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ABSTRACT

In this paper we introduce some types of fuzzy soft separated sets and study some of thier preperties. Next, the notion of
connectedness in fuzzy topological spaces due to Ming and Ming, Zheng etc., extended to fuzzy soft topological spaces.
The relationship between these types of connectedness in fuzzy soft topological spaces is investigated with the help of
number of counter examples.
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1 INTRODUCTION

After Zadeh [26] introduced the notion of a fuzzy set in 1965, Chang [4] used that concept to define fuzzy topology. In
1999, Molodtsov [15] introduced the concept of soft set theory which is a completely new approach for modeling
uncertainty. In [15], Molodtsov established the fundamental results of this new theory and successfully applied the soft set
theory into several directions, such as smoothness of functions, operations research, Riemann integration, game theory,
theory of probability and so on. Maji et al. [13] defined and studied several basic notions of soft set theory in 2003. Shabir
and Naz [21] introduced the concept of soft topological space.

Maji et al. [12] initiated the study involving both fuzzy sets and soft sets. In this paper, the notion of fuzzy soft sets was
introduced as a fuzzy generalizations of soft sets and some basic properties of fuzzy soft sets are discussed in detail. Maji
et al. combined fuzzy sets and soft sets and introduced the concept of fuzzy soft sets. To continue the investigation on
fuzzy soft sets, Ahmad and Kharal [1] presented some more properties of fuzzy soft sets and introduced the notion of a
mapping on fuzzy soft sets. In 2011, Tanay et al. [22] gave the topological structure of fuzzy soft sets.

The notion of connectedness in fuzzy topological spaces has been studied by Ming and Ming [14], Lowen [10], Zheng
Chong You [28], Fatteh and Bassan [7], Zhao [27], Saha [20], Ajmal and Kohli [2], and Chaudhuri and Das [6]. In soft
setting, the notion of soft connectedness introduced by many authers such as Peyghan et al. [18], Yuksel et al. [25]. In
2013, Bayramov et al. [4] studied the soft path connectedness on soft topological spaces. In 2014, Munir et al. [16] studied
some properties of soft connected spaces and soft locally connected spaces. In 2015, Hussain [8] wrote a paper entitled a

note on soft connectedness. In fuzzy soft setting, connectedness has been introduced by Mahanta [11] and Karatas et al.
[9].

In this paper, we extend the notion of connectedness of fuzzy topological space to fuzzy soft topological space. In Section
3, we introduce the different notions of fuzzy soft separated sets and study the relationship between them. Section 4 is
devoted to introduce the different notions of connectedness in fuzzy soft topological space and study the implications that
exist between them. Also, we study the characterization of connectedness in fuzzy soft setting.

2 PRELIMINARIES

Throughout this paper X denotes initial universe, E  denotes the set of all possible parameters which are

attributes,characteristic or properties of the objects in X, and the set of all subsets of X will be denoted by P(X ). In this
section, we present the basic definitions and results of soft set theory which will be needed in the sequel.

Definition 2.1. [5] A fuzzy set A of a non-empty set X is characterized by a membership function
Lyt X —[0,1] = | whose value [4(x) represents the "degree of membership” of ¥ in A for x € X . Let
I* denotes the family of all fuzzy sets on X.

Defintion 2.2. [15] Let A be a non-empty subset of E. A pair (F,A) denoted by Fj is called a soft set over X,
where F is a mapping given by F: A — P(X). In other words, a soft set over X is a parametrized family of subsets of
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the universe X. For a particular € € 4 | F(E] may be considered the set of € -approximate elements of the soft set
(F,A) andif e €A thenF(e) = ¢.ie , F ={F(e):e €AS E,F:A— P(X)}.

Aktas and CaZman [3] showed that every fuzzy set may be considered as a soft set. That is, fuzzy sets are a special class
of soft sets.

Definition 2.3. [12] Let A < E. A pair (f, A), denoted by £, is called fuzzy soft set over X, where f is a mapping

iiven by fr4 —=I% defined by fa(e) = u3,; where pz = 0if e €A, and Hf, #0 if € €A, where

0(x) = 0% x € X. The family of all these fuzzy soft sets over X denoted by FSS (X .

Definition 2.4.[12, 17, 19, 22, 23, 24] The complement of a fuzzy soft set { f, A), denoted by (f,4)°, and defined

by (f, A)° = (f°, 4), fi:A = I"isamapping given by pfe =1 — ps, Ve €A Cleay, (fi)° = fa-

Definition 2.5. [12, 17, 19, 22, 24] A fuzzy soft set fz over X is said to be a null- fuzzy soft set, denoted by ﬁE, if for

ale EE, f(e)=0.

Definition 2.6. [12, 17, 19, 22, 24] A fuzzy soft set fz over X is said to be an absolute fuzzy soft set, denoted by iE,

it f,(e) —1V%e € E.Clearly, we have ( 0g)° = 1 and ( 15)° = Og.

Definition 2.7. [12, 17, 19, 22, 23, 24] Let f4 and g5 € F55(X)z . Then £ is fuzzy soft subset of g5, denoted by

faS gs ifASE and 1 (X) < u® (X)Vx e X, Ve € E . Also, gg is called fuzzy soft superset of fa
fa 9B

denoted by gz = fA. If fA is not fuzzy soft subset of &g, we written as fA < 95.

Definition.2.8. [12, 17, 19, 22, 23, 24] Two fuzzy soft sets f; and g5 on X are called equal if f3 S gz and g5
cf.
c fa.

Definition 2.9. [12, 17, 19, 22, 24] The union of two fuzzy soft sets f,; and gz over the common universe X, denoted
by fA O Oy s also a fuzzy soft set he., where C=AUB and for all €€ C,

he(€) = po, = 15, v 1y,

Definition 2.10. [12, 17, 19, 22, 24] The intersection of two fuzzy soft sets f4 and g5 over the common universe X,
denoted by f, g, is also a fuzzy soft set h- , where C=ANE and for all

eeC, h.(e) =y = p, A it

Definition 2.12. [22] Let FS5(X) z be a collection of fuzzy soft sets over a universe X with a fixed set of parameters
E. ThenT & F55(X)z is called fuzzy soft topology on X if:

@) 0z, 1z €1, where D (e) = Dand i.(e) = 1Ve € E,
(2) The union of any members of T belongsto T.
(3) The intersection of any two members of T belongsto T.

The triplet (X, T, f-':] is called fuzzy soft topological space over X . Also, each member of T is called fuzzy soft open set in
(X,7,E).

Examples 2.1. The following are fuzzy soft topology on '

1) Ty = {ﬁg, iE} is called fuzzy soft indiscrete topology on X .

(2) Ty = FS5(X)g is called fuzzy soft discrete topology on X .

Note that, the intersection of any family of fuzzy soft topologies on X is also a fuzzy soft topology on X

Definition 2.13. [22] Let (X, T, E) be a fuzzy soft topological space. A fuzzy soft set f4 over X is said to be fuzzy
soft closed set in X, if its relative complement f; is fuzzy soft open set. The collection of all fuzzy soft closed sets will be

denoted by z°.
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Definition 2.14. [17, 19] Let (X, T, E') be a fuzzy soft topological space and f; € F55(X )z . The fuzzy soft closure
of fA, denoted by Fel (fAj, is the intersection of all fuzzy soft closed supersets of fA. ie.,

Fcl(f,) = F'\{hc; he. € z°, f, = h.} Clearly, Fel(f,) is the smallest fuzzy soft closed set over X which
contains fA, and Fcl (fA:] is fuzzy soft closed set.

