0, T""X0))
where
M(T "xo, T "x0) = max{q(T "Xo, T "™ xo), a(T "o, T "%0), q(T "o, T"™x0), %2 [a(T "o, T"X0), (T "Xo, T "Xo)J}
= max{q(T "xo, T"*X0), q(T "*xo, T "xo)}
We shall examine two cases.
Case 1. M(T "o, T"X0) = q(T "o, T "X0), 50 q(T "o, T "Xo) < w(q(T "X, T "Xo)) which is a contradiction.
Case 2. M(T "o, T"%0) = q(T "Xo, T "™ X0), 50 q(T "*Xo, T "X0) < w(q(T "Xo, T "X0)) < q(T "xo, T" o) foralln > 1.

Let denote Cx = sup{q(T o, T jxo), I > j > k}. The sequence {Ci} is monoton decreasing and bounded below, so it
converges to Co € P. So we have

. c i ' i j
VpeN,Jip>jp>p, Cp— TO < (T Pxo, T"x0) < Cp = q(T Pxo, T x0) > Coas p — w.

We prove now that Cy = 0.

q(T ip+1xo, ij+lxo) < ofT i”xo, ijxo) q(T ipﬂxo, ijﬂxo) <y(M(T ipxo, ijxo))
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Taking the limit when p — o, we have that Cy < y( Co), so Co = 0.

In the same manner we prove that the sequence {T "Xo} is left Cauchy. So it is a Cauchy sequence and since the space is
complete, it is convergent to x*.

lim q(T "xo, x*) = lim q(x*, T "xo) = 0.
n—o N—0
Since T is continuous

lim (T "xo, Tx*) = liM q(T(T "x0), Tx*)) =0 and lim q(Tx*, T"xo) = lim q(Tx*, T(T""x0)) = 0.
n—w n—ow n—ow n—o0
Thus, we have 1im q(T "o, Tx*) = lim q(Tx*, T"xo) = 0.
n—o N—o0

As X is Hausdorff, we have that x* = Tx* and x* is a fixed point of T.
In the following theorem we take a non continuous function T, but we take the cone normal.
Theorem 2. Let (X, q) be a complete, Hausdorff quasi-cone metric space with cone normal and let
T: X > X be a function that satisfies the nonlinear contraction condition:

a(x, Y)a(Tx, Ty)) < w(N(x, y))

where N(x, y)) = max{d(x, ), < [q(Tx, ) +q(Ty, )], 2 [a(Tx, y) +a(x, Ty)]} for al x, y € X, a> K, y : P - P satisfies the

conditions y(0) =0, V t € P, y(t) <tand y is semi-lower continuous. Suppose that

(i) o:XxX— [0, «) satisfies the property that exists xo € X such that a(T "xo, T ™%o) > 1 for every n, m e N.
(i) If {T "X} is a sequence such that o(T "™*xo, T "Xo) > 1 for all n and T "X —> X* as n — o, then there exists a
Nk n Nk Nk
subsequence {T "x} of {T "x} such that a(T "X, x*) > 1, a(x*, T "x) > 1.
Then T has a fixed point x* € X and the sequence {T "X}ncn is convergent to x*.

Proof. Define the sequence {T "Xo}ncn. Continuing the same procedure as Theorem 1, we prove that the sequence
{T "Xo}nen is Cauchy and so it converges to x*.

From (iii) there exist a subsequence {T “xo} of {T "Xo} such that a(T "x, x*) > 1, a(x*, T *x) > 1 for all k. We see
q(Tx*, T nk+1xo) <a(x*, T nkxo)q(Tx*, T nk+1xo) Sy(N(X*, T nkxo)).

