
 ISSN 2347-1921 
 

3261 | P a g e                                                     M a r c h  1 6 ,  2 0 1 5  
 

C IRI C  TYPE   - CONTRACTION RESULTS IN PARTIALLY ORDERED 
FUZZY METRIC SPACES 

 Binayak S. Choudhury 1 , Pradyut Das 2  and Pritha Bhattacharyya 3   
1,2

Department of Mathematics, Indian Institute of Engineering Science and Technology, Shibpur, 
Howrah - 711103, West Bengal, INDIA 

3
Department of Humanities and Basic Sciences, Fr.C. Rodrigues Institute Technology, Vashi,  

Navi Mumbai, Maharashtra-400703, INDIA 
1. binayak12@yahoo.co.in  

 2. pradyutdas747@gmail.com  
 3. pritha1972@gmail.com 

 

Abstract: In this paper we establish a coupled coincidence point results for compatible mappings in a fuzzy metric 

spaces having a partial order relation defined on the space. The fuzzy metric space we use has a Hausdorff topology. The 

t-norm is used here is a Hadži c  type t-norm. Here we use C iri c  type inequality which has been considered in a good 

number of papers. Two control functions are also used. The main theorems have several corollaries. An illustrative 
example is given. The example establishes that the corollaries are actually contained the main theorem. We use a 

methodology which is a combination of order theoretic and analytic methods. 
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1. INTRODUCTION 

The purpose of this paper is to establish a coupled coincidence point theorem results in fuzzy metric spaces. Amongst 
various definitions of the fuzzy metric spaces we consider here the metric introduced by George et al [6]. Fuzzy fixed point 
theory has developed in the perspective of the metric space introduced in [6] in a very large way. This is supposed to have 
taken place due to the fact that the topology in this space is Hausdorff topology. A large number of papers have been 
written out of which [2, 4, 8, 9, 14, 15, 16] are some important examples. Fuzzy coupled fixed point result was successfully 
established first in the work[21]. After that, there have been a good number of papers on this subject, some examples 
being [11, 18, 19, 20]. 

Recently C iri c [4] had introduced a fixed point theorem in which a new type of inequality was introduced. Later there 

appeared a number of works where this type of inequality has been considered. 

 In this paper we work out a coupled coincidence point theorem using the following concepts: 

(a) C iri c  type inequality. 

(b) Two control functions are used in the inequality. 

(c) Compatibility condition. 

(d) Hadži c  type t-norm for fuzzy metric space. 

We have several corollaries and an illustrative example. The example shows that the main theorem properly contains all 
its corollaries. 

2. MATHEMATICALPRELIMINARIES

 
yx ±'  holds’,we mean that yx°'  holds’ and by yx '  holds’, we mean that yx°'  holds and yx = . 

Definition 2.1[17] A binary operation 0,1][0,1]: 2   is called a t -norm if the following properties are satisfied:  

 Is associative and commuative, 

    • aa =1*  for all [0,1],a  

    • dcba **   whenever ca   and ,db   for all [0,1],,, dcba .  

 Typical examples of t norms are },{min=1 baba , 
},,{max

=2
ba

ab
ba  for 1<<0  , abba =3  and 

1,0}{max=4  baba . 

Definition 2.2[6] The 3-tuple ),,( MX  is called a fuzzy metric space in the sense of George and Veeramani if X  

is a non-empty set,   is a continuous t -norm and M  is a fuzzy set on )0,2 X  satisfying the following conditions 

for each Xzyx ,,  and 0>, st :   

    • 0>),,( tyxM , 

    • 1=),,( tyxM  if and only if yx = , 

    • ),,(=),,( txyMtyxM , 

    • ),,(),,(),,( stzxMszyMtyxM   and 

    • 0,1])(0,:,.),( yxM  is continuous.  

The following details of this space are described in the introductory paper [6].  

Let ),,( MX  be a fuzzy metric space. For 1<<00,> rt , the open ball ),,( trxB  with center Xx  is defined 

by  

 }.1>),,(:{=),,( rtyxMXytrxB   

 A subset XA  is open if for each Ax , there exist 0>t  and 1<<0 r  such that AtrxB ),,( . Let   denote 

the family of all open subsets of X . Then   is a topology on X  induced by the fuzzy metric M . This topology is 
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Hausdorff and first countable. 