Definition 2.15. [19, 24] The fuzzy soft set f3 € FS5(X) z is called fuzzy soft point if there exist * € X ande € E
such that ﬁ;ﬁ (x)=a;(0=a=1)and ;_L;A (v) = 0¥y € X — {x} and this fuzzy soft point is denoted by X
or . The class of all fuzzy soft points of X, denoted by FSP(X) .

Definition 2.16. [11] The fuzzy soft point X is said to be belonging to the fuzzy soft set f, denoted by X 5 S fa, if
for the elemente € A, o = ‘u,;-ﬁ (x). If Xz is not belong to f4, we write Xz & f4 and implies that & = j..l',;A (x).

Definition 2.17. [19, 24] A fuzzy soft point X ] is said to be a quasi-coincident with a fuzzy soft set f, denoted by x 3
q fa ifa+ ;.Lf';A (x) = 1. Otherwise, X is non-quasi-coincident with 4 and denoted by X q f4-

Definition 2.18. [19, 24] A fuzzy soft set f;; is said to be quasi-coincident with gz, denoted by f4 § g5, if there exists
x € X such that ‘u,j',‘q (x) + p:;B (x) = 1, for some & € AN B If this is true we can say that f; and g5 are quasi-
coincident at .

Proposition 2.1. [19, 24] Let f,; and G5 be two fuzzy soft sets, f3 = gg ifand only if f5 @ (g5 ). In particular, X3
€ faifandonlyifxs q (f4)°.

Definition 2.19. [11] Let (X, T, E') be a fuzzy soft topological space and &5 be a fuzzy soft subset of X. Then Top
:{gB A fA; fA € 7} is called fuzzy soft relative topology and (EB,TQB, B) is called fuzzy soft subspace. If

Gg € T, then [Q'E,TQB,B:J is called fuzzy soft open subspace. If gg € T°, then [Q'E,TQB,B:J is called fuzzy soft
closed subspace.

Lemma 2.1. [11] Let (X, T,E) be a fuzzy soft topological space on X and gz S fy € FS55(X)z. Then,
FCIfA (gB) = FCI(gB) M fA'

Definition 2.19. [17] Let F55(X) g and F55(Y) be families of fuzzy soft sets over X and ¥, respectively. Let
u:X =Y and p: E = K be mappings. Then the map f,,, is called fuzzy soft mapping from FS5(X) gz to FSS(Y)g,

denoted by f,,: FSS(X)g = FS5(Y), such that:

L) If gg € FSS(X]E, then the image of g5 under the fuzzy soft mapping _f;,u is a fuzzy soft set over ¥ defined by
fou(g5) where ¥k Ep(E), ¥y €Y,

v [ v (gge)I(x) if xeu™(y)
f k =< u(x)=y p(e)=k
oo (92)CK(Y) (6 ” otherwise

() If he € FSS(Y), then the pre-image of hic under the fuzzy soft mapping fpu. f%,;l(h,_—] is a fuzzy soft set over
X defined by Ye € p~1(K), ¥x € X,

he (p(e))(u(x)) for p(e)eC
0 otherwise

fou (e )(€)(X) =

Definition 2.20. [17] The fuzzy soft mapping _,l";m is called surjective (respectively, injective) if B and 1t are surjective

(respectively, injective), also f;,u is said to be constant if 2 and 1 are constant.

Definition 2.21. [17] Let (X, T4, E) and (¥, T2, K) be two fuzzy soft topological spaces and fp,: FSS(X)g —
F55(Y) be afuzzy soft mapping. Then fou is called:
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(1) Fuzzy soft continuous if f;,;l(h,_—] ET,Vh.E1,.
(2) Fuzzy soft open if f,, (95) € T2 ¥V g5 € T3.

Definition 2.22. [9] Two non-null fuzzy soft sets fz and gz are said to be fuzzy soft @-separated in a fuzzy soft
topological space (X, T, E') if Fcl(f.) A 9. = f. A Fcl(ge) = 0.

Theorem 2.1. [9] Let (X, T, E) be a fuzzy soft topological space, fg and gg be two fuzzy soft closed sets in X . If
fE Fﬂ g £ then fE and Jg are fuzzy soft Q-separated sets.

Theorem 2.2. [9] Let (X, T,E) be a fuzzy soft topological space and fz € FS5(X)z. fg is called F5C,; -
connected if and only if it cannot be written as a union of fuzzy soft {J-separated sets.

Theorem 2.3. [9] A fuzzy soft topological space (X, T, E) is F5Cyy -connected if and only if 1z cannot be written as
a union of fuzzy soft -separated sets.

Theorem 2.4. [9] Let (X, T, E') be a fuzzy soft topological space and fz € F55(X)z be an open F5Cy;-connected
setin X If fg & gg S Fel(fz), then gg is a FSCy; -connected set.

Remark 2.1. [9] Let (X, T, E) be a fuzzy soft topological space and fz € FS5(X)z be an open F5Cy-connected
setin X. Then Fel(fs) is a F5C,y -connected set.

Definition 2.23. [9] Let (X, T, E') be a fuzzy soft topological space and fz € F55(X)g. Then, fz is called:

(1) F5Ci-connected: if does not exist two non-null fuzzy soft open sets Hhg and 5z such that

~ - . _ ~ ~
e =h Os.,hg Asg < ., fo mhg =0 and fo s # 0.

(2) F5C,-connected: if does not exist two non-null fuzzy soft open sets hg and 5z such that
f. —h. Os.,h. Ah, As. =0, fo mh, = 0.and fo A sg = Op.

(3) F5Cs-connected: if does not exist two non-null fuzzy soft open sets Hhg and 5z such that
foch. Os.,h. As. <= .8 he o f.lands, & f°

(4) F5Cs-connected: if does not exist two non-null fuzzy soft open sets hg and 5z such that
f.=h. Os.,h. Ah. As. =0.,h. & f.° and s, & f.°.

Otherwise, fz is called F5C-disconnected set for i = 1,2,3,4.

In the above definition, if we take 1z instead of fz, then the fuzzy soft topological space (X, T, E) is called F5C;-
connected space (I = 1,2,3,4).
Remark 2.2. [9] The relationship between F5C;-connectedness (i = 1,2,3,4) can be described by the following
diagram:

FSCc, = FSC,

4 4

FSC, = FSC,
Remark 2.3. [9] The reverse implications is not true in general (see Examples 3.14, 3.15, 3.16, 3.17 in [9]). But

example 3.17 in [9] is incorrect, we must take i ;4 (x)= sl ; <x =<1

Theorem 2.5. [9] Let fz,: (X, T,E) = (Y,0,K) be a fuzzy soft surective continuous mapping and
fz € FS5(X)g.1f fz is a FSCi-connected setin X, then f,,, (fz) is a FSC;-connected setin ¥ fori = 1,2,3,4.

