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Numerical method for evaluation triple integrals by using midpoint's rule
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ABSTRACT

In this paper, we derive method to find the values of the triple integrals numerically its integrands continuous but have
singularity in partial derivatives in the region of the integrals by using Midpoint's rule on the three dimensions x,y and z and
how to find the general form of the errors (correction terms) and we will improve the results by using Romberg
acceleraion [3],[6] from correction terms that we found it when the number of subintervals(l)that divided interval integral
on the exterior dimension z equal to twice the number of subintervals(n) on the interior dimension x and the number of

subintervals (m) on the middle dimension y ,that is mean ( h;= %hl ,h;y = hy ) when h; means the distances between the
ordinates on the x- axis, h, means the distances between the ordinates on the y- axis and h; means the distances

between the ordinates on the z-axis and we denote to this method by Mid 3(hl, h,,h;) and we can depend on it to
calculate the triple integrals because it gave high accuracy in results by few subintervals .
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1. INTRODUCTION

Many of scientists work in the single integrals like Fox.L, in 1967 [3] and Fox.L and Linda Hayes in 1970 [8] and
shanks.J.A in 1972 [9] . In 1973 every of HansShjar and Jacobsen highlighted on the double integral its integrands
continuous in the form f (X VY ) =f1(X )f2 (y) [4] and 1975 PhillipJ.Davis and Phillip Rabinowtiz studied the integrals
its integrands singularity but neglects the singularity[5] . in 2009 Dheyaa.A.M introduced four composition method its

RM (RS),RM (RM), RS(RM),RS (RS)[1] .in2014Salman[ 7],introduced derive rule to find values of triple

integrals, numerically its integrands have singular partial derivatives not on the end of the region of integration by using the
midpoint rule with the three direction x,yand zwhere that divided interval integral on the interior dimension x equal to the
number of the middle dimension y and to the exterior dimension z . In this paper we derive method to find values of the

triple integrals and a special case where hz= %hl , h;y = h, when h; means the distances between the ordinates on the x-
axis, h, means the distances between the ordinates on the y- axis and h; means the distances between the ordinates

on the z- axis and we denote to this method by Mid °(h,, h,, h,)

2. Triple Integrals With Continuous Integrands

gdb
Let | :Ijjf (x,y,z )dxdydz such that f (x,y,z) continuous integrand in every point of region of integrals

[a,b]x[c.d ]x[e,g].
In general we can write the integral | in the form:
gdb L o 2i -1
| =[[[f (x,y.z)xdydz =Mid®(hy,h,,h,)+E (h,h,,hy)=hh,h, > > > (x0+ S
) -4

k=1 j=1 i=1
L2 2k -1
Yo+ = Ly 2o+ oy ) +E (h,h, ) )

such that Mid ® (h,, h,, h,) is the numerical value of the integral by using the midpoint rule on the three dimensions X |,
y and Z and E (hl,hz,hs) is the series of correction terms that we can add to the value of Mid 3(h1,h2,h3) ,
b-a d-c —-e
h,=—=h, =2
n m
continuous integrands by using midpoint method is given by :-

E(h)=Ah®+Ah*+

h:

| by suppose | =2n,n =m . In the Single Integrals the correction terms for

.(2)

Fox[3]. Such that Al, A2 , ... constants depend on the derivatives of the function f on the ends of interval integral.

In special case we take h3:% hi , hy = h, then we can write the correction terms as the following :-
-3 2 4 6
E (h.,h,,hy)=1-Mid®(h,,h,,h;)=D,h* +D,h* +D,hS +... ©)

Where Dl,Dz,Ds,...are constants depend on the partial derivatives of (f) in the ends of the region of integrands
[a,b]x[c.d ]x[e,g].
3.Triple Integrals For Continuous Integrands With Singular Partial Derivatives

Zy Y Xp

let | =.|.J.J.f (x,y,z yixdydz =Mid°®(h,,h,,h;)+E (h,,h,,h,)

Zy Yo Xo
case (1):-supposethat a function f(x,y,z) is defined in every point of region of integrals