Example 2.3[6] Let R=X . Let baba .=  for all 0,1], ba . For each )(0,t  Xyx , , let  

 .
||

=),,(
yxt

t
tyxM


 

Then ),,( MR  is a fuzzy metric space. 

Example 2.4 Let ),( dX  be a metric space and   be an increasing and continuous function of R  into 

 

 ),()(=),,( yxdttyxM   

for all Xyx , . Then ),,( MX  is a fuzzy metric space. Examples of the function   are 

1
=)(

t

t
t  , )

12
(sin=)(

t

t
x


  and 

tet 1=)( . 

Lemma 2.5[7] Let ,*),( MX  be a fuzzy metric space. Then ,.),( yxM  is nondecreasing for all Xyx , . 

Definition 2.6[6] Let ),,( MX  be a fuzzy metric space.   

    • A sequence }{ nx  in X  is said to be convergent to a point Xx  if 1=),,(lim txxM nn   for all 

0>t .  

    • A sequence }{ nx  in X  is called a Cauchy sequence if for each 1<<0   and 0>t , there exists 

N0n  such that 1),,( txxM mn  for each 0, nmn  .  

    • A fuzzy metric space in which every Cauchy sequence is convergent is said to be complete. 

Lemma 2.7[16] M  is a continuous function on )(0,2 X . 

Let ),( °X  be a partially ordered set and XXF :  be a mapping from X  to itself. The mapping F  is said to be 

non-decreasing if, for all Xxx 21, , 21 xx °  implies )()( 21 xFxF °  and non-increasing if, for all Xxx 21, , 21 xx °  

implies )()( 21 xFxF ± [1]. 

Definition 2.8[1] Let ),( °X  be a partially ordered set and XXXF :  be a mapping. The mapping F  is said 

to have the mixed monotone property if F  is non-decreasing in its first argument and is non-increasing in its second 

argument, that is, if, for all Xxx 21, , 21 xx °  implies ),(),( 21 yxFyxF °  for fixed Xy  and if, for all Xyy 21, , 

21 yy °  implies ),(),( 21 yxFyxF ± , for fixed Xx . 

Definition 2.9[13] Let ),( °X  be a partially ordered set and XXXF :  and XXg :  be two mappings. 

The mapping F  is said to have the mixed g -monotone property if F  is monotone g -non-decreasing in its first 

argument and is monotone g -non-increasing in its second argument, that is, if, for all Xxx 21, , 21 gxgx °  implies 

),(),( 21 yxFyxF °  for all Xy  and if, for all Xyy 21, , 21 gygy °  implies ),(),( 21 yxFyxF ± , for any 

Xx . 

Definition 2.10[1] Let X  be a nonempty set. An element XXyx ),(  is called a coupled fixed point of the 

mapping XXXF :  if 

 .=),(,=),( yxyFxyxF  

 Further Lakshmikantham and C iri c  have introduced the concept of coupled coincidence point. 

Definition 2.11[13] Let X  be a nonempty set. An element XXyx ),(  is called a coupled coincidence point of 

a mapping XXXF :  and XXg :  if 
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 .=),(,=),( gyxyFgxyxF  

 If further ),(== yxFgxx  and ),(== xyFgyy  then ),( yx  is a common coupled fixed point of g  and F . 

Definition 2.12[13] Let X  be a nonempty set and the mappings XXXF :  and XXg :  are 

commuting if for all Xyx ,  

 ).,(=),( gygxFyxgF  

Compatibility between two mappings XXXF :  and XXg : , where ),( dX  is a metric space was 

defined in [3]. It is an extension of the commuting condition. Compatibility was used to obtained a coupled coincidence 
point result in the same work. 