N, T ™x0) = max{a(e, T™xo), S [a(xs, x%) + (T ™ Hxg, T X1, 2 [a(Tx, T™xp) + q(T ™ xg, X913

Taking the limit, we have lim N(x*, T ™xo) = < q(Tx*, x*).

k—oo
From q(Tx* T nk+1xo) Sy(N(xX* T nkxo)) < N+ T nkxo) and taking the limit, we get
* nk+l K * * * *
[la(™x*, T o)l < - I a(™x*, x*) || < [la(Tx*, x*) ||,
which is a contradiction. So, we have that q(Tx*, x*) =0 and Tx* = x* and x* is a fixed point of T.

Theorem 3. Let (X, q) be a complete,Hausdorff quasi-cone metric space and let T: X — X be a continuous function that
satisfies the nonlinear contraction condition:

a(x, V)a(T(q, T(y)) < w(8(0(x) v O(y))

for all x, y € X, where y: P — P is a comparison function. Suppose that

(il) a: X x X — [0, «) satisfies the property that exists xo € X such that a(T "o, T "Xo) > 1 for every n,m e N.
Moreover for xo € X, the orbit O(xo) is bounded. Then T has a fixed point x* € X and the sequence {T "Xolnen iS convergent
to x*.

Proof. We have that exists xo € X such that o(T "xo, T "xo) > 1. Define the sequence {T "xolnen. Now we have to prove that
the sequence {T "Xo}nen is right Cauchy. For this, we take x = T""xo , y = T "o, where i,j, n e Nand | >|.

a(Tx, Ty) = q(T ™ xo, T %0) < o(q(T ™o, T ™¥x0)) a(T ™ x0, T ™*x0) < w(B(O(T ™'X0) U O(T ™x0))) < W(B(O(T "Xo))

Soitis true that q(T ™o, T™"x0) < w(8(O(T "xo))) for everyi, j, nand I > j.
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Also q(T " xo, T ™ x) < 8(O(T ™x0)) = max{ q(T " xo, T ™ x0), i, j € N} < w(3(O(T "Xo))).
From this we have that
AT "0, T o) < W((O(T "a))) < W BO(T™ x0)) < - < W(B(O()) < ¥ (©).

Due to lim ||\|f”(c)|| =0 (Vv % >0)(@noe N)(VNn>no= ||\|f"(c)|| < % , where K is the constant of normality of cone,

n—ow

we have

lla(™ ™0, T™ o) < KW@l <K& =z for n>no, and I >].

So we have that the sequence {T "xo}nen is right Cauchy. In the same manner we prove that the sequence {T "Xo}nen is left
Cauchy. Since (X, q) is complete, exists a point x* € X such that the sequence {T "Xg}ncn iS cOnvergent to x* € X so

q(T"%o, X*) = 0 as n — o and q(x*, T'xg) > 0 as n — oo.

Now we have to prove that x* is a fixed point of T, Tx* = x*. We have that lim q(T"xo, x*) = 0 and lim q(x*, T"Xo) = 0. By

using the continuity of T, we have lim q(T(T"xo), Tx*) =0 and lim q(Tx*, T(T"xo)) = 0.
By uniqueness of the limit, we conclude that Tx* = x*.

Example 1. Let X = [0, 1], E = R, and P a normal cone, P = {(x, y) € R% x, y > 0}. Determine g: X x X — P,

y
(_! y)! X<y
2
qx,y) =4 (0,0), x=Yy isa quasi-cone metric and (X, q) is quasi-cone metric space.
(x,2x), x>y

Let T: X = X, T(x) = x* be a continuous function, y:P->P, yx,y)= (% , %) be a comparison function and

L max(x,y), x # y

a: X x X = [0, ), aX, y) = { , where a > 1. We prove that the function satisfies the condition of

a X =Y

Theorem 1. Taking Xo = 0 we have that o(T"xo, T"'Xo) = a > 1.
Now let see that T satisfy the contraction condition of Theorem 3.

Case 1. x=y. This case is trivial because q(Tx, Ty) = 0.