[X0 X ] X [yo Y ] X [Z 0124 ] but at least one of partial derivatives undefined inthe point (X 0 Y012 0)
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That is meaning Taylor's series for a function of triple variables( Sastry s.s [6 ]),exist in every point of region integral
except the point (XO, Yo.2 O) .
We can write triple integral | by the following :

1 Xra

I_IIIf (x,y, z)jxdydz_jjff (x,y,z )xdydz +IfZIf (x,y,z pxdydz

Zo Yo %o Zo Yo Xo gycrlx

]mz .[ .[f (x,y,z Jixdydz +Iiyj ij (x,y,z Jixdydz +ZTTTf (x,y,z yixdydz
7, 571y, x, 7o 571y, 1=l x, =1z, ye %
+|lez.|. fij (x,y,z yixdydz +Zl:].lm2i I If (x,y,z yixdydz +2J.yf]f (x,y,z yxdydz ...
t=1 5, y, T x, t=1 5 sy x, 2, Y, %

2].with respect to the first integral in partial region |X, ,X , Z.,Z, | we use Taylor's series of
0 1 yO y 0 1

f (x,y,z )aboutthe point (X,,Y,,Z,) ,we obtain :-

(X _Xl)z D2+(y _yi)z D2+(Z —1 1)2 D?

f(x,y,z)=[1+(x—xl)DX+(y—yl)Dy+(z -z,)D, + > ' » 1 b S+

3 3
X —X -y
(X _Xl)(y_yl)Dny+(X _Xl)(z _Zl)DxDz+(y_y1)(Z _Zl)DyDz+( 31 1) Dx3+(y 31 1) Dy3

+(Z —32' 1) Dza +(X —X 1)2(y -y 1) DXZDy +]f (X11y1’zl) (5)

Such that all partial derivatives of f (X Y.z )exist at the point (Xl, Y Zl) , by taking the triple integral for formula (4)

in the region [XO,Xl]X[yO, yl]x[ZO,Zl] we obtain :-

Zy Yy Xy 2 2 3
[ [t (x.y.2)dxdydz { h,h.h —hlgzhm _uhshy o huhh, D, hlzzhs Df+h1héh3 D’

2 '3 2 y 2

29 Yo Xo

hhh3 hzhzh hhh2 hhh2 hhh h,h;h

123D 123DD 123DD 123DD 123D3 123D3
6 4 o 4 4 24 24
hthh; 3 h1hZh3
D D D +..f (X, Y., ...(6
r T —p f(xyLz)) (6)
From (5) we obtain :-
h h h h? h? h?
f (x,+0.5h,,y,+0.5h,,z 0+O.5h3):[1—31DX—?2Dy—E3DZ+E1DX2 82D + g D+
h,h h,h h,h h2 h3 h3 h2h
12D, D, ++3D,D, +-22D,D, ——+D}--2D3- 3D 1 2D?D,
4 4 48 48 48 16

+o ] f (X3, Y1,20) )

From the forms (6) and (7) we have :-

A 1 1 1 h’h,h h,h’h
[ ] (x.y,z)dxdydz =hh,hf (x0+5h1,y0+5h2,zo+5h3j+[ oy 5D2 4 o :p?

Zo Yo Xo

hhh3 hhh hhh hhh4 h3h2h
1172773 D 172’73 D 1273 D 123 D Thil'ls D)(2Dy L f(X11y1121) (8
24 48 48 48 48
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With respect to the another seven integrals we note that its function continuous in every point of in its region integrals,so,
by using mid point rule on all dimensions we obtain :-

21 Y1 n1 Xra n-1
.[ J.Z I f (x,y,z Yxdydz =hh,n, > f (x, +0.5h,,y, +0.5h,,z,+0.5h,)+ah’ +a,h} +
r=1

259 L x,
ah? +a,h’ +ah; +ah, +......(9)
2 m_1 Ysa X

m-1
[ [t (x.y.2 )ixdydz =hh,h, > (x,+0.5h,,y, +05h,,2,+05h,)+b,n +b,h? +b,h? +
s=1