3 FUZZY SOFT SEPARATED SETS IN FUZZY SOFT TOPOLOGICAL SPACES

In this section, we will introduce different notions of fuzzy soft separated sets and study the relation between these
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notions. Also, we will investegate the characterizations of the fuzzy soft separated sets.
Definition 3.1. Two non-null fuzzy soft sets fz, gz are said to be fuzzy soft weakly separated in a fuzzy soft
topological space (X, T, E) if Fel(fz) q gz and fz q Fel(gg).

Theorem 3.1. Let (X, T, E) be a fuzzy soft topological space and fz, #g € FSS(X)z. Then, fz and gz are fuzzy
soft weakly separated sets iff there exist fuzzy soft open sets hiz and 5g such that fz S hg, gz € 5z, fz q Sg, and

9g q hg.

Proof. Let fz, gz be fuzzy soft weakly separated sets in (X.T,E). Then Fecl(fz) q gz and fz q Fecl(gg).
Therefore, g, < [Fcl(f.)]° and f. <[Fcl(gg)]°- Taking hg = [Fel(gg)]® and 55 = [Fel(fz) ]°. Then
hE, sp ET, fE ESE, and g q hE. The converse is obvious. W

Remark 3.1. IffE and G are fuzzy soft (J-separated, then fE and g are fuzzy soft weakly separated.
Proof. The result follows from Definitions 3.1, 2.22.

Remark 3.2. If fE and ¢ are fuzzy soft weakly separated, then they may not be fuzzy soft {J-separated as shown by
the following example.

Example 3.1. LetX = {a,b}, E = {ey,e;},A ={e;} S EandT = {’isy ﬁE: {(e1. {ags, bo2}), (€2 {ags,
by 3})]} be a fuzzy sof topology on X. If f3 = {(e1.{as1})} and g4 = {(e1,{as1.bp1})}, then f4 and g4 are
fuzzy soft weakly separated sets. But f 1 and g4 are not fuzzy soft {J-separated.

Definition 3.2. Two non-null fuzzy soft sets fz and g are said to be fuzzy soft separated in a fuzzy soft topological
space (X,T,E) if there exist non-null fuzzy soft open sets Hz and Sg such that fzr S hg, gz S5 and
fe Nsg =g Nhe =0¢..

Remark 3.3. I fE and G are fuzzy soft separated sets, then fE and G are fuzzy soft weakly separated sets.

Proof. Let fE and g be fuzzy soft separated sets. Then, there exist two non-null fuzzy soft open sets hE and 5g such
that fz = hg, gz S 5¢ and fo Msg =g Mh. = 0.. Therefore, fz @ 5z and gg g hg. By Theorem 3.1, f¢

and g are fuzzy soft weakly separated sets.

Remark 3.4. if fE and gz are fuzzy soft weakly separated, then they may not be fuzzy soft separated. In fact, fA and
44 defined in Example 3.1 are fuzzy soft weakly separated, but they are not fuzzy soft separated.

Remark 3.5. The notions of fuzzy soft separated sets and fuzzy soft {Z-separeted sets are independent of each other
as shown by the following examples.

Example3.2. LetX = {a, b} E = {€} and

7={1, 0. h. ={(e{a,:H}.5c ={(ebys N} he Osc} be a fuzzy soft topology on X. i
fe={(e.{ag1})}and gg = {(e.{by1})]}, then there exist two non-null fuzzy soft open sets fig and Sg such that
fe She, gz < 55 and fe F’\SE =0: F’\hE = 0. So, f= and gg are fuzzy soft separated sets. But fz and

Hg are not fuzzy soft {J-separated sets since, | (fo)=h. Os,_ and Fcl(f.) A O # 6E )
Example 3.3. Let X = {a, b} E = {e}and

7 ={L,0:, he ={(e.{a,, b, 1)}, 5c ={(e.{a1, b} he OsJbe a fuzzy soft topology on X. i
fe={le{ag: N} and gz ={(e.{by-D} then fz and gz are fuzzy soft @-separated sets. But
fE A Sg # 0E and O A hE = OE_ So, fE and Jg are not fuzzy soft separated sets.

Definition 3.3. Let fz € FS55(X)z The support of fg(€), denoted by S(fz(€)), is the set,

S(fe(e)) ={x € X; fz(e)(x) = 0},
Definition 3.4. Two fuzzy soft sets fr and g are said to be quasi-coincident with respect to fz if
B (x) + pg (x) = 1forevery x € 5(f=(e)).
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Definition 3.5. Two non-null fuzzy soft sets fz and gz are said to be fuzzy soft strongly separated in a fuzzy soft
topological space (X, T,E) if there exist hg and S5 €T such that fz SEhg, gz S s,
fE A Sg = 0¢ A hE = OE, JI'C'Eand hE are fuzzy soft quasi-coincident with respect to fE, and gz and 5g are

fuzzy soft quasi-coincident with respect to .

Remark 3.6. If fE and Jg are fuzzy soft strongly separated, then fE and Jg are fuzzy soft separated and fuzzy soft
weakly separated.
Proof. The result follows from Definitions 3.5, 3.2 and Remark 3.3.

Remark 3.7. It fE and gg are fuzzy soft separated, then they may not be fuzzy soft strongly separated as shown by
the following example.

Example 3.4. Let X = {a, b}, E ={e,,e,}, A={e,}, B={e,) S F and 7= {1z, 0z, {(ey, {ays,
byo3)} {(ea, {ap2, Boal)} {(e1, {@pa. boa}) (e2, {ap2. bp2})}} be a fuzzy soft topology on X. Let

fa={(eq {ag1P)}and gg = {(e1, {by2})]}. Then, £ and gz are fuzzy soft separated sets, but f,4 and g5 are not
fuzzy soft strongly separated.

Remark 3.8. The notions of fuzzy soft {J-separated and fuzzy soft strongly separated are independent to each others
as shown by the following examples:

Example 3.5. Let X = {a, b}, E={ey,e;}, A={ey}, B={e;} S E and 7= {1z, 0z, {(ey, {10,
bo21)}. {2 {8g2. Bo7})} {(e1 {807, Boz}) (€2 {@g2, Bas})}} be a fuzzy soft topology on X. Let
fA = {(ei, {au.s})} and gg = {(eg, {%,4}) } Then, fA and g5 are fuzzy soft strongly separated sets, but fA and
Og are not fuzzy soft {J-separated.

Example 3.6. Let X = {a, b}, E = {ey.e,}, A ={e;}, B={e,} S Eandt = {1;, 0;, {(e1. {ays b2},
(€2, {ay, b1} {(e1. {ay, b1}). (22 {a0.4.bps})) {(1 {@03. bo2}). (€2 {801 Bp.s})]} be a fuzzy soft

topology on X Let f; = {(e4, {521} and g5 = {(5, {by3})). Then, f4 and g5 are fuzzy soft @-separated sets,
but f, 4 and gz are not fuzzy soft strongly separated.

