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Abstract

In this paper we study the existence of a unique solution for a boundary value problemof a coupled system of Volterra
type integro-differential equations under nonlocal conditions.
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1 INTRODUCTION

The study of value problem with nonlocal conditions is of significance, since they have application in problems in physics,
engineering, economics and other areas of applied Mathematics. This feature allows the study of several types of integral
equations such as:Fredholm, Volterra, Hammerstein, Urysohn, for different classes of functionals [see(6),(7)]. The main
object of this paper to study the existence of solutionx,y € C[0,1] andx,y € AC[0,1] for the coupled system of Volterra
integro- differential equations

dt 0 ’ 'dS ’ ( ’ )
(1)

o _ tf(t dx)d te (01
dt_oz's'ds s, (0,1)

with the nonlocal boundary conditions

x(7) = ax(§), T€[0,1), §e(01], a+1l (2)

and

y@ =gy, te€f01), &€l B*+1 (3)

Let

_dx _ anddy _ 1iin (1), we obtain
dat A
t
u(t) = f f1(t,s,v(s))ds, t€(0,1)
0
)
t
v(t) = f £2(t,s,u(s))ds, t€(0,1)
0
where

x(t) = x(0) + [y u(s)ds ®)

y(®) = y(0) + [ v(s)ds ©

Using the nonlocal boundary condition (2), we obtain

T

x(t) = x(0) +J;u(s) ds,

and

x(§) = x(0) + [} u(s) ds

then

& T
x(0) = %L u(s)ds —ﬁ_’; u(s)ds

Substituting in (5), we obtain

x(t) = ﬁfj u(s)ds — ﬁf; u(s) ds +f0t u(s) ds.”

And using the nonlocal boundary condition (3), we obtain

(@) = y(0) + fo v(s) ds,
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Y@ = y(©0)"[§ v(s) ds,

then

B¢ 1
0) = —f v(s ds——f v(s)ds.
O = 75 | veras -5
Substituting in (6), we obtain
1 +
y(t) = J%ﬁf(f v(s)ds — qfor v(s)ds fot v(s)ds.®

3. Existence of a unique continuous solution

Here, we study the existence of a unique continuous solution of the coupled system of integral equations (4) , under the
following assumptions:

(1) £;: [0,1] x [0,1] Ry — R are continuous, and satisfy the Lipschitz
condition

| f:(t,s,%) = £:(65,9)| < k(&) x—y|, i = 1,2

where

k;: [0,1] x [0,1] — R,areintegralin (¢, s).

1
@) suptf ki (t,s)ds < M;, te€ [0,1], i = 1,2
0

LetX = {U= (w,v):u,v € C[0,1]}, and its norm defined as

@] = |l + v = sw: |u®| + sup, |v@®|, ¢t € [0,1]

Now, for the existence of a unique continuous solution for the coupled system of the integral equations (4) , we have the
following theorem.

Theorem 1. Let the assumption (1)-(2) be satisfied. IfM; < 1, i = 1,2 , then the coupled system of integral
equations (4) has a unique solution in X.

Proof. Define the operator F associated with the coupled system of integral equations (4) by
F(u,v) = (F1v,Fau)
Where

t
F,v= f £1 (¢, s,v(s))ds
0

t
F2u=ff2(t,s,u(s))ds,
0

Firstly prove thatF : X — X.
Let

wv € C[0,1],t5,t; €[0,1], t1 < ty and |t,_t;| < & now to prove
F,v(t):C[0,1] = € [0,1], then

| Fiv(t) — Fv(t)| = | [;2f1 (tz,s,v(s)) ds - [, fi(ts,s,v(s))ds |
=| fotl f; (tz,s,v(s)) ds +ftt12 f; (tz,s,v(s)) ds
-fotl f1(ts,s,v(s))ds |

<| fotl f; (tz,s,v(s)) ds — fotl f1(ts,s,v(s))ds |
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+| f;f fy (tz5,v(s)) ds|

< fotl | £1(t25,v(s)) = £1 (t1,5,v(s)) | ds

+ fff | f1 (tz5,v(s))| ds.
This prove thatF,v(t) : € [0,1] - C[0,1], Yv(t) € C[0,1].
As done before, we obtain

Fu(t): €[0,1] —» C[0,1], vu(t) € C[0,1].