Case?2. x <y. In this case

a(Tx, Ty) = q0¢, y?) = (y7 y),a(x, n=13,

ay AT = (5.7
8(0() L O(y)) = max{d(x, ), x, TX), a(y, Ty), d0, T'%), aly, T%), a(T'x, Tly), a(T'x, T), a(Tly, T*y)}
3(0() L O)) = (¥, 2y), W(3(OX) L Oy)) = (%, y) = a(x, ¥) q(Tx, Ty) < y(3(0(x) L O()).

Case 3. x>y.

a(Tx, Ty) = g0, ¥) = (¢, 26, ax, y) = 5

a(x,y) aTx Ty) = (%)
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3(0(x) U O(y)) = max{a(x, y), a(x, Tx), aty, Ty), a(x, TX), a(y, Ty), a(T'x, T'y), a(T %, T*), a(Tly, T°y)}
3(0(x) LU O(y)) = (x, 2x), W(3(O(x) L O(y)) = (% , X) = a(x, y) a(Tx, Ty) < y(3(0(x) L O(y)).

So the function T has fixed points. We see that x =0 and x = 1 are the fixed points of T.

Theorem 4. Let (X, q) be a complete Hausdorff quasi-cone metric space with constant of normality K and let T: X — X

be a function that satisfies the nonlinear contraction condition:

a(x, )a(T(x), T(y)) < y( % 3(0(x) v O(y)))
forall x,y e X and a > K, where y: P — P is a comparison function. Suppose that

() a:XxX— [0, «) satisfies the property that exists xo € X such that a(T "o, T "Xo) > 1 for every n, m e N.

(ii) 1f {T "X}nen is @ sequence such that for T "x — x* e X as n — w, then there exists a subsequence {T "“x} of
{T"Xnon such that: a(T ™x, T =1, oT “x*, x*) 21, a(x* T *x) >1,

Then T has a fixed point x* € X and the sequence {T "Xo}nen iS cOnvergent to x*..

Moreover for every z e X the orbit O(z) is bounded. Then T has a fixed point x* € X and the sequence {T "Xo}nen iS
convergent to x*.

Proof. We have that exists Xo € X such that a(T "xo, T "Xo) > 1. Define the sequence {T "Xo}nen.
We prove that the sequence {T "xo}nen is Cauchy using the same method in Theorem 3. Since (X, q) is complete, exists a

point x* e X such that the sequence {T "Xolen is convergent to x* € X so q(T "o, X*) — 0 as n — o and q(x*, T "Xo) — 0 as

n — oo.

Now we have to prove that x* is a fixed point of T, Tx* = x*. For this we need to prove that the sequence {T "x*}mcn

converges to x*. Suppose that this sequence converges to | € X.

nk+1

a(T "™, T %) < o™ ™, T ™5x0) T ™ e, T o) < w2 50T ™ %) U O ™ x0))) < £ 5T ™ x*) U O(T ™ x0))

q(T nk+1x*, T nk+lxo) < % 3(O(T i x*) U O(T " X0)) = % max{q(T i x* T "§ x*), q(T "R Xo, T et Xo), q(T " X*, 0t Xo)} for
I,j,p, r € No.

Taking the limit of both sides when k — o, we have ||g(l, x*)|| < % [lad, x| < [lg(, x¥)||. So this is a contradiction, so
q(l, x)=0= | =x*

Now we see
q(T nkﬂx*, Tx*) < a(q(T o x*)) q(T nk+lx*, Tx*) < \V(% 3(O(T 1k Xo) L O(x*))) < % S(O(T ok Xo) W O(x*))

_ ny+

= % max{q(T ks x* T ' X*), q(x*, TxX*), q(x*, T i x*), q(T k xX*, Tx*)} = % max{q(x*, Tx*), q(T "k xX*, Tx*)}.