Remark 3.9. In fuzzy soft topological space (X,T,E) the relationship between different notions of fuzzy soft
separated sets can be discribed by the following diagram.

fuzzy soft strongly separated
U
fuzzy soft separated
U
fuzzy soft Q — separated = fuzzy soft weakly separated
Theorem 3.2. Let fE and dg be fuzzy soft (J-separated (respectively, separated, strongly separated, weakly

separated) sets in X and g S fz, 55 S gz. Then, hg and Sz are fuzzy soft @-separated (respectively, separated,
strongly separated, weakly separated) sets in X .

Proof. As a sample, we will prove the case fuzzy soft {J-sepaeated. Let fE and §g be fuzzy soft (-separated sets in X.

then,  Fcl(f)Age = fc AFcl(ge)=0.. since hgSfp and 5z Sgg  then
Fcl (hE) ﬁ SE = hE F\ Fcl (SE) = OE. Therefore, hE and S are fuzzy soft (J-separated sets in X.
|

Theorem 3.3. Let (X, T, E) be a fuzzy soft topological space and fz, g € FS5(X)g. Then, fz and gg are fuzzy
soft @-separated in X if there are fuzzy soft closed sets hg and Sg such that fr & hg, gz & 5z, and

f.As. =g. ~h. =0,

Proof. Let fz and gz be fuzzy soft @-separated in X. Then Fcl(fE)F\gE = fE FﬂFCl(gE):aE. Taking
hg = Fel(fg) and sz = Fel(gg). Therefore, iz and Sg are fuzzy soft closed sets in X such that fz < hg,
gz Ssg,and f_ As, =g, nh. =0.. u
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Theorem 3.4. Let (X, T, E) be a fuzzy soft topological space and g5 < fz € FSS(X)g . Two fuzzy soft sets hg

and 5g are fuzzy soft separated (respectively, - sepaeated, strongly separated) in [gE, .  E ] if and only if hE, S be

g
fuzzy soft separated ({Z- sepaeated, strongly separated, respectively) in (fE, Tff , E-':].

Proof. As a sample, we will prove the case fuzzy soft {J- sepaeated. Let hE and 5S¢ be fuzzy soft (- sepaeated in (gE,
Tgee E). Then Fcl, (he) s =he AFcl,_(sg)=0.-  Since g S fz,  then
Fcl, (he) =Fcl_(he) N ge and Fcl,_(se) =Fcl;_(sg) N Qe Therefore,

FCIfE (h.) Asg =he A FCIfE (sp) = 65' Hence, hz and 55 are fuzzy soft @- sepaeated in ( fz, Tpp E).

Conversely, Let hgy and Sg be fuzzy soft @- sepaeated in (f, T E). Then
Fcl,_(hg) nsg =h. AFel, (sg) =0 Therefore, (Fcl;_(hg)ge)mse
—he A(Fcl,_(s:) A ge) =0, - And so, Fel_(h.) s =h, AFcl,_(s.) =0, Hence, hz and s
are fuzzy soft Q- sepaeated in (gg, T, E). [

Theorem 3.5. Let (X, T, E') be a fuzzy soft topological space and g < fz € FS5(X)g . If hg and 55 are fuzzy

soft weakly separated sets in (fE, Teg E], then -IIE and 5g are fuzzy soft weakly separated in (gE, Tap E].

Proof. Let iz and Sg be fuzzy soft weakly separated sets in (fz, T, , E). Then F'Clrff(hgj q 5z and bz g
F’firﬂ, (sg). sSince gg € fg, then FCIng (hg) = FCITfE (hz) A Je < FCLfE (hz) and
FC'TQE (SE) = |:C|TfE (SE) A O c FclrfE[SE]. Therefore, F’clr_gE (hg) @ sg and hy g FclrgE (sg).
Thus, hE and Sg be fuzzy soft weakly separated sets in [ 9z, T, g E ]
| |

Remark 3.10. The converse of Theorem 3.5 is not true in general as shown by the following example:

Example 3.7. Let X = {a, b}, E ={e,, e,}, A={e;} S E and 7, = {1z, 0:) be the fuzzy soft indiscrete

topology on X. If by = {(e4, {@p, bo2})} and 54 = {(e4, {ag1, boa})} E fz = {(e1, {ap4, bz}, (e,
{ﬂ-glg, bgli}) } Then hA and 5g are fuzzy soft weakly separated sets in [fE, Tege f-':] but -ILA and 54 are not fuzzy soft

weakly separated sets in [X; T,E ]

4 FUZZzY SOFT CONNECTED SETS IN FUZZY SOFT TOPOLOGICAL SPACES

In this section, we introduce different notions of connectedness of fuzzy soft sets and study the relation between these
notions. Also, we will investegate the characterizations of the fuzzy soft connected sets..

Definition 4.1. A fuzzy soft set fz in a fuzzy soft topological space (X, T, E) is called F5Cy; -disconnected set if
there exist two non-null fuzzy soft {J -sepaeated sets hg and Sg in X such that fE = hE v Se- Otherwise, fE is
called F5C,; -connected set.

Definition 4.2. A fuzzy soft set fz in a fuzzy soft topological space (X, T, E) is called F5C5 -disconnected set if
there exist two non-null fuzzy soft weakly-sepaeated sets hE and Sg in X such that fE = hE C) SE. Otherwise, fE is
called F5C¢ -connected set.

Definition 4.3. A fuzzy soft set fg in a fuzzy soft topological space (X,T,E) is called F50 -disconnected
(respectively, F.¥ Uq -disconnected) set if there exist two non-null fuzzy soft sepaeated (respectively, strongly separated)
sets hg and 5g in X such that fo =he U Sg - Otherwise, fe is called F5O -connected (respectively, F50, -

connected) set.

Definition 4.4. A fuzzy soft set fz in a fuzzy soft topological space (X, T, E} is called F5C5 -connected setin X if
there does not exist any non-null proper fuzzy soft clopen set in (fE, TfE‘ f-':]. Note that, this kind of fuzzy soft
connectedness was studied by Mahanta [11].

In the above definitions, if we take 1g instead of fz, then the fuzzy soft topological space (X, T, E) is called FSC),-
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connected (respectively, F5Cs -connected, F'5 0 -connected, F50_ -connected, F'5C; -connected) space.

Theorem 4.1. Let (X, T, E') be a fuzzy soft topological space, fz € FS5(X)z. If fz is a F5Cs -connected set in X,
then fz is a F5C,y -connected.

Proof. Let fz be a FSC; -connected set in X. Suppose fz is a FSCy; -disconnected. Then, there exist two non-null
fuzzy soft @ -sepaeated sets hz and 5g in X such that fE = hE ) Sg - By Remark 3.1, hg and Sz are non-null fuzzy
soft weakly-sepaeated sets in X such that fE = hE ) Sg - Therefore, fz is a FSCs -disconnected set in X. This a
contraduction. Hence, Iz is a F5C,; -connected.

Remark 4.1. If fz is a FSCy; -connected, then it may not be a F.5C< -connected as shown by the following example.

Example 4.1. Let X = {a, b}, E = {eq,e;}, A={e;} S E 7= {isn ﬁs, {(e1, {aga, bp2al), (82 {ags,
bu.ﬂ }] ]-} be a fuzzy soft topology on X and fA = {[El, Eau.b bull}] } Then, there exist hA = {[El, {ﬂ'l}.l}]} and
r {(eir{bﬁli}j} such that Fﬁ'l[:hﬂj q 5., hA q FCL(SAJ, fA = hA C)SA. So, fA is not a F'5C; -connected.