Definition 2.13[3] Let ),( dX  be a metric space. The mappings F  and g  where XXXF :  and 

XXg : , are said to be compatible if 

0=)))(),(()),,(((lim nnnn
n

ygxgFyxFgd


 

and 

0=)))(),(()),,(((lim nnnn
n

xgygFxyFgd


, 

whenever }{ nx  and }{ ny  are sequences in X  such that ),(lim nn
n

yxF


 = xxg n
n

=)(lim


 and ),(lim nn
n

xyF


 = 

yyg n
n

=)(lim


 for some Xyx , . 

Intuitively we can think that the functions F  and g  commute in the limit in the situations where the functional values tend 

to the same point. 

This notion of compatibility was introduced in fuzzy metric spaces by Hu in [11]. 

Definition 2.14[11] Let ,*),( MX  be a fuzzy metric space. The mappings F  and g  where XXXF :  

and XXg : , are said to be compatible if for all 0>t  

1=)),(),(()),,(((lim tygxgFyxFgM nnnn
n 

 

and 

1=)),(),(()),,(((lim txgygFxyFgM nnnn
n 

, 

whenever }{ nx  and }{ ny  are sequences in X  such that ),(lim nn
n

yxF


 = xxg n
n

=)(lim


 and ),(lim nn
n

xyF


 = 

yyg n
n

=)(lim


 for some Xyx , . 

 We next give the following definition. 

Definition 2.15[5] Two maps XXXF :  and XXg : , where X  is a nonempty set, are weakly 

compatible pair if they commute at their coincidence point, that is, for any Xyx , , ),(=)( yxFxg  and 

),(=)( xyFyg  implies that ))(),((=)),(( ygxgFyxFg  and ))(),((=)),(( xgygFxyFg

 

iterates defined for each (0,1)s  by 

1=)(*0 s , )),(*(*=)(* 1 sss pp
 for all 0p  is equi continuous at 1=s , that is, given 0>  thereexists 

(0,1))(   such that  

  1>)(*)(>1 )( ss p
 for all Np . 

 We will use the following class of real mappings. 
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Definition 2.17 ( -function)[19] A function [0,1][0,1][0,1]:   is said to be a  -function if   

 •   continuous and monotone increasing in both the variables,  

 • ttt ),(  for all 10  t .  

 An example of  -function is 

qp

yqxp
yx




=),( , p and q being positive numbers. 

Definition 2.18 ( -function)[12] A function }:{=   RR , where )[0,= R  and each   

satisfies the following conditions: 

(i)   is non-decreasing, 

(ii)   is upper semi-continuous from the right, 

(iii) 


<)(
0=

tn

n
  for all 0>t , where Nntn )),(( . 

It is easy to prove that if   then tt <)(  for all 0>t . 

Lemma 2.19[5] Let ),,( MX  be a fuzzy metric space, where   is a continuous t -norm of H -type. If there exists 

  such that, 

 ),,,())(,,( tyxMtyxM   then .= yx  

3. Main Results.  

Theorem 3.1 Let ),,( MX  be a complete fuzzy metric space with a Hadži c  type t-norm where ),,( tyxM  is 

 

defined on X . Let XXXF :  and XXg :  be two mappings such that F  has the mixed g -monotone 

property. Let there exist   ,   and 0q  such that, 

))),,(),((),),,(),((())})(),,(),(()),(),,(),(({max(1))(),,(),,(( tvuFugMtyxFxgMtyxFugMtvuFxgMqtvuFyxFM  
,          (3.1) 

for all 0>t  and Xvuyx ,,, , with gugx°  and gvgy ± . Let g  be continuous, monotonic increasing 

)()( XgXXF   and ),( Fg  is a compatible pair. Also suppose that X  has the following properties: 

(a) if a non-decreasing sequence xxn }{ , then xxn°  for all 0n ,          (3.2) 

(b) if a non-increasing sequence yyn }{ , then yyn ±  for all 0n .          (3.3) 

If there exist Xyx 00 ,  such that ),()( 000 yxFxg °  and ),()( 000 xyFyg ± , then there exist Xyx ,  such that 

),(=)( yxFxg  and ),(=)( xyFyg , that is, g  and F  have a coupled coincidence point in X. 