2, 51y, x,

b,h’ +b.h, +b.h +......(10)

Zim-1Ysa n-1 X m-1 n-
ji j i jf (x,y,z Yixdydz =h1h2hsiif (x, +0.5h,,y, +0.5h,,2, +0.5h, ) +ch? +c,h? +
z, s=1 ¥ r=1 X, s=1 r=1

2 4 4 4
c,h, ++c,h’ +c.h, +ch) +......(11)

1-1 Zea Y1 %4 n-1
> [ (x.y.z )ixdydz =hh,h, > (x,+0.5h,y,+05h,,z, +05h,)+d,h +dh} +d h;
t=1 7 yox, t=1
+d,h? +d,h? +d,h? +......(12)
1-1 Zta Y1 n-1 Xra 1-1 n-1
D2 [f(cy.z)xdydz =hhh Y Sf (x, +05h,,y,+05h,z, +05h,)+e,h/ +e,h’ 4e,h? +
t=1 2, ¥, r=1 X, t=1 =l

4 4 4
e, +e,h; +e,h; +.....(13)

11 2t m-1Ysa Xy 1-1 m-1

Y[ [ (xy 2 pxdydz =hhh, 3 3 f (x,+05h,y, +05h,,2, +05h,)+kh? +K,h +

t=l 7, s=l oy x, t=1 s=1

khZ +k,h' +k,h +k,h +....(14)

2y Y Xp 0 . - - a
.[j.J.f (X,y,ZﬂXdde :hlh2h3zzzf (Xl—}'%hpyl"'zj 1h2121+2k2 1h3j+W1h12+
2 ¥ % k=1 j=1 i=1

2 2 4 4 4
w,h, +w h, +w h’' +w_h, +w h; +.....(15)
Where as & ,b; ,C; ,d; ,e; ,K, , W, are constants forall i =1,2,....

By collect formulas (8),(9),(10),(11),(12),(13),(14),(15) we get

RPES Lo 2i -1 2j -1 2k -1
[ =j J' If (x,y,2 xixdydz =hh,h, > > ' (XO+_' hl,y0+1_h2,zo+_h3j
2o Yo X k=1 j=1 il 2 2 2
+ h13h2h3 D2 + hlh23h3 D2 + hlhzh: D2 _ h14h2h3 D3 _ h13h22h3 DZD _ h13hZh32 DZD _ hZAhth D3 _
24 g 24 y 24 ‘ 48 g 48 o 48 e 48 g
h;h12h3 2 * 2 *) 2 * 2 * 4 * 4 . 4
TDyDx +o |f (X, y,2,)+A R +AThI +AJhZ + AL +ACh) +Adhy + ...

...(16)
Where as Ai* constants depend only on partial derivatives of f forall i =1,2,...

In special case we take h3=% hi , hy = h;, then we can write (16) by the following :-
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Z; Y Xq .
I _.”jf X, Y,z Jixdydz _OShSZZZf ( y0+2]2_lhl,z0 M(OS)hj

2y Yo Xo k=1l j=1i=1
N 0.5h; D+ 0.5h; DZ (0.5)° h’ D’ - 05h16D3 05h16 DXZDy (0.5)° h1 DD, 05h15D3
24 24 24 48 48 48 48
05h16 .
18 D/D, +.. |f(x,,y,,z,)+B;h’+B;h; +B h; +B,h’+B_h, +B.h +. .(17)
Where as Ai*,Bi*constants depend only on partial derivatives of f forall I =1,2,...
case (2):-

Let f (X Y.z )defined in every point of region integral [XO,X n]><[yo, Yo ] [ZO, Z, ] and not have singularity but its
partial derivatives undefined at the point (Xn Y2, )that is meaning Taylor's series for a function of triple variables

exist in every point of points region integral except the point (Xn Y2, )

We can write the integral | as follows :