But f4 is a F5C,; -connected.

Theorem 4.2. Let (X, T, E') be a fuzzy soft topological space, fz € F55(X)g. If fz isa F5Cy -connected setin X,
then fg is a F5Cs -connected.

Proof. Let fz be a F5C; -connected set in X. Suppose fz is a FSCs -disconnected. Then, there exist two non-null
fuzzy soft weakly -sepaeated sets Fig and Sz in X such that fo =h: U Sg - By Theorem 3.1, there exist two fuzzy

soft open sets gg and Ug such that by S g, 55 S Ug, hp g Ug, and 55 @ Fg. Then, fE C 0: C)uE.

Also, fE F\gE + OE. For, if fE ﬁgE = OE, then fE A hE = OE so that hg = ﬁE (since fE = hE QSE

implies iz S fz), which contradicts that #iz is a non-null. Similarly, fE A Ug # OE.

Aiso, g MU c(f) For, it g AU & (fL)S then there exist x€X, eEE such that
/JSEF\uE (X) >1— ,u‘]fE (x). This means p:;E (x) + ,uj'!f (x)=1 and p:;E (x) + ,u,j'!f (x) = 1. Since
fo = hgdsg, then u,(x) 48, () > 1 o M () +uS()>1 and p, (1) +ul, () >1 o
,I.L;E (x) + ,I.L;E (x) = 1. Hence, (hg g Uz or S g Ug) and (5S¢ § G or g G Mg)- This is a contradiction. So, f is
a F5C; -connected. u

Remark 4.2. If f, is a F5C; -connected, then it may not be a F'SC; -connected as shown by the following example.

Example 4.2. LetX = {a,b}, E = {e,e,}, A ={e,} S E, 7 = {1;, 0g, {(ey, {207, bosD} {(e1. {(202,
bg.lg }:] }} be a fuzzy soft topology on X and fA = {(Ei, {aﬂ.‘}, bg,4}j } Then, there exist two fuzzy soft open sets
ha = {(e1, {ag7, bos})} and Sa =£_(E1, {(ag2. _ boa})} such
that f, = h, Os,,h, ns, < (f,)° f,mh,#0cand f, As, # 0..So, faisnotaFSC,

-connected. If we take g4 = {(€1.{ags})} and 1y = {(ey, {bps})}. then Fel(g,) q uy and Fel(uy) q g4.
Therefore, 44 and 1t4 are not fuzzy soft weakly separated sets. Hence, fA is a F5C¢ -connected.

Theorem 4.3. Let (X, T, E') be a fuzzy soft topological space, fz € FSS(X)z. If fz is a F5Cs -connected setin X,
then fg is a F5C, -connected.

Proof. Let fz be a F5Cz -connected set in X. Suppose fz is a F5C; -disconnected. Then, there exist iz and 55 € T
such that f_ ch.Os., fonhoNsg =0g, feh, 20, and  fo NS #0g.  Then,
fe =0 UUg where g = fo Nh. cheandug = fo As. s

Since fE FﬂhE FﬂSE = OE and gz S hg, then fE A Oe F\SE = OE. Also, since g = fz, then

O P Sg = OE. Therefore, g § Sg. Similarly, Uz g hg. Hence, fz is not a FSCs -connected. This complete the
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proof. |

Theorem 4.4. Let (X, T, E') be a fuzzy soft topological space, fz € FS5(X)z. If fz is a F5Cs -connected set in X,

then fg is a F5C5 -connected.

Proof. Let fz be a FSC; -connected set in X. Suppose fg is a F5C5 -disconnected. Then, there exist two fuzzy soft
open sets hg and Sg such that f. che C)SE,hE ﬁSE c(fe)’ he & (o) and s. & (fg)°. Then
fo =gz Oug where g, = fo mho < hg and u. = fo As. < s Letvg and jz € FSS(X)g
defined by:

e H e > e
ﬂi (X) — /’lgE (X) If ll’lhE (X) - /’lsE (X)’
£ 0 otherwise
. ° (X it g (X)> 1 (X),
,LIJE(X): /LlE() /LlE() /LlhE(-)
0 otherwise

Then fE =g O jE.

Now, pg (x) #0. For, pg (x) =0. since hy z (fz)°, then there exist x € X, € €E such that
Mg (20) + pF, (x) = 1. Then py (x) = pg, (). For, py (%) < pg, (x) implies ug, (x) + pf, (x) > 1 and
hence /Llf?EF\sE (x) > 1—IU$E (X) this is a contradiction with h_ A s = (f2)°. so, ,LL:.E (x) # 0.
Similarly, ‘ujf (x) # 0.

Also, Vg S gg S hg and jg S ug S 5c. Now, Ug § Sg. For, if Vg g 5g, then there exist X € X, & € E such that
po () +pZ (x) > 1 and hence g7 _(x) > 0. This means Hae () = pi (x) and so pf (%) = pg, (%),
H H g g e e - . . .
implying 47 (x) + [ (x) =1 and thus My =, (%) >1_/ufE (X) which is a contradiction with
he P Sg = (fE)C. Similarly, fz § Fg. Thus, Vg and jg are fuzzy soft weakly separated and fE = U O jE. So,
f= is not a F5C; -connected. This a contradiction. Then fz is a F5Cjy -connected. u

Remark 4.3. If fz is a FSC5-connected (respectively, C5-connected) set, then it may not be a F5C -connected as
shown by the following example.

Example 4.3. Let X = {a,b}, E = {e,,e,}, A={e,} S E, v = {1, 0z, {(ey, {az, b2))}, {(e1, {az,
bi})} fley, {r:r:;, bﬁ})} fley, {a:g, bg}:] 11 be a fuzzy soft topology on X and f; = {(e;, {ai’bi}j 1. Then f4 is a

FSC, -connected ( respectively, F5C3 -connected) set. But f; is not a F5C: -connected as there exist
h, = {[el,{b'é}j} and 5, = {(el,{a'é}]} fuzzy soft weakly separated sets such that f, =h, O S,

Theorem 4.5. Let (X, T, E') be a fuzzy soft topological space, fz € FSS(X)z. If fz is a F5C; -connected set in X,
then fz is a F5C;; -connected.

Proof. Let fz be a F5C5 -connected set in X. Suppose fz is a FSC,y; -disconnected. There exist non-null fuzzy soft
@-separated sets iz and S5z in X such that fo =hg O Sg-letgg = [Fel(hg)]® and ug = [Fel(s)]°. Then

Y and Uz are non-null fuzzy soft open sets.

Now, g A = [Fel(he)I° ALFCl(s)]° =[Fel(hy)* STFcl(s )T’

=[Fcl(hg Osg)]" = ()"

Aiso, g. & (f)S. For, it gz SfF, then fz € gg = Fcl(hg) which whould imply Sg = 0z (since
Fcl(h.) A s, = O)- Thisis a contradiction. Similarly, u_ & ( f.)°-

Therefore, fz is a F5C5 -disconnected. So, fz is a F5Cyy -connected. L
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Remark 4.4. If fz is a F5Cy; -connected, then it may not be a F5C5 -connected as shown by the following example.