Proof. Let 00 , yx  be two points in X such that ),()( 000 yxFxg °  and ),()( 000 xyFyg ± . We define the 

sequences }{ nx  and }{ ny  in X as follows: 

 ),(=)( 001 yxFxg  and ),(=)( 001 xyFyg  

 ),(=)( 112 yxFxg  and ),(=)( 112 xyFyg  

and, in general, for all 0n , 

 ),(=)( 1 nnn yxFxg   and ),(=)( 1 nnn xyFyg  .          (3.4) 
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This construction is possible by the condition )()( XgXXF  . 

Next, for all 0n , we prove that 

 )()( 1nn xgxg °            (3.5) 

and 

 )()( 1nn ygyg ± .           (3.6) 

Since ),()( 000 yxFxg °  and ),()( 000 xyFyg ± , in view of ),(=)( 001 yxFxg  and ),(=)( 001 xyFyg , we have 

)()( 10 xgxg °  and )()( 10 ygyg ± . Therefore (3.5) and (3.6) hold for 0=n . 

Let (3.5) and (3.6) hold for some mn = . As F  has the mixed g -monotone property, )()( 1mm xgxg °  and

)()( 1mm ygyg ± , from (3.4), we get 

),(),(=)( 11 mmmmm yxFyxFxg  °  and )(=),(),( 11  mmmmm ygxyFxyF ° .          (3.7) 

Also, for the same reason, we have 

),(),(=)( 1112 mmmmm yxFyxFxg  ±  and )(=),(),( 2111  mmmmm ygxyFxyF ± .          (3.8) 

Then, from (3.7) and (3.8), we have 

 )()( 21  mm xgxg °  and )()( 21  mm ygyg ± . 

Then, by induction, it follows that (3.5) and (3.6) hold for all 0n . 

Since   is a t -norm of Hadži c  type, for any 0> , there exists an 0>  such that 

  1)  )((1*.......*)(1*)(1 timesk  for all Nk . 

Since ,.),( yxM  is continuous and 1=),,(lim tyxM
n 

 for all Xyx , , there exists 0>0t  such that  

1>)),(),(( 010 txgxgM , 1)),(),(( 010 tygygM .           (3.9) 

On the other hand, since  , by property (iii) of  -function, we have 


<)( 01=
tn

n
 . Then for any 0>t , there 

exists Nn 0 , such that  

 ).(> 0
0

=
tt n

nn



           (3.10) 

Now, for all 0>t , 1n , we have, 

))(),,(),,((=))(),(),(( 01101 tyxFyxFMtxgxgM nnnnnn     

))),,(),((),),,(),((( 00111 tyxFxgMtyxFxgM nnnnnn   

))})(),,(),(()),(),,(),(({max(1 01101 tyxFxgMtyxFxgMq nnnnnn    

(by(3.1), (3.5) and (3.6)) 

))),(),((),),(),((( 0101 txgxgMtxgxgM nnnn   

 ))})(),(),(()),(),(),(({max(1 0011 txgxgMtxgxgMq nnnn   

))),(),((),),(),((( 0101 txgxgMtxgxgM nnnn   1)(1q  

))),(),((),),(),((( 0101 txgxgMtxgxgM nnnn  .          (3.11) 
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If, for some 0>s , and for some n , )),(),(()),(),(( 11 sxgxgMsxgxgM nnnn   , then, from the above inequality, 

and using the properties of  , we obtain 

))),(),((),),(),((())(),(),(( 111 sxgxgMsxgxgMsxgxgM nnnnnn    

).),(),(( 1 sxgxgM nn   

But this contradicts our assumption that M  is strictly increasing in the third variable. Hence we have  

)),(),((>))(),(),(( 11 sxgxgMsxgxgM nnnn    for all 0>n . 