I _]yj.x_[f (x,y,z yxdydz _J. _f J.f (x,y,z yxdydz + Imz'[ ]f (x,y,z yxdydz
Zo Yo %o 24 Yo Xo 320, STEA x..,
+22:Ty_fnij (x,y,z Jxdydz +IZ_2:TT Tf (x,y,z Yxdydz +Z.rmzzyj.lnixff X,y .z Jixdy
tOZ Vo rOX t:OZ Yo Xna ZHS:Oy r:OX
+Z‘r mzzyj.]f (x,y,z yxdydz +.|. J.ZZ:J. (x,y,z Jxdydz +ZJL yj ]Ef (x,y,z pxdydz ...(18)
2,50 yo x., Z,, Y, "0 x, 1 N

[2] .with respect to the eighth integral in the partial region [X SR ] X [y O ] X [Z A ] we use Taylor's series to
f (x,y,z)about (X,,Yn.Z,)

2 2
f(x.y,z)=[1+(x=x ,)D, +(y -y ,.)D, +(z —zH)DZ+(X _)2(”‘1) Df+(y_ym‘1) D; +

2 8!
%D} +(X =X 4 )(Y =Y 0na)D,D, +(x =%, 4)(z -2,,)D,D, +WDS

+(y Zml) D;+(y Zml) DZ3+(X Xn1)2(y ym—l) D><2Dy+]f (Xn’ym’ I)

...(19)
By impose that all partial derivatives to f (X Y.z )exist at (XH, Yl I71) and by taking triple integral to the form
n-1 X ] [ym—l’ym]x[z|,lgz|] we get :-

Zy Ym X, 2 2
[ | Jf(x,y.z)dxdydz =[ hh,h,+ i 22h3 D, h1h22h3 D, + hh22h3 D,

Zi4 Ym-1 Xna

h’h,h h,h’h h,h,h} hZhZh hZhh? hhZh?

(18) in the region [X

123D 123D 123D 123DD+123DD+123DD
6 6 6 4 - 4 e 4 yo
hl h,h, h,hsh h,h,h; h’h’h
D} +—+22D’+ 22D +=222D/D, +..] f(x,,, Z ...(20) From (19)
24 24 24 2 ! JROGa Y0020 (20)
we get
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h h h h,h hh
f (x,-05h,y, —05h,,z, —0.5h3):[1+51DX +?2Dy +E3DZ +fDny +fDXDZ +

h,h h? h? h? h’h h’h h’h
243 D,D, +§le2 +€2Dy2 +ESDZZ ++—21LGZ D/D, +—i63 D/D, +—=2D/D, +
hZh h? h? h?
;__63Dx2DZ +4_18D: +4—28 N +4—38DZ3 o] X Y e 2y ..(21)
From the formulas (20),(21) we get
5y X, h’h,h h;h,h
I I Jf (x,y,z Yixdydz =hh,hf (x -05h,y, —05h,,,z, —0.5h,)+] 122 D+ 22; D+
214 Yma Xna
h:hth DZZ + h13h22h3 DXZDy ++ l3 32h2 DXZDZ + h23h32h1 D;DZ + h14hZh3 D: + h24h1h3 D; +
24 48 48 48 48 48
hihh
%Df o] X Y a2 y) .(22)

For the first seven integrals we note that the integrands continous in every point of region integrals ,so, (according to
midpoint rule ) we have:-

2y 4 Yma Xna 1-1 m-1 n-1 i - 8 1L 1
_[f (x,y,z Yxdydz =hh,h, > > >'f (x0+%hl,yo+2171hz, o+%h3)
Z, Yo %o k=1 j=1 i=1

+AhZ +A N +A N +A N +AN +Ah

..(23)
1-2 Zsam=2 Yssa Xn 1-2 m-2
ey [ X[ [ (xy.2)xdydz =hhh, 3" > F (x,,+05h,y, +0.5h,,z, +05h,)+B,h +
t=0 7, s=0 Vs Xna t=0 s=l
B,hZ +B,hy +B,h} +B,h, +B,h; +...
1-2Ztsa Ym n-2Xra n-21-2
25 | [ £ (x,y.2 ¥ixdydz =hjh,h;> > (x, +05h,,y, ,+05h,,z, +0.5h,)+
t=0 z, y., =0 x, t=0 r=0

C,h?+C,hZ+C,hZ+C,h'+C.h) +C.h) +...
1-2 Zeaa Y

(26) ) j ff (x,y,z yxdydz =h,

1=0 "z ey Xy

1-2
h,h, > f (x,,+0.5h,,y, ., +05h,,z, +0.5h,)+
t=0

D,hZ+D,h} +D;h} +D,h; +D.h, +D,h; +...

