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ABSTRACT

Here we study the existence of solutions ye C[0,1] ory € L![0,1 ]Jof the functional integral equation
1

y(t) = f(t,f k(t,s) I*™% y(s)ds.

0

As an application we study the existence of solution of a two (nonlocal) point boundary value problem of arbitrary
(fractional) orders integrao-differential equation.
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1 .Introduction

Leta € (0,1]. Consider the two (nonlocal) point boundary value problem

1

x(t) = f(t, f k(t, s) D% x(s)ds, te (0,1) (1)

0
x(M=vyx(®), T1€][0,1) , ¢e (01]y#+ 1. (2)
The existence of solution x € C[0,1] or x € AC [0,1] of the problem (1) — (2)are studied.
Where D? is the coputo derivative of fractional order.

2 .Functional integral equation

Let y = %, in (1), then

t
x(t) = x(0) + f y(s)ds 3)
0

where y is the solution of the functional integral equation

1
YO = 1t [ K9 P y()ds )
0

Using (2) we can get

T

x(1) = x(0) + f y(s)ds

0
and
4
X(© =% + [ y()ds,

0
T g

%(0) + f y(&)ds = yx(0) + v f y(s)ds
0

0
and we obtain
14 T
= = [y@ds —— [va
X B, y(s)ds . y(s)ds,
0 0

then

t

4 T
X0 = o [ 05 1= [y@as + [ yo)ds ©)
0 0

0
2.1 .Existence results
Consider the following tow sequences of assumptions
(i) f:1=1[0,1] xR — R is continuous and satisfies the Lipschitz condition
If(t,x) — fty)| <L|x—ylVteL xy€R
(i) kiI x I — R is continuous in t €| for every s €| and measurable in

s€l for all t € | such that

1
SUPte | j|k(t, s)lds <M ©)
0

And
(i*) :1 X R — R is measurable and satisfies the Lipschitz condition

|f(t,x) — f(t,y)| <L|x—y|,Vte] X,y €ER

|Page August 08, 2015 Y4y



ISSN 2347-1921

and

1

flf(t,O)I dt <r

0

(ii*) k:IxI— R iscontinuousin t € I forevery s € I and measurable in s €1 forall t € I such that
supger [ Ikt o)l de < M
0

Theorem 2.1: Let the assumptions (i) and (i) be satisfied. If% < 1, then the integral
Equation (4) has a unique solution ye C[0,1]

Proof.Define the operator F which is associated with the integral equation (4) by

1

Fy(t) = f(t, f k(t,s) I*™® y(s)ds ,tel 7)
0

The operator F maps C [0, 1] in to it self, for this lety € C[O, 1], t;,t, €I, t;<t, and

|t2_ t1| = 6'

then

[Fy(ty) — Fy(t)l
1 1

- e, f k(ty,$) 119 y(s)ds — f(t,, f k(ty, s) 119 y(s)ds
0 0

i f(s=6) i f(s—6)

_ f(tz, of k(tz,s)o s y(B)des) <t1, Of k(tl,s)o e y(a)deds>

f tz, k(tz,s) (r(I )a; y(9)d9ds>—f<t1, f K(t,5) f o G) y(e)deds>
! 1 —a

el &, Of k(e s) f T y(G)dBds)—f(tl, Of K(ty,s) f s y(G)des>

f<t2, f K(t,,s) (r(I ©) ; y(e)deds>—f<t1, f k(t,, s) f 4 o y(e)deds>

:

< f K(t5s) f — y(e)deds> ( f K(t,,s) f - G) y(9)d6ds>
! a

f(tz,fk(tz,s)f () y(G)des)—f<t1,0fk(t2,s)fﬁ y(e)deds)

IA

IA

+L

<

] (s—6)“

) Ta—ay YO®

ds

1
T Lyl f Ik(tz, ) — Kty s)|
0

This prove that F : C[0,1] —CJ0,1].
Now to prove that F is a contraction we have following , let x; , x, € C[0,1], then
[Fx,(t) — F x; (0]

1 1

= f(t,fk(t, s) 1'%, (t)ds — f(tl,fk(tl,s) 1'%, (t)ds
0 0
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f<t fk(t s)f FL = xz(e)deds> —f(tl,fk(tl,s)f Fa = ;xl(e)deds>
fkagfru
1-a