Thus, for all 0>n  and 0>t , we have 

))),(),((),),(),((())(),(),(( 010101 txgxgMtxgxgMtxgxgM nnnnnn   , 

that is, for all 0>n , 0>0t , we have 

)),(),(())(),(),(( 0101 txgxgMtxgxgM nnnn   , (using the properties of  - function).          (3.12) 

Therefore for 1=n , we have 

 )),(),(())(),(),(( 010021 txgxgMtxgxgM  . ( by using (3.12))          (3.13) 

Now,  

))(),,(),,((=))(),(),(( 0

2

22110

2

32 tyxFyxFMtxgxgM   

))}(),,(),(()),(),,(),(({ 02220111 tyxFxgMtyxFxgM   

))}(),(),(()),(),(),(({ 032021 txgxgMtxgxgM   

))))}(),,(),(())),(),,(),(((max{1 0

2

1120

2

221 tyxFxgMtyxFxgMq   

))}(),(),(()),(),(),(({= 032021 txgxgMtxgxgM   

))))}(),(),(())),(),,(),(((max{1 0

2

220

2

221 txgxgMtyxFxgMq   

))}(),(),(()),(),(),(({= 032021 txgxgMtxgxgM   

1}{1q  

(3.13))    (3.12)    )}(),(),((),),(),(({ 010010 andusingbytxgxgMtxgxgM  

).),(),(( 010 txgxgM  

By repeated application of the above inequality, it is easy to prove that 

)),(),(())(),(),(( 01001 txgxgMtxgxgM n

nn   .          (3.14) 

So, from (3.9) and (3.10) for 0> nnm  , we have,  

))(),(),(()),(),(( 0

0
=

txgxgMtxgxgM k

nk

mnmn 


  

))(),(),(( 0

1

=

txgxgM k
m

nk

mn 


  

))(),(),(( 0txgxgM k

mn   
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))(),(),((*))(),(),(( 0

1)(

2101 txgxgMtxgxgM n

nn

n

nn



   

))(),(),((*..........*))(),(),((* 0

1)(

210

2)(

32 txgxgMtxgxgM m

mm

n

nn







   

(3.14)) ( )),(),((*........*)),(),((*)),(),(( 010010010 bytxgxgMtxgxgMtxgxgM  

)(1*.......*)(1*)(1    

,1  which implies for all Nnm ,  with 0> nnm   and 0>t , 

1)),(),(( txgxgM mn  

So, )}({ nxg  is a Cauchy sequence. 

Similarly we can show that )}({ nyg  is a Cauchy sequence. 

Since X  is complete, there exist Xyx ,  such that 

xxg n
n

=)(lim


 and yyg n
n

=)(lim


, 

that is, xxgyxF n
n

nn
n

=)(lim=),(lim


 and .=)(lim=),(lim yygxyF n
n

nn
n 

          (3.15) 

Now we show that ),(=)( yxFxg  and ),(=)( xyFyg . 

Since ),( Fg  is a compatible pair, using continuity of g  and Definition 2.14, we have 

)(xg  = ))((lim 1


n
n

xgg  = )),((lim nn
n

yxFg


 = ))(),((lim nn
n

ygxgF


          (3.16) 

and 

 )(yg  = ))((lim 1


n
n

ygg  = )),((lim nn
n

xyFg


 = ))(),((lim nn
n

xgygF


.           (3.17) 

By (3.5), (3.6) and (3.15), we have that )}({ nxg  is a non-decreasing sequence with xxg n )(  and )}({ nyg  is a 

non-increasing sequence with yyg n )(  as n . Then, by (3.2) and (3.3), it follows that, for all 0n , 

xxg n °)(  and yyg n ±)( . 

Since g  is monotonic increasing, we have from the above inequality, 

)())(( xgxgg n °  and )())(( ygygg n ± .          (3.18) 

Now, for all 0>t , 0n , we have 

)))()(()),((),(())(),,(),(( 1 kttxggxgMtyxFxgM n      

)).(),,()),(((* 1 ktyxFxggM n   

Taking n  on the both sides of the above inequality, for all 0>t , 

)))()(()),((),(([lim))(),(),,(( 1 kttxggxgMtxgyxFM n
n

  


 

))](),,()),(((* 1 ktyxFxggM n   

)))()(()),((lim),((= 1 kttxggxgM n
n

 


 

))(),,()),,((lim(* ktyxFyxFgM nn
n




 

(by lemma 2.7) 
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)))()((),(),((= kttxgxgM    

))(),,())),(),(((lim(* ktyxFygxgFM nn
n




 

(by (3.16)) 