Ysia n—2 Xra

2 m-2 n-2
en [ 22 [ (x,y,z)xdy =hh,h, > > F (x, +05h,,y, +0.5h,,z, , +0.5h,)+
A r=0 X,

= s=0 r=0

I m—

N

N
n

G,h} +G,h! +G,h} +G,h/ +G.h, +Gh, +...
21 m=2Y¥sy Xn

m-2
..(28) I > J. J. f (x,y,z Jxdydz =hh,h, > f (x,,+0.5h,y, +0.5h,,z, , +0.5h, )+
s=0

Z)a s=0 Ys Xna

H,h2 +H,h2 +H hZ+H,h!+H.hS +Hh +..
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2L Ym n—2%ra

...(29)J. I > _[f (x,y,z Jdxdydz = hh,

23 Yo 70 X,

n-2
h,> f (x, +0.5h,,y, ,+0.5h,,z

r=0

.. +0.5h)+

S,h?+S,h? +S,h> +S,h! +S.h* +S.h! +...
whereas A, , B, ,C,,D, .G, ,H,,S;..

. constants depend on partial derivatives of function ffor all i =1, 2,....

When we collect formulas (22),(23),(24),(25),(26),(27),(28),(29) we have :-

Zy Y Xp

1 2j-1 2k -1
= [ [F oy xdydz =npn 333 (x A= J—hz,zo+Th3j
2, Yo Xo k=1 j=1 i=1
h13h2h3 D + h:hlh:i D2 h3 hth D h13h22h3 D2D + h23h12h3 D2D + h13h32h2 DZD
24 " 24 g 24 48 o 48 y 48 e
hih’h, _, h'hoh, . h*hh, . h’hh, _, ,
+ 34; -D,;D, + 14; D] + 24; *D, +%DZ +o]f Xy Y Z,,) + pih
+p,hy +p,hl +p,h' +ph) +ph+... ..(30)
Where as P; constants depend on partial derivatives to the function f for all | =1 2989
In special case we take h3:% hi , hy = h, then we can write (31) by the following :-
e 2j-1 2k -1
I —IIJ'f X,y ,z Yixdydz _05h3ZZZf ( ,y0+JThl,z —(0 5)hj
2y Yo Xo k=1 j=1 i=1
05h5 05h5 0.5)°h’ 0.5h° 0.5h° 0.5 h 05h5
+ LD? D; ()le— LD’ - 1Dny() D;D,-———=D’ -
24 24 24 48 48 48
05h16 2 2 2 4 4 4
18 DD, f (Xoa:YnaiZi2)+a.h’ +q h)+q h’+q hf+q_h;+q h +.. (31
Where as(]; constants depend on partial derivatives to the functionfor all =12 .4
3.Examples :-

H'-—.N

22
”In (X +y +1z )jxdydz its analytical value 1.4978022885754 close to thirteen decimal, the integrands is
11

continuous for all (X Y, Z ) = [1, 2]><[1, 2]><[1, Z]from the table (1) the values of integral by using Mid 3(hl, h,.h,)
be correct for eight decimal when | =32, m =16,n =16 and after using Romberg acceleration with we have correct

value to thirteen decimal (213 partial intervals).