S
< Ll =l [ K6 9)| 75 —gs s
0

<L %, (6)d0ds — f k(t,, s) f o xl(e)des

1
< LM||x, — X1||m

S A p—
VT
Then

LM
IFx2(0) — Fx; (DIl < m”xz = Xq|l

LM

If row =

Solution yeC[0,1] of the integral equation (4)
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< 1, then Fis a contraction and by using Banach fixed point theorem [8] there exists a unique

Now for the existence of solution of (4) in L![0,1] we shall use the second sequence of assumptions and we have the

following theorem.

Theorem 2.2: Let the assumptions (i*)-(ii*) be satisfied, then the integral equation (4) has a unique solution

y € 11[0,1]

Proof.Define the operator G associated with the integral equation (4) by
Gy(® = f(t f K(t, $) 1™ y(s)ds tel ®)
0

The operator G maps L'[0,1] into it self, for this let y € L}[0,1], then

[Gy( )| =

1
f(t,fk(t, s) 1% y(s)ds
0

From the assumption (i*) we deduce that
(e, )| = If(t, 0)| < |f(ty) — f(t, 0)| < Llyl
which implies that

If(t,y)I < Llyl + [f(t, 0)1,

Then

1
( -6)¢@
<L j K(t, S)o gy v@)deds

0

+ |f(t, 0.

By integrating we obtain

1

jIGy(t)Idt<f fk(t s)f r(1 )  @)deds
0

< Lju«(t 9l

dt + flf(t 0)|dt

” — a)  J(6)d8ds dt+f|f(t 0)]dt

00

Jf = a) y(O)des

<Lj|k(t s)|dt +r
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S

1
(s—0)°

<LM y(8)deds
=

r(1— +r
1 1(
S —
<LM||¢( y(e)ds)de +r
[{7=s
[ @a-g)ye
0

1
< _—
< IMlyll =g + T

this proves that G:L! [0,1] — L! [0,1],

Now to prove that G is a contraction we have the following, let x, , x, € L1[0,1], then

1Gx,(0) — Gx1 (D] =

1 1
f(t, f k(t,s) 1'-0x, (ds — £(t,, f k(ty, s) %%, ( )ds
0 0

f<t f D f - (9)d9ds>—f<t1, f k(t,, s) f S xl(e)d9d5>

f K(t, ) f r(1 xz(e)deds f k(t,, s) f r(1 xl(e)deds,
0

<L

and

1
f|GxZ(t> —le(t)|dt<f i
0

fk(t )fru %2 (6)dods — fk(tl,s)fm ” . (6)d6ds

1
< Lflk(t,s)ldt
0

( S Xz (8)deds — X1 (8)deds
J I'(1 r(1

< LM Of(f(rs(l X,(0)dsd6 — ffm x1(9)dsd9

1
<im| L9, oo~ f L. xl(e)de
0

r2-a I'(Z

< LM(l_—e)” f I%,(8) — x,(8)]d®

S —
r2z-o
then
160 — G X, (Ol £ = lx, =
rz-a
If l_(]jfa) < 1, then G is a contraction and by using Banach fixed point theorem [8] there exists a unique

Solution ye L! [0,1] of the integral equation (4).
2.2 .Boundary value problem
Now we study the existence of solution of the problem (1) - (2)

Theorem 2.3: Let the assumptions of Theorem 2.1 be satisfies, then the nonlocal boundary value problem (1) - (2)
has a unique solution xeCJ[0,1].
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Proof:. From Theorem 2.1, there exists a unique solution yeC[0,1] satisfying the integral equation (4), then there exists
a unique solution xeC[0,1] of the problems (1)-(2)given by (5).

Theorem 2.4: Let the assumptions of Theorem 2.2 be satisfies, then the nonlocal boundary value problem (1) - (2)
has a unique solution xe AC[0,1].

Proof: .From Theorem 2.2, there exists a unique solution ye L! [0,1] satisfying the integral equation (4), then there
exists a unique solution xe A C[0,1] of the problems (1)-(2)given by (5).
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