= ))](),,()),(),(((*[1lim ktyxFygxgFM nn
n




  (by lemma 2.7) 

= ))(),,()),(),(((lim ktyxFygxgFM nn
n




 

 ))),,(,(),)),(),(()),(((([lim ktyxFgxMktygxgFxggM nnn
n




  

 ))})].()),(),((,()),(),,(),(({max(1 ktygxgFgxMktyxFgxgMq nnn    

 (by (3.1) and (3.18)) 

 ))),,(,(),),(),((lim)),((lim(([= ktyxFgxMktygxgFxggM nn
n

n
n 

  

 ))})].()),(),((lim,()),(),,(),(lim({max(1 ktygxgFgxMktyxFgxgMq nn
n

n
n




   

 )),,(),((),),(),(((= ktyxFxgMtxgxgM  

 ))})(),(),(()),(),,(),(({max(1 ktxgxgMktyxFxgMq   

 1)(1))),,(),(((1,= qktyxFxgM  

 ))),,(),((),),,(),((( ktyxFxgMktyxFxgM  

 (since   is monotone increasing) 

 ).),,(),(( ktyxFxgM  (by the property of  -function) 

Taking 1k  and by an application of lemma 2.19, we have  

),(=)( yxFxg . 

Similarly, we can prove ),(=)( xyFyg . 

This completes the proof of the theorem. 

 Theorem 3.2 Let ),,( MX  be a complete fuzzy metric space with a Hadži c  type t-norm where ),,( tyxM  is 

strictly increasing in the variable t  and 1),,( tyxM  as t  for  

 

two mappings such that F  has the mixed g -monotone property. Let there exist   and   such that, 

))),,(),((),),,(),((())(),,(),,(( tvuFugMtyxFxgMtvuFyxFM   , 

for all 0>t  and Xvuyx ,,, , with )()( ugxg °  and )()( vgyg ± . Let g  be continuous, monotonic increasing 

)()( XgXXF   and ),( Fg  is a compatible pair. Also suppose that X  has the following properties: 

(a) if a non-decreasing sequence xxn }{ , then xxn°  for all 0n  

(b) if a non-increasing sequence yyn }{ , then yyn ±  for all 0n . 

If there exist Xyx 00 ,  such that ),()( 000 yxFxg °  and ),()( 000 xyFyg ± , then there exist Xyx ,  

such that ),(=)( yxFxg  and ),(=)( xyFyg , that is, g  and F  have a coupled coincidence point in X. Further, if 

),( Fg  is a weakly compatible pair and ))(()( xggxg ° , ))(()( yggyg ±  whenever ),( yx  is a coincidence point of 

g  and F , then g  and F  have a common coupled fixed point. 
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Proof. Putting 0=q  in (3.1), by an application of the theorem 3.1, we have that g  and F  have a coupled 

coincidence point in X, that is, there exist Xyx ,  such that ),(=)( yxFxg  and ),(=)( xyFyg . 

Suppose ),(=)(=1 yxFxgz  and ),(=)(=2 xyFygz . 

Then )),((=))((=)( 1 yxFgxggzg  and )),((=))((=)( 2 xyFgyggzg . 

Since g  and F  commute at ),( yx , we have 

))(),((=))((=)( 1 ygxgFxggzg  and ))(),((=))((=)( 2 xgygFyggzg , 

that is, ),(=))((=)( 211 zzFxggzg  and ),(=))((=)( 122 zzFyggzg . 

Since ),( yx  is a coupled coincidence point, by our assumption, ))(()( xggxg ° , that is, )()( 1zgxg °  and 

))(()( yggyg ± , that is, )()( 2zgyg ± , it follows that, for all 0,>t  

1=(1,1)=))()(    )()(   ())),,(,)((),),,(),((())(),,(),,((=))(),,(,( 2121121211  zgygandzgxgsincetzzFzgMtyxFxgMtzzFyxFMtzzFzM ±°
(by the property of  -function), 

which implies that, for all 0>t , 1=))(),,(,( 211 tzzFzM  , 

 that is, ),(= 211 zzFz . 