Now since F(u,v) = (Fyv, Fau)

Fu,v)(t2) — F(u,v)(t1) = F(u(tz),v(t2)) — F(u(ts), v(ts))

= (Fiu(tz) — Fiv(ty), Fou(ty) — Fau(ty)).
Then
|Fuwv)(t) — Fav)t)| = [|(Fivtz) — Fiv(t) || + ||Fzultz) Faut)) |-

Hence
F:X - X.

Secondly to prove that F is a contraction, we have following.
Let

Z = (u,v) € Xand Z; = (uy,v1) € X, we have

F(u,v) = (Fuv(t), F2u(t))
and
F(uy,v1) = (F1v1(t), Foua(t)),
then
t i
| Fiv@®) — Fiva@® | = | ffl(t,s,v(s)) ds — ffl (t,5,v1(5)) ds |
0 0
t
< f | fi (ts,v(s) — fi (t5,v4()] ds
0
t
< fkl(t, s) | v(s) —vi(s) | ds
0
t
< fkl(t, S) sup; |17(s) —v4(S) Ids
0
< | v(s) — vi(s) || fot ky(t,s) ds.
Then
| Frv@® = Fiva(®) || < My |lv = vd] -
Since M; < 1, then F; is a contraction.
As done before, we obtain
| qu(t) - F2u1 (t) | < Mz ”u - u1||.
Since M, < 1, thenF, is a contraction.
Then
||F(u,v) — F(uq,v1) || = || (Fiv, Fou) — (Fivy, Fou,) ||
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= ||F1v - Flvl,qu - qulll
= ||F117 - F1U1" + ”qu - qulll

< max{Ml,Mz}”(u,v) - (ul,vl)".
Let M = max {M,,M,}
||F(u,v) — F(uq,v1) || <M ||(u,v) — (ul,vl)”.

SinceM < 1, then F is a contraction, by using Banach fixed point Theorem[(5)], then there exists a unique solution in X for
the coupled system of the integral equations (4).

4 Solution of the problem (1)-(3)

Consider now the problem (1)-(3).

Theorem 2. Let the assumption of the theorem 1 be satisfied, then there exists a unique solution x,y € ([0, 1] of the
problem (1)-(3).

Proof.The solution of the problem (1) and (3) is given by

¢ T t
x(t) = %L u(s) ds—ﬁfo u(s)ds + fou(s) ds €C[0,1],

and

y(t) = %fg v(s) ds —ﬁfor v(s)ds + fot v(s)ds €C[0,1].

Where

t

u(t) = f £.(t,s,v(s))ds, € C[0,1].

0

t

v(t) = f £2(t,s,u(s))ds, €C[0,1].

0
Then from Theorem 1 we can deduce that there exists a unique continuous solution of the problem (1)-(3).
5. Existence of a unique L —solution

Here, we study the existence of integrable solution of the coupled system of integral equations (4) under the following
assumptions:

(i) £;: [0,1] X [0,1] X R, — R are measurable in (t, s), and satisfy the Lipschitz condition

| f:t,s,0) — £t | <k |x—y]|, i=12

(ii) £;(t,s 0) € L+ [0,1],and

1,2.

1
f|fi(t50)| dt < Mi, tel01], i
0
LetY = {U= (w,v): u,v € L+ [0,1]}, and its norm defined as
1 1
lawo)ll = Jull + vl = [ lu@lde + [ o] de
0 0

Now, for the existence of integrable solution for the coupled system of the integral equations(4), we have the following
theorem.

Theorem 3. Let the assumption (i)-(ii) be satisfied. If k; < 1,i = 1,2, then the coupledsystem of the integral
equations (4) has a unique solutionin Y .
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Proof. Define the operator G associated with the coupled system of integralequations (4)by

Gu,v) = (G1v,Gu).
Where

Gv =f(§ £1(t,s,v(s))ds

Gou =f0t £2(¢,s,u(s))ds.
Firstly to prove thatG : Y — Y,
now to prove G,v : L [0,1] — L[0,1], then

| 1t s,v) | = | £2650) | < | Fats5,v) = F1(t,50) | < ke | v |
and
| f2tsv) | < ki |v| + | £1t50) .