Example 4.4. Let X = {a,b} E ={ey,e;} A={e,} S E 1= {iE, ﬁE, fley, {ages baaD ) {(ey, {ay.,

by 71} (81, {age, bo71)} {(21, {802, Bo2})}} be a fuzzy soft topology on X and fy = {(e4.{agz: bo7})}.
Then there exist non-null fuzzy soft open sets h_q = {[El, {Gtc..:, bu.lg }]} and 54 = {(6’1, {ﬂ-ulg, bﬂ..;r}]} such that

f,=h, QSA! ha aSA = (f)° hyz(f)° and s, & (fA)C- So, fa is not a F5Cy -
connected. However, f4 is a F5C,, -connected.

Theorem 4.6. Let (X, T, E) be a fuzzy soft topological space. A fuzzy soft set fz in X is a F5C;-connected if and
only if fz is a F50 -connected.

Proof. Let fz be a FSC; -connected set in X. Suppose fz is not a FSO -connected. Then there exist non-null fuzzy
soft separated sets hE and 5g in X such that fE = hE O Sg - By Theorem 3.1 and Remark 3.3, there exist two non-

null fuzzy soft open sets gz and Ug such that i € gg, 5g S Ug, and Oc A Sg =Ug A hE = aE. Then,
fE < Oe C'JUE'

Now, f. A g DU =(h. NS )N ge NUe =(he A ge AU ) D(Se Nge NU) = 0O and
fE A Je = (hE QSE) A O = (hE A gE) Q(SE 2 gE) = hE 7 aE' Similarly, fE HUE a 6E
So, fz is nota F5C; -connected which is a contradiction.

Conversely, let fz be a F5O -connected. Suppose fz is not a F5C; -connected. There exist two non-null fuzzy soft
open sets gg, Ug such that f. = g, OU., f. Ag. AU, =0, f. Au. =0, and f, Ag, =0,
Hence, fE = hE uSE where he = f. A 0. < ggand s. = f¢ muE CUg- Also,
Oc F\SE =0; F\(fE F\UE):GE. Similarly, Q¢ F\UE :6E. So, fg is not a F5O -connected and this
complete the proof. u

Theorem 4.7. Let (X, T, E') be a fuzzy soft topological space, fz € F55(X)g. If fz isa F5C, -connected setin X,
then fz is a F50, -connected.

Proof. Let fz be a FSCy -connected set in X. Suppose fz is a FS0, -disconnected. Then there exist non-null fuzzy
soft strongly separated sets hE, 5z in X such that fE = hE ElSE.

So, there exist two non-rljll fuzzy soft open sets g and Ug such that hg & gg, s5g S ug,
Oc ) Sg = Ug ) hE = OE, hE and 4 quasi-coincident with respect to hE, and 5z and g quasi-coincident
with respect to Sg. Then, for every X € S(hz(e)) we have By (%) + pg_(x) =1 and for every X € S(sg(e))
we have[.&if[x] +,I.L1E[x] =1 Then, f_ =g Dug-Also, fo Mgy mug =0,

Again, pg (x) +p7 (x) = pp (x) + pg, (x) = 1 for every X € S(hg(€)). Therefore, gz & f=. Similarly,
ugy & fg. Thus, fz is not a F5C, -connected. This is a contradiction. So, fz is a F50, -connected.
u

Remark 4.5. If fz isa F50, -connected, then it may not be a F'5C -connected as shown by the following example.

Example 4.5. Let X = {a,b,c}, E ={e,e;}, A={e;} S EandT = {1z 0z, {(e4, {203 {(ey, (o5,
coet)) {(e1, {@o7, boy Coe})l} be a fuzzy soft topology on X. Let fu = {(€1.{8pe boa:Coa})} and
ga ={(ep{ag; D)}, wa={(ey, {bo7 coeh)} €T Then, f,cg,Ou,. f,Ag,nu, =0
Ga L fianduy Z fi. So, fa isnota FSCy -connected. However, fy is a FSO, -connected.

Remark 4.6. IffA is a F5Cyy -connected, then it may not be a FSUq -connected as shown by the following example.

Example 4.6. Let X = {a,b,c}, E = {ey,e;}, A ={e;} S EandT = {isl ﬁsl {(eq, {apel)}, {(eq, {Bos,
casp) ) {(81, {20z, bos, Cos))}} be a fuzzy soft topology on X. Let f3 = {(1.{@p.¢: by.7: €pa})]. Then there
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exist two non-null fuzzy soft strongly separated -IIA = {(el, {au.a}]} and 54 = {(6’1, {bu.?- CI}.B}]} such that
fA = hA O S,- So, faisnota F'SUq-connected. However, f4 is a F5Cyy -connected as Fcl (SA) A hA #= O

andalso Fcl(h,) A Sp # 6E-

Remark 4.7. If f; is a FSC; -connected, then it may not be a F'SC,; -connected as shown by the following example.

Example 4.7. Let X = {a, b}, E={e;} and 7= {1g, O, {(ey, {az,b,P}. {(e1 {ay,b:}} {(es

fas,b11)}) be a fuzzy soft topology on X. Let fz = {(&y, {az,bz])}. Then f; can be expresed as a Znion of two

nor?-nuTI fuzzy soft @ -separated sets hy = {(&4, {az]})} and S; = {(eq, {bz1)). So, fz is not a F5Cyy-connected.
z E

sa FSC, : - .
However, fz is a ;-connected as if we take g, = {(el’{ay b })} and ug = {(ey, {a,, b;}j} £ 1, then
3

fe € g Jugbut fo Age AU = O,

Remark 4.8. if f; is a F50, -connected, then it may not be a F'5C}; -connected as shown by the following
example.
Example 4.8. Let X ={a,b}, E={ee;}, A={e;}SE and 7= {1z 0z {(ey {apD} {(es,

{bo.a})} {(eg {a0.: b1 1)} ({21, {ay, bos D}, ({81, {@0.as Bp.a}) ) {(4, {@1, B11) 1] be a fuzzy soft topology on
X Let fA = {(Ei, {rxﬂ.‘;, 55,4}:] } Then there exist two non-null fuzzy soft { -separated sets hA = {(Ei, {ﬂ-g..q,}j} and
5, =1{(eq, {by2})} such that f,=h, O S, So, fa is not a F5C,;-connected. However, f; is a F50, -

connected as hA and 54 are not fuzzy soft strongly separated.

Remark 4.9. If f4 is a F5Cz-connected set, then it may not be a F5O -connected (respectively, F50, -connected,

F5C,-connected for i = 1,2,3,4,5 M) set. In fact, f; defined in Example 4.6 (or 4.7) is a F5C -connected, but it is a
not a F'50, -connected set and not a F'5 (' -connected set. Therefore, it is not a F'50 -connected set and not a F.5C';-
connected setfor i = 1,2,3,4, 5.

Remark 4.10. If f,; is a F5O -connected (respectively, F50, -connected, F5C; -connected for { = 1,2,3,4, 5, M)

set, it may not be a a F'5C-connected as shown by the following example.