Taking the limit of both sides when k — «, we have [|q(x*, Tx*)|| < % [la(x*, Tx¥)|| < [la(x*, Tx*)||. So this is a contradiction,
then g(x*, Tx*) = 0 = Tx* = x*. So q(Tx*, x*) =0 = Tx*=x*.
Example 2. Let X = [0, 1], E = R?, and P a normal cone, P = {(x, y) € R? x, y > 0}. The constant of normality of cone K

= 1. Determine ¢: X x X — P, such that

y
(Z.y) x<y
2
qx,y)=14 (0,0), x=Yy isaquasi-cone metric and (X, q) is quasi-cone metric space.
(x,2%X), x>y
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X, 0<x< % Xy
LetT: X - X, T(x) = 1 1 be a non-continuous function, y: P —» P, wy(X,y) = (5,7) be a comparison
=, Tg<x<1
16 16
Fmin{x, v}, (x, y) € [0, 1) x[15 A [, 1[0, 16)
function and o: X x X = [0, «), ax, y) = < b, X=Yy , where b > 1. We prove

max{x,y}, otherwise

that the function satisfies the condition of Theorem 4.
Taking xo = 0 we have that o/(T"xo, T"Xo) > 1.

Also T"0 - 0whenn — o, so o(T"0, 0) > 1.

Now let see that T satisfy the contraction condition of Theorem 4.

Case 1. x=y. This case is trivial because q(Tx, Ty) =0.

Case 2.1.x,y €0, %), x <y. In this case
i3
a(Tx, Ty) = q0¢, y) = (%, y ) ax V) =5,

aty amx = (4. %)
8(0(9) U O(y)) = max{d(x, ), d(x, TX), a(y, Ty), atx, T%), a(y, T), a(T'x, Th), a(T ', T*), a(T'y, ")}
8009 O) = (v, 29), W0 L) = (¥, Y) = atx, v) alTx, Ty) < w((00) U OW)).
Case 2.2.x,y € [0, f5), x>Y. Inthis case
AT, Ty) = q0¢, y?) = 06, 26, alx, Y) = 5
a(x,y) ax, ) = (%,x")

3(0(x) U O(y)) = max{a(x, y), a(x, Tx), aty, Ty), a(x, TX), aty, Tl), a(T'x, T'y), a(T x, T*x), a(T'y, T°y)}

8(0(4) L OW)) = (x, 2), W(BOK) L OW) = (%, X) = alx, ) a(Tx, Ty) < Y(5(0K) L OW)):
Case 3.1. x,y e [f5. 1] x<yorx>y. In this case

a(Tx, Ty) = d( . 15) = 0 = ax, y) a(Tx, Ty) < y(8(0() U O(y)).
Case4.1.x < [0, f5). ¥ € [f5 . 1. In this case

AT Ty) = q0¢. ) = (35 .1 ). alx, ) = %

a(x, y) a(Tx, TY) = (135 . 84 )»
3(0(x) U O(y)) = max{g(x, y), a(x, Tx), aty, Ty), a(x, TX), a(y, Ty), a(T'x, T'y), a(T x, T*x), a(Ty, T*y)}

3(0(x) U OW) = (5. 5. W(BOM) L OW) = (F5. 75 ) = alx, y) a(Tx, Ty) < w(3(0(x) U O(y)).
Case 4.2y <o, %), X e [% , 1] . In this case
11 y
a(Tx, TY)—Q(]_G Y) ( 16 8)’ X, Y)—

ax, ) a(Tx, TY) = (37 . 35 ).
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3(0(x) L O(y)) = max{g(x, y), a(x, Tx), a(y, Ty), ax, TX), a(y, T), a(T'x, Tly), a(T'x, T*X), q(Ty, TPy)}
8(0(x) U O)) = (£ . 5 ). W(BOM) LOWY) = (F5. 75 ) = alx, y) a(Tx, Ty) < y(3(0(x) U O(y)).

So the function T has fixed points. We see that x =0 and x = % are the fixed points of T.

The conditions of above theorems give us the existence of fixed points, but they don’t guaranty the uniqueness of them.
If we add the following condition to theorems 1, 2, 3 and 4, we prove that T has a unique fixed point.

Note, we prove the theorem 3. Similarly can be proved the others theorems.