n=m | | Mid3((hy, hy, h3) K=2 K=4 K=6 K=8
1 2 |1.5025318004914
2 4 | 1.4989997559488 | 1.4978224077680
4 8 | 1.4981026388996 | 1.4978035998832 | 1.4978023460243
8 | 16 | 1.4978774383089 | 1.4978023714453 | 1.4978022895494 | 1.4978022886530
16 | 32| 1.4978210799042 | 1.4978022937693 | 1.4978022885909 | 1.4978022885757 | 1.4978022885754
Table (1)
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J J',‘;x + Y +zdxdydz its analytic value 0.1065660178203 closed to thirteen decimal . the integrands is
00

singular at the first partial derivative when (X Y.z ) = (0, 0, 0) and the kind of singularity is root . From the table (2)

the values of integral by using Mid 3(hl, h,,h,) tofive decimal and E

Mid 3

=ah’+a,h* +ah’ +a,h’ +.. when

m=n =32 , I=64 and after using Romberg acceleration with Mid 3(hl, h,,h,) wehave a correct value to (12) decimal (
216 partial intervals) .

050505

n=m | Mid 3 (h11 h2 ’ h3) k=2 K=3.5 K=4 K=6 K=8
1| 2 0.1078739851085
2| 4 0.1069322306520 | 0.1066183124998
41 8 0.1066624060560 | 0.1065724645241 | 0.1065680191807
8 | 16 0.1065906376290 | 0.1065667148200 | 0.1065661573383 | 0.1065660332154
16 | 32 0.1065722251397 | 0.1065660876432 | 0.1065660268332 | 0.1065660181329 | 0.1065660178935
32 | 64 0.1065675746674 | 0.1065660245099 | 0.1065660183886 | 0.1065660178256 | 0.1065660178208 | 0.1065660178205
Table (2)
111
3-1 = .[ I J. zy \fl— Xyz dXdde its analytic value 0.0514008709909 closed to thirteen decimal , the integrand has

singularity when (X Y.z ) = (1, 1 1) and the kind of singularity is in root . From the table (3) the values of integral by
using Mid*(h;,h,,h,) correct
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n= | 3(h1, h2 ’ h3) K=2 K=3.5 K=4 K=4.5 K=5.5 K=6 K=6.5

1| 2| 0.05281961

91616
2| 4] 0.05179031 | 0.0514472
75234 169773
4| 8| 0.05150248 | 0.0514065 | 0.0514025
54322 414018 975657
8 1| 0.05142674 | 0.0514014 | 0.0514010 | 0.0514008
6 16676 937461 043338 981184
16 | 3 | 0.05140738 | 0.0514009 | 0.0514008 | 0.0514008 | 0.0514008
2 65152 347977 806030 723543 711630
32 | 6| 0.05140250 | 0.0514008 | 0.0514008 | 0.0514008 | 0.0514008 | 0.0514008
4 45567 772372 716562 710597 709999 709962
64 | 1| 0.05140127 | 0.0514008 | 0.0514008 | 0.0514008 | 0.0514008 | 0.0514008 | 0.0514008
2 98270 715838 710357 709943 709913 709911 709910
8
12 | 2| 0.05140097 | 0.0514008 | 0.0514008 | 0.0514008 | 0.0514008 | 0.0514008 | 0.0514008 | 0.0514008
8| 5 32413 710460 709939 709911 709910 709909 709909 709909
6
Table (3)
EMid3 =a1h12 +a2h12'5 +ash14 +<’:14h14‘5 +a5h15'5 +a6hf... when n=m=128 , 1=256 and after using Romberg

acceleration with Mid *(h,,h,,h,) we have correct value to thirteen decimal (222 partial intervals) .

4. The discussion

We note from tables of this search when we evaluate extended value for Triple Integrals For Continuous Integrands With
Singular Partial Derivatives in region integral by using midpoint rule on three dimension when the number of subintervals
(hthat divided interval integral on the exterior dimension z equal to twice the number of subintervals(n) on the interior
dimension x and the number of subintervals (m) on the middle dimension y and this rule give correct value for many
decimal comparison with real values by use number of subintervals without use Romberg acceleration ,but when we use
Romberg acceleration with thismethod gave best result in accuracy and speed of approaching in little subintervals
comparison to the real values (Analytical values) then we can depend on this method in value of Triple Integrals For
Continuous Integrands With Singular Partial Derivatives .
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