Hence

|Gv@)| = f | £1(¢,5,v(s))ds]| sf ki | v(s)lds + | £(t,5,0) |.
0 0

Integrating both sides with respect to t, we obtain
1 t 1t 1
f|ff1(t,s,v(s))ds|dtgff ke | v(s)|dsdt+f | f1(ts,0) | dt
0 0 00 0

<k [y |v(s)|dt+ [ | futs,0) | de
<k ol + Mo
Then"le"Ll < kq ||v||L1 + M.
This proves that G,v : L [0,1] = L*[0,1].
As done before, we obtain
lGaully < o s + M
This proves that G,u : Lt [0,1] — L]0, 1].
Hence
I6 vy | = | Grv,G2u ||
= 6w + [ Gou |
= ki |lv||l, + M1 +k v, + M
This proves G:Y — Y.

Secondly prove that G is a contraction.

Let Z = @v)EY and Z; = (u,vy) €Y.
Then G(u, U) = (Gﬂ], qu) and G(U1,171) = (61171, qui)
t t
| Giv - G1'l71| = | jfi(t,s,v(s))ds— ffi(t,S,V1(S))dS|.
0 0

Integrating both sides with respect to t, we

1 1 t
J | G1'l7 - G1171 | dt < f | f[f1(t, S, V(S)) - f1(t, S, 171(5))] ds | dt
0 0 0

1
< kq | v(s) — v.(s) | ds dt
I

0
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1
Sk | |v(s) = vals) | dt
|

Skl ||17 — V1 "L"

Then

IA

" G1U - G1171 " I kl " V=" " L
Sincek; < 1, then G, is a contraction.
As done before, we obtain

" qu - qul " P2

IN

kz" u — u "L"
Since k, < 1, then G, is a contraction.
Hence

||G(u,17) — G(ug,vq) || = || (G1v, Gou) — (G1v4, Gouq) ||
= " le —= lel, qu = qul "

< max{k,, k2} || (u,v) — (ug, v1) ||L1,
Letk = max {ki,k,}.
Then
|| G(u,v) — G(uy,v1) || n<k || (w, v) = (ug, v1) || n

Sincek < 1, then G is a contraction, by using Banach fixed point Theorem [(5)], then there exists of solution in Y for the
coupled system of the integral equations (4).

6. Solution of the problem (1)-(3)
Consider now the problem (1)-(3).

Theorem 4. Let the assumption of the theorem 3 be satisfied, then there exists a uniquesolution x,y € AC[0,1] of the
boundary value problem (1)-(3).

Proof. The solution of the problem (1) - (3) is given by
x(t) = ﬁfg u(s)ds — ﬁforu(s) ds + fot u(s)ds € AC[0,1],
and

3 T t
y() = 15;/3[0 v(s) ds—ﬁfo v(s)ds + j;v(s) ds € AC[0,1].

Where

1
u(t) = -fo f1(t,s,v(s))ds €L [0,1]

1
v(t) = -fo f2(t,s,u(s))ds  €L]0,1].

Then from Theorem 3 we can deduce that there exists a unique solution of the problem (1) - (3).
References

[1] D. ORegan, M.Meehan, Existence theory for nonlinear integral and integro-differential equations, Kluwer Acad. Pulbel.
Dordrecht, 1998.

[2] A. M. A. El-Sayed and E. O. Bin-Taher, An arbitraty fractional order differential equation with internal nonlocal and
integral conditions, Vol.1, No.3, pp. 59-62, (2011).

5039 |Page September 01, 2015



& J ISSN 2347-1921

[3] A. M. A. El-Sayed and E. O. Bin-Taher, A nonlocal problem for a multi-term frac- tional order differential equation,
Journal of Math Analysis, Vol. 5, N0.29, PP.1445-1451, (2011).

[4] A. M. A. El-Sayed and E. O. Bin-Taher, a multi-term fractional- order differential equation with nonlocal condition,
Egy.Chin.J Comp.App.Math. , Vol. 1, No.1, PP.54-60, (2012).

[5] Goebel, K. and Kirk W. A., Topics in Metric Fixed point theory, Cambridge University Press, Cambridge (1990)

[6] Ibrahim Abouelfarag Ibrahim, on the existence of solution of functional integral equation of Urysohn type, Computers
and Mathematics with Applications, 1609-1614, 57, (2009).

[7] J. Banas, Integrable solutions of Hammerstein and Urysohn integral equation, J. Austral. Math. Soc (Series A), pp.61-
68, 46, (1989).

[8]R.F.Apolaya, H. R. Clark and A.J. Feitosa, on a nonlinear coupled system with internal damping, nonlinear, taxas state
university, Vol., No. 64, pp.1-17,(2000).

5040 |Page September 01, 2015