Theorem 5. Suppose we are in condition of Theorem 3, T is o. admissibleand for all x, y € X and there exist z € X such
that

a(X, z) =21, a(z, x) 21, and afy, 2) >1,, a(z, y) =1,
then the function T has a unique fixed point.

Proof. Suppose there exist another fixed point x** € X, T(x**) = x**. So there exist z € X such that a(x*, z) > 1, a(z, x*) > 1,
a(x**, z) > 1, oz, x**) >1. We have

a(x*, T"2) > 1, a(T "z, x*) > 1, a(x**, T"2) > 1, o(T "z, x**) >1, ¥ n.
Define the sequence {T "Z}n. n, and see
q(T "z, x*) < (T "z, x*) (T "'z, x*) < < Y(B(O(T "z) U O(x¥)).
a(T ™2, x*) < 8((0(T"2) L O(x*)) = max{a(a(T ™*x, T™"y), a(T %%, T'x), o(T "2, T}
So 3((O(T "2) L O(x*)) < W(B(O(T "2) U O(X¥)).
By iterating process we have
A(T "2, x) < y(B(O(T"2) L O(x)) < Y(B(O(T"'2) L O(x¥) < - < y"(5(0(2) L O(x?) < y"(c)
lla(™ ™z, 3l < Kiv @)l
Taking limit of both sides, we have g(T "'z, x*) — 0 as n —w.

So the sequence {T "Z}n. No IS right convergent to x*. In the same manner we prove that sequence {T "Zhne Ng IS left

convergent to x*. So we have lim T"z = x*.

n—w

Similarly, we prove thatlim T"z = x**. As X is Hausdorff, x* = x** and x* is unique fixed point of T.

n—w

The following results are true for a(x, y) = 1.
Corollaries

Corollary 1. (see Jachymski [5]). Let (X, q) be a complete, Hausdorff quasi-cone metric space and let T: X —» X be a
function that satisfies the nonlinear contraction condition:

a(T(x), T(y)) < w(3(0(x) w O(y))-
for all x, y € X, where y: P — P is a comparison function.

Moreover for every u e X the orbit O(u) is bounded. Then T has a unique fixed point x* € X and for every u € X, the
sequence {T "u}ncn iS convergent to x*,

Proof. If we takea(x, y) = 1, we are in condition of Theorem 4.

Corollary 2 (see Babu [4], Berinde [6]). Let (X, q) be a complete, Hausdorff quasi-cone metric space and let T: X — X
be a function that satisfies the nonlinear contraction condition:

a(T(x), T(y) < w(q(x, y))

for all x, y € X, where y: P — P is a comparison function.

3202 |Page February 20, 2015



&) ISSN 2347-1921

Moreover for every u € X the orbit O(u) is bounded. Then T has a unique fixed point x* € X and for every u € X, the
sequence {T "u}ncn iS convergent to x*.

Proof. we see that
q(x, y) < 8(0(x) U O(y)) = w(a(x, y)) < w(3(0(x) L O(y)) = a(T(x), T(¥)) < w(a(x, ¥)) < w(3(O(x) v O(Y))
So we are in condition of theorem and T has a fixed point, the sequence {T "u}n.n is convergent to x*.

Corollary 3. Let (X, ) be a complete Hausdorff quasi-cone metric space and let T: X — X be a function that satisfies
the nonlinear contraction condition:

a(T(x), T(y)) < w(max{q(x, y), a(Tx, x), a(Ty, y), a(Tx, y), a(x, Ty)}
for all x, y € X, where y: P — P is a comparison function.

Moreover for every u e X the orbit O(u) is bounded. Then T has a unique fixed point x* € X and for every u € X, the
sequence {T "uln.n is convergent to x*.