Example 4.9. Let X ={a,b}, E={e;,e,}, A={e;}JSE and 7= {15 0z {(ey {ap3})} {(es.
{ape-Bas})}} be a fuzzy soft topology on X. Let fi = {(e1.{by7})}. Then f; is a FSC;-connected for

i=1,234,5M But since {(21,{bzs}H 1} is a non-null proper clopen fuzzy soft set in f4. So, f4 is not a F5C--
connected.

Remark 4.11. In a fuzzy soft topological space (X, T, E’). The classes of F50 -connected, F50, -connected, and
F5C; -connected sets for L = 1,2,3,4, 5 M can be discribed by the following diagram.

FSc,

l
S FSCs ™,

FSCs FSCs +«— FSO
! N e
FSC FSCy
1
FSO,

We observe that, if a fuzzy soft point X7 is FSC;-connected set (i = 2,3) hence F.SC,-connected, but not necessarily
F5 Cl-connected which is a departure from general topology where points are connected sets.
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Example 4.10. Let X = {a, b}, E = {e,,e,} v = {1, 0:, {(e,, {ﬂri bg}]}, {(eq, {ﬂz. bg}]}, {(ey, {ﬂgv

8y

b2}, {(e4, {az, b11)1]. Here, the fuzzy soft point = {(ey, {az})}is not a FSCy-connected

5
Moreover, we observe that the null-fuzzy soft set O is FSCy-connected and hence FSC;-connected (i = 2,3,4).
Theorem 4.8. Let (X, 7, E) and (¥, &, K') be a fuzzy soft topological spaces and fp,,: (X, T, E) = (¥, 5, K) be
fuzzy soft bijective continuos mapping. If gz is a F'5 C;-connected (respectively, F50 -connected, F'50 -connected) set
in X fori =5,5,M, then f,,(g5) is a FSC;-connected (respectively, F50 -connected, F50,-connected) set in ¥
fort = 5,5, M.

Proof. As a sample, we will prove the case i = 5. Let g5 be a F5Cs-connected set in X. Suppose, f,,,(g5) is nota
FS5 Cs-connected setin Y. Then, f,,, (@5 ) has a non-null proper clopen fuzzy soft subset ..

So, there exist 55 € @ and Uy € 0° such that h. = fpu(gB)F\sD = fpu(gB)FﬂuN. Since f;,u is a

bijective function, then fp_ul(hC) =dg M fp‘ul(sD) =g M fp‘ul(uN )-

Also, since 5p € @ and Uy € ¢ ° and f?m is a fuzzy soft continuos function, then };11 (sp) ETand f;,;l (uy) ET°
Hence, f;,;l(h,_-:] is a non-null proper clopen fuzzy soft subset of @z which is a contradiction. Therefore, J";,H(Q‘B:] is a
F5C:-connected setin ¥, u

Theorem 4.9. Let (X, T, E) and (¥, 0, K) be a fuzzy soft topological spaces and fp,,: (X, T, E) = (¥, 5, K) be
fuzzy soft open function such that p: E — K u:X — ¥ are bijetive mapping. If g5 is a F5C; -connected (respectively,
F50 -connected, F50 -connected) set in ¥ for £ =1,2,3,4,5,M,5, then Jﬂ,}l (gg) is a FSC; -connected
(respectively, F50 -connected, F50,-connected) setin X' fort = 1,2,3,4,5, M, 5.

Proof. As a sample, we will prove the case of F5{ -connected. Let g5 be a F50 -connected set in ¥. Suppose
f?,_ul (gg) is not a F5O -connected set in X. Then there exist two non-null fuzzy soft separated sets h- and 5p in X

such that fp_ul(gB) = hC O S, - Therefore, there exist two non-null fuzzy soft open sets U and Ji in X such that

he € uy, 55 € j; and he A iL=5p FﬂuN = 0. Since f,y is a surjective fuzzy soft function, then
71 _ -~ _ -~ . .

fu[fou(9s)]=0; andso g, = fpu[hC US,]= fpu(hC) U fpu(SD). Since fpy, is a fuzzy soft open

function, then fp, (Ux) and fuyu(Ji) are non-null fuzzy soft open sets in ¥ such that f, (he) S fru(Uy),

fou(5p) € fouUL). Since fou is a fuzzy soft injective function, then
fpu(hc)m fpu(JL): fpu(hC mJL):OK and fpu(SD)m fpu(SD)=OK' It follows that gB Is a
F50-disconnected set, which a contradiction. [ ]

Definition 4.6. Two non-null fuzzy soft sets f; and &5 are said to be intersecting if there exist * € X, & € E such
that Miﬂ{f_q [x] [:E':],Q‘B (x:] (E]} =0 IffA and gg are non-intersecting, then fA and gg are said to be disjoint.

Theorem 4.10. If f; and g5 are intersecting F5Cy-connected (respectively, F5C,-connected, F50-connected,
F5Cs-connected, FS5Cy-connected, FSO, -connected ) sets in X, then f, O g, is a F5C;-connected
(respectively, 5 Cy-connected, F'50-connected, F.5 Cs-connected, F'5 Cyy-connected, F5 0 ;-connected ) set in X,

Proof. The cases of FSCy-connected and F.5C;-connected sets previously proved (see Theorem 3.22, 3.23 and 3.24

in [91). As a sample we will prove the case of F.5Cy;-connected sets. Let f; and g5 be intersecting F'S € -connected
setsin X. Suppose f, g g is a F5Cyy -disconnected set. Then, there exist two non-null fuzzy soft @ -separated sets

h- and 55 in X such that f.Og, = he O's, - Therefore, f, Fﬂhc, f, FﬂsD, Js Fﬂhcand
Os F\SD are non-null fuzzy soft ! -separated sets in X as subsets of h,_— and Sp. Since
fA =(fA F\hc) Q(fA F%SD) and g, = (93 F\hC)CJ(gB HSD), then fA and g5 are F5C,; -

disconnected which is a contradiction. [ |
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Theorem 4.11. Let {(f4);;t € J } be a family of a F5C;-connected (respectively, F5C, -connected, F50 -
connected, F5Cg -connected, F5Cy; -connected, F50, -connected ) sets in X such that for I, J € J; I # ] the fuzzy

soft sets (f4); and (fA]}- are intersecting. Then, fA — u(fA)_ is a F5C4-connected (respectively, F5C; -
1
ied

connected, F50 -connected, F5 Cg -connected, F5Cy -connected, F50,, -connected ) set in X

Proof. Let {(f4);; € J } be a family of a F5C;-connected sets in X. Suppose that f is not a F'SC;-connected set
in X. Then, there exist two fuzzy soft open sets h. and Sy in X such that fA - hc O S, and

-~ (o]
h. Ns, < f, -
i i ~ = c
Now, let (fA:]E-= be any fuzzy soft set of the given family. Then, (fA)iO ch. Us, and hC NSy < (fA)iO . But,
(fa):; is a FSCjconnected set. Hence, (fA)iO ﬁhc =0, or (fA)iO HSD =0.- Now if
(fA)iO ﬁhc = 0 . we can prove that ( f,), ﬁhc = 0 foreach i €] — fi.}and so f, ﬁhc =0,
This complete the proof. u

Corollary 4.1. 1 {(f4) i € J } is a family of a FSC;-connected (respectively, F.5C; -connected, F'50 -connected,
F5Cs -connected, F5C) -connected, F50, -connected) in X and A(FL), = 6 , then (L), isa F5C;-
icg v A E ica s A

connected (respectively, F'5 C5-connected, F50 -connected, F'5Cs -connected, F'5Cyy -connected, F50U, -connected)
setin X.