Therefore ),(=)(= 2111 zzFzgz . 

Similarly, ),(=)(= 1222 zzFzgz . 

This proves g  and F  have a common coupled fixed point. 

If we take ktt =)(  in the theorem 3.1, then we obtain the following corollary. 

Corollary 3.3 Let ),,( MX  be a complete fuzzy metric space with a Hadži c  type t-norm where ),,( tyxM  is 

strictly increasing in the variable t  and 1),,( tyxM  as t  for all Xyx , . Let a partial 

 

F  has the mixed g -monotone property. Let there exists   and 0q  such that, 

))),,(),((),),,(),((()})),,(),((),),,(),(({max(1)),,(),,(( tvuFugMtyxFxgMktyxFugMktvuFxgMqktvuFyxFM   

for all 0>t  and Xvuyx ,,, , with )()( ugxg °  and )()( vgyg ±  and 1<<0 k . Let g  be continuous, monotonic 

increasing )()( XgXXF   and ),( Fg  is a compatible pair. Also suppose that X  has the following properties: 

(a) if a non-decreasing sequence xxn }{ , then xxn°  for all 0n , 

(b) if a non-increasing sequence yyn }{ , then yyn ±  for all 0n . 

If there exist Xyx 00 ,  such that ),( 000 yxFgx °  and ),( 000 xyFgy ± , then there exist Xyx ,  such that 

),(=)( yxFxg  and ),(=)( xyFyg , that is, g  and F  have a coupled coincidence point in X. 

If we take ktt =)(  in theorem 3.2, then we obtain the following corollary. 

Corollary 3.4 Let ),,( MX  be a complete fuzzy metric space with a Hadži c  type t-norm where ),,( tyxM  is 

strictly increasing in the variable t  and 1),,( tyxM  as t  for all  

 

mappings such that F  has the mixed g -monotone property. Let there exists   such that, 

))),,(,(),),,(,(()),,(),,(( tvuFguMtyxFgxMktvuFyxFM  , 
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for all 0>t  and Xvuyx ,,, , with gugx°  and gvgy ±  and 1<<0 k . Let g  be continuous, monotonic 

increasing )()( XgXXF   and ),( Fg  is a compatible pair. Also suppose that X  has the following properties: 

(a) if a non-decreasing sequence xxn }{ , then xxn°  for all 0n  

(b) if a non-increasing sequence yyn }{ , then yyn ±  for all 0n . 

If there exist Xyx 00 ,  such that ),( 000 yxFgx °  and ),( 000 xyFgy ± , then there exist Xyx ,  such 

that ),(=)( yxFxg  and ),(=)( xyFyg , that is, g  and F  have a coupled coincidence point in X. Further, if 

),( Fg  is a weakly compatible pair and ))(( xgggx° , ))(( ygggy ±  whenever ),( yx  is a coincidence point of g  

and F , then g  and F  have a common coupled fixed point. 

Corollary 3.5 Let ),,( MX  be a complete fuzzy metric space with a Hadži c  type t-norm where ),,( tyxM  is 

strictly increasing in the variable t  and 1),,( tyxM  as t  for  

 

that F  has the mixed monotone property and satisfies the following condition:   

    • ))),,(,(),),,(,(())(),,(),,(( tvuFuMtyxFxMtvuFyxFM   ,  

for all Xvuyxt ,,,0,>  with ux°  and vy ± , where   and   is a  -function. Also suppose that X  has the 

following properties: 

(a) if a non-decreasing sequence xxn }{ , then xxn°  for all 0n , 

(b) if a non-increasing sequence yyn }{ , then yyn ±  for all 0n . 

If there exist Xyx 00 ,  such that ),( 000 yxFx °  and ),( 000 xyFy ± , then there exist Xyx ,  such that 

),(= yxFx  and ),(= xyFy , that is, F  has a coupled fixed point in X. 

Proof. The proof follows by putting 0=q  and Ixg =)( , the identity mapping, in the theorem 3.1. 

Example 3.6 Let ),( °X  be the partially ordered set with [0,1]=X  with the natural ordering  

 },{min=* baba , then 

,*),( MX  is a complete fuzzy metric space. 