Proof. we see that
max{q(x, y), a(Tx, x), a(Ty, y), a(Tx, y), a(x, Ty)} < 8(O(x) w O(y)) =
w(max{a(x, y), a(Tx, x), a(Ty, y), a(Tx, y), a(x, Ty)}) < w(3(0O(x) w O(y))) =
q(T(x), T(y)) < w(max{a(x, y), a(Tx, x), q(Ty, ), a(Tx, ), a(x, TY)}) < w(3(O(x) L O(y)))-

So we are in condition of theorem and T has a fixed point, the sequence {T "u}n.n iS convergent to x*.

Corollary 4. Let (X, g) be a complete Hausdorff quasi-cone metric space and let T: X — X be a function that satisfies
the nonlinear contraction condition:

a(T(x), T(y)) < w(max{q(x, y), a(Tx, x), q(Ty, y), %[Q(TX, y) +ak, Ty)l})

for all x, y € X, where y: P — P is a comparison function.

Moreover for every u e X the orbit O(u) is bounded. Then T has a unique fixed point x* € X and for every u € X, the
sequence {T "u}n.n is convergent to x*.

Proof. We see that
max{a(x, y), a(Tx, x), a(Ty, y), %[q(Tx, y) +a(x, Ty)l} <3(0(x) L O(y)) =

y(max{a(x, y), q(Tx, x), q(Ty, y), %[Q(TX, y) +a(x, T < y(3(0(X) L Oy))) =

q(T(x), T(¥)) < y(max{a(x, y), a(Tx, x), a(Ty, y), %[q(Tx, y) +a(x, TY)I) < w(3(0(x) v O(y)))
So we are in condition of theorem and T has a fixed point, the sequence {T "u}n.n iS convergent to x*.

Corollary 5. (Ciric [9]). Let (X, q) be a complete Hausdorff quasi-cone metric space and let T: X — X be a function that
satisfies the nonlinear contraction condition:

a(TX), TY)) < h max{a(x, y), 5 [a(x, T +a@, Y1 5 [a(x, Ty) +a(y. ™I}

for all x,y € X, where h € (0, 1).
Then T has a unique fixed point x* € X and for every u e X, the sequence {T "u}n.n is convergent to x*.

Proof. Taking y(t) = ht, h € (0, 1), we have

AT, T(y)) < h max{a(x, ), 3 [atx, T3) +aty, ™), 3 [ax, Ty) +aty, T}
Corollary 5 follows from theorem 2.

Corollary 6. (Banach Contraction Principle [8]) Let (X, q) be a complete Hausdorff quasi-cone metric space and let T: X
— X be a function that satisfies the contraction condition:
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q(T(x), T(y)) <h ax, y),
for all x, y € X, where h € (0, 1).

Then T has a unique fixed point x* € X and for every u € X, the sequence {T "ul..n is convergent to x*.
Proof. we use the same manner as in Corollary 5.

Corollary 7. (Kannan [10]). Let (X, q) be a complete Hausdorff quasi-cone metric space and let T: X — X be a function
that satisfies the contraction condition:

a(T(x), T(y)) < h [a(x, Tx) + q(y, Ty)]
for all x, y € X, where h € (0, %2).

Then T has a unique fixed point x* € X and for every u e X, the sequence {T "uln.n is convergent to x*.

Corollary 8. (Chatterja [11]). Let (X, q) be a complete Hausdorff quasi-cone metric space and let T: X — X be a
function that satisfies the contraction condition:

q(T(x), T(y)) <h [a(x, Ty) +a(y, Tx)]
for all x, y € X, where h € (0, ¥).

Then T has a unique fixed point x* € X and for every u e X, the sequence {T "u}n.n is convergent to x*.

Corollary 9. (Sila [15]) Let (X, q) be a complete Hausdorff quasi-cone metric space and let T :X—X be a function that
satisfies the nonlinear contraction condition:

q(TC9, T(Y)) < w(max{q(x, ), a(Tx, x), a(Ty, ), a(Tx, y), a(x, Ty)I}) 1)

for all x, y € X, where ¢ : P — P is a comparison function. Let xoe X such that O(xo) is bounded. Then T has a unique fixed
point x* € X and the sequence {T "Xo}ncn iS CONVergent to x*.
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