Proof. Straightforward in view of Theorem 4.10.The following example shows that Theorem 4.10 fails for F5C5 -
connected (respectively, F5C; -connected) spaces.

Example 4.11. Let X = {a,b}, E = {e,,e,}, A ={e,} S Eand T = {1, 0¢, {(ey, {as, b=1)}, {(e4, {a=,
ba})). {(ex, {az, b2))), {(en, {as, bs})}) be a fuzzy soft topology on X. Let £y = {(es, {as, bz})} and g
=5{(El, {az, b-j-]}. 5Here, f,N SA ; 65 and f4 and g4 are F5C5-connected sets in X, but sz SCJ g , is not
F5C, -conngecteZ setin X.

Example 4.12. Let X = {a,b}, E = {ey,e;} and T = {1, Og, {(e4, {az, b2})}, {(e2, {az, b=])]}, {(ey, {a:,
b2)), (ea, {az, bs})}]) be a fuzzy soft topology on X. Let fz = {(e1, {as}), (&5, {az})] and g5 = {(ey, {as.
b;}], (e, {b;}j}% Here, f_ ~ g, = O. and fz and gg are F5C4-c0;nected sets n Xoou f_Og s ot
F?‘:"Cti -connecied setin X.

Theorem 4.12. If f; and &5 are quasi-coincident F'SC5-connected (respectively, F.SC,-connected) sets in X,
then f, O ggisa F5C5-connected (respectively, F5C-connected) setin X.

Proof. As a sample, we will prove the case F'SC3-connected. Let f; and g be quasi-coincident F5C3-connected sets
in X. Suppose there exist two non-null fuzzy soft open sets h(_‘ and Sg in X such that

—~ -~ g —~ c
fAunghC USDand hC ﬁSD g(fAugB) 1 (1)
Therefore, fA c hc QSD, hC HSD c fAC, Js = hC QSD and hC ﬁsD - gBC. Since f4 and gg are
F5Cq-connected, then (R E ff orsp S ff)and (he © g5 or5p © g5).
Moreover, since fA and @z are quasi-coincident, there exist X € X, & € E such that

By, (x) = 1—pg (%) ) )
Now, consider the following cases:
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Case |. Suppose -IL,_- c j":f Then by (2) we have,
iy (x) < pg (%) 3) (3)

We claim that, S & gg. For if not, then

pe, (x) =1 — pg (%) < pg, (%) ) “)

Now by (3) and (4), we have ﬂﬁc s (xX) < /U?AQQB (X) which implies f, O g < he W) S, this contradicts
(1). Hence, b= € gg. Therefore, h. < fAC ) gBC =(f, O gB)C.

Case II: Suppose, 5p = ,ﬂf Here, we can show as in Case | that hc o ch_ Therefore, 5p & gE.. Hence,
Sp S ]‘:AC A ch =(f, U gB)C. This complete the proof. [

Theorem 4.13. Let {(f4):;1 € ] } be a family of a F.5C5-connected (respectively, F'SC4-connected) sets in X such

that for £, j € J; £ & j the fuzzy soft sets (f3); and (f4); are quasi-coincident. Then f,=u(f,) isa F5C,-
1
ied
connected (respectively, F.5Cs-connected) set in X.

Proof. Let {(f4);; € J } be a family of a F.5C3-connected sets in X . Suppose there exist two fuzzy soft open sets f-
and 55 in X such that fA = hc O S, and hC A Sp < fAC. Let [fA:]E-= be any fuzzy soft set of the given

family. Then, (f,), < h. Osgand h ) Sp < (fA)iCO. since (f4);, is a F5Cz-connected set, we have
h. = (fA):; or Sp g(fA)%. Now, the result follows in view of the facts that (fs); S (hg)® then

(fa); € (h:)° for each i € J — {i.}, since (f4); and (f4); are are quasi-coincident F5Cg-connected sets, and
AJi,
he = [(“j( fA)io ]° = S Hence, f4 is a FSCy-connected. Similarly, if {(f4);;1 € J }is a family of a F5C,-
le

connected sets in X such that for i,j € J; i # ] the fuzzy soft sets (f4); and [fA]}- are quasi-coincident, then

f,= g (f,), is a F5C-connected set in X, This complete the proof.

u

Corollary 4.2. Let {(f4):it € ] } be a family of a F.SC3-connected (respectively, F.SC,-connected) sets in X and

X7 be a fuzzy soft point such that & = % and xZ = F?( fA)i . Then ,(f,), isa FS5Cq-connected (respectively,
Ie iel

F5Cy-connected) setin X.

Proof. Since XZ = F\( fA)i ,then xZ € (f,); for each i € J . Therefore, (f4); and (fa); are quasi-coincident
iel

fuzzy soft sets for each I, j € J. By Theorem 4.13, u(fL), is a F'S C5-connected (respectively, F'5Cs-connected) set
1
ied
inX.
Theorem 4.15. If f3 is a FSCz-connected (respectively, F5Cy-connected, FS0, -connected) set in X and
fa € g5 € Fcl(f), then g5 is also a FSCy-connected (respectively, F'S Cy-connected, FS0,, -connected) set in X

Proof. As a sample, we will prove the case of FSCE-connected set. Let hf and 5 be fuzzy soft open sets in X such
that g, < hc QSD’hC FﬂSD - gg. Then, nghc US, and hC F\SD - fAC. Since f; is a
F5Cq-connected set, we have 3 & (hs)° or f3 © (55)° But, it f5 & (h)° then Fel(f,) E (hs) and on the

other hand, if f3 S (5p)° then Fel(fy) S (5p5)°.  Therefore, g5 S Fel(fy) S (he)®  or
gg S Fel(fy) € (s55)°. Hence, gz is a F5C3-connected set in X,
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However, the above theorem fails in case of F5LC5 -connectedness (respectively, F5C5 -connectedness, F5(Cz -
connectedness, F.5Cs -connectedness, F5 -connectedness) which is a departure from general topology. The following
example will illustrate that the closure of a F5C5 -connected (respectively, F5C; -connected, F5 ¢ -connected, F5C; -
connected, F50 -connected) set need not be a F5C'y -connected (respectively, F5C5 -connected, F5C'c -connected,

F5C: -connected, F50 -connected). By the following examples we show that Theorem 4.9 and Remark 4.7 of [11] are
incorrect.

Example 4.13. Let X = {a, b}, E = {e,}, and T = {1z, O, {(eq, {a: D} {(e4, {bg}]}y {(ey, {ay, bg}j}} be

a fuzzy soft topology on X. Here, f = {(e;, fa,})}is a FSC; -connected (respectively, F5C; -connected, FSC; -
connected, F5C¢ -connected, F5O -connected) set, but Fcl(fz) = {(ey, {as, b21)}is not a FSCy -connected
g

(respectively, 55 -connected, F5C« -connected, F5C -connected, F50 -connected).
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