Let the mapping XXg :  be defined as 

 
2= xgx  for all Xx  

and the mapping XXXF :  be defined as  

 











.otherwise0,

,[0,1],,if,
8=),(

22

yxyx
yx

yxF  

 Here F  satisfies the mixed g -monotone property. Also, )()( XgXXF  . Let },{min=},{ yxyx  and 

tt
2

1
=)( . 

Let }{ nx  and }{ ny  be two sequences in X  such that 

ayxF nn
n

=),(lim


,     axg n
n

=)(lim


, 

bxyF nn
n

=),(lim


 and byg n
n

=)(lim


. 
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Now, for all 0n , 

 
2=)( nn xxg ,   

2=)( nn yyg , 

8
=),(

22

nn
nn

yx
yxF


 

and 

.
8

=),(
22

nn
nn

xy
xyF


 

Then necessarily 0=a  and 0=b . 

It then follows from lemma 2.7 that, for all 0,>t  

n
lim 1=)),(),(()),,((( tygxgFyxFgM nnnn  

and  

n
lim 1=))),(),()),,((( txggyFxyFgM nnnn . 

Therefore the mappings F  and g  are compatible in X . 

Let 0=0x  and 0>=0 cy .  

Then ),(=)(0,=0=0= 000 yxFcFggx  and ).,(=,0)(=
8

>== 00

2
2

0 xyFcF
c

cgcgy  

Thus 0x  and 0y  satisfy their requirements in theorem 3.1. Let Xvuyx ,,,  be such that gugx   and gvgy  , 

that is, such that 
22 ux   and 

22 vy  . 

We next show that the inequality (3.1) is satisfied for 0=q , for all 0>t  and vuyx ,,,  chosen to satisfy the above 

requirements. 

The following three cases are possible. 

Case I. yx   and vu  ,  

)(

)|,(),(|

=))(),,(),,(( t

vuFyxF

etvuFyxFM 




 

t

vuyx

e 2

1
8

|2222|

=





 

t

vuyx

e 4

|2222|

=




 

t

vyux

e 4

)|22()22|(

=




 

t

vyux

e 4

|22||22| 


               (since |)|||<|| yxyx   

t

vxvx

e 4

|22||22| 


               (since 
22 yx   and 

22 vu  ) 

t

vx

e 2

|22| 


  
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)8

222
(

t

yx

t

x

e




               (since 0)>)
2

||

8
(

22222

t

vx

t

yx

t

x 



  

},{min

)|,(2|)|,(2|

t

vuFu

t

yxFx

ee







  

},{=

)|,(2|)|,(2|

t

vuFu

t

yxFx

ee







 . 

 Case II. yx <  and vu  ,  

)(

)|,(|0

=))(),,(),,(( t

vuF

etvuFyxFM 




 

t

vu

e 4

|22|

=




 

t

vu

e 4

)|22|(

=




 

)8

222
(

t

vu

t

u

e




                (since 0>)
46

(
22222

t

vu

t

vu

t

u 



 ) 

},{min

)|,(2|)|,(2|

t

vuFu

t

yxFx

ee







  

},{=

)|,(2|)|,(2|

t

vuFu

t

yxFx

ee







 . 

Case III. yx <  and vu < . 

In this case the inequality (3.1) for 0=q  is trivially satisfied. 

Taking into account all the three cases mentioned above, we conclude that the inequality (3.1) with any value of 0q  is 

satisfied by vuyx ,,,  chosen according to the conditions given in theorem 3.1 and for all 0>t . Thus all the conditions 

of theorem 3.1 are satisfied. Then, by an application of the theorem 3.1, we conclude that g  and F  have a coupled 

coincidence point. Here (0,0)  is a coupled coincidence point of g  and F  in X . 

Remark 3.7 The result in theorems 3.1 and 3.2  remains valid if we omit the condition that ),,( tyxM  is strictly 

monotonic increasing in t and at the same time modify the definition of   by requiring that ttt >),(  for all 1<<0 t . 

Then, by lemma 2.5, ),,( tyxM  is nondecreasing in t which is enough requirement for our purposes. 
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