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ABSTRACT:

In this paper, an attempt has been made to study the algebraic nature of an anti (Q, L)-fuzzy subhemirings of a hemi ring.
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INTRODUCTION

There are many concepts of universal algebras generalizing an associative ring (R; +; .). Some of them, in particular,
about near rings and several kinds of semirings have been proved very useful. Semirings (also called half rings) are
algebras (R; + ;.) which share the same properties as a ring excepting that (R; +) is assumed to be a semi group rather
than a commutative group. Semi rings appear in a natural manner in some applications the theory of automata and formal
languages. An algebra (R; +;.) is said to be a semi ring (R; +) and (R; .) are semi groups satisfying a.(b+c)=a.b+a.c and
(b+c).a=b.a+c.a for all a,b and c in R. A semiring R is said to be additively commutative if a+b=b+a for all a, b and c in R.
A semiring R may have an identity 1, defined by 1.a=a=a.1 and a zero 0, defined by O+a=a=a+0 and a.0=0=0.a for all a in
R. A semiring R is said to be a hemi ring if it is additively commutative with zero. After the introduction of fuzzy sets by
L.A.Zadeh [12], several researchers explored the generalization of the concept of fuzzy sets. The notion of anti left h-
ideals in hemi ring was introduced by Akram.M and K.H.Dar [1].The notion of homomorphism and anti-homomorphism of
fuzzy and anti-fuzzy ideal of a ring was introduced by N.Palaniappan & K.Arjunan [6].0sman Kanzanci, Sultan Yamark
and Serife Yilmaz in [13] introduced the notion of intuitionistic Q-fuzzification of N-subgroups (sub near-rings) in a near—
ring and investigated some related properties. A.Solairaju and R.Nagarajan have given a new structure in the construction
of Q-fuzzy groups and subgroups [14] and [15]. In this paper are to be introduced some theorems in (Q,L)-fuzzy
subhemirings of a hemiring.

1. PRELIMINARIES
1.1 Definition: Let X be a non-empty set and L= (L,=7 be alattice with least element 0 and greastest element 1.

1.2 Definition: Let X be a non-empty set and Q be a non-empty set. A (Q, L)--fuzzy subset A of X is
function A:XxQ —L

1.3 Definition:Let (R,+, .) be a hemiring. A (Q,L)-fuzzy subset A of R is said to be an anti (Q,L)-fuzzy subhemiring of
R if it satisfies the following conditions:

() Hax+ 300 = (U, @)V A @)
(if) Halxy. qll = (I:IJAI:K.. qQiv Uiy qjlj] ,forallxandyin R, and qin Q.

1.4 Definition: Let A and B be (Q, L)-fuzzy subsets of sets G and H respectively. The anti-product of A and B
denoted by AxB is defined as AxB={{(x.¥). q). Huxg(®x.¥).q)}/ forallxinGand yinH & gin Q}, where

Haxp( ¥ @) = {(W, & q) v ug(y. q)}.

1.5 Definition: Let Abe a (Q,L)-fuzzy subset in a set S, the anti-strongest relation (Q,L)-fuzzy relation on S, that is a
(Q,L)- fuzzy relation on A'is V given by Wy ((x 5.9} = {:[L.IHI:}:, q)V uE[:,-,qj} forallxandyin S and qin Q.

1.6 Definition: Let (R, +,) and (R.+. .7 be any two hemirings. Let f:R — & be any function and A be an anti (Q, L)-
fuzzy subhemiring in R, V be an anti (Q, L)-fuzzy subhemiring in f(R) = R, defined by Wy, gl = mEfo‘"ZFJ”A{K* g) for all x
inRandy in & and qin Q. Then A is called a preimage of V under f and is denoted by £ ~(V).

1.7 Definition: Let A be an anti (Q, L)-fuzzy subhemiring of a hemiring (R, +, .) and a in R then the pseudo anti (Q,
L)-fuzzy coset (a4)P is defined by({auﬂjp‘] (x.q) = p“®y, (= q), for every x in R, g in Q and for some p in P.

2. PROPERTIES OF ANTI (Q, L)-FUZZY SUBHEMIRINGS OF A HEMIRING

2.1 Theorem: union of any two anti (Q,L)-fuzzy subhemiring of a hemiring R is an anti (Q,L)-fuzzy subhemiring of R.

Proof: Let A and B be any two anti (Q, L)-fuzzy subhemirings of a hemiring R and x and y in R. Let A
={lxq).uy(xq)}/ xe R &g € Q} and B ={{(x.q).ug(xq)}/ xE R &g € Q} and also Let
C = AUB = {{(x. q). uc(xq)) / x€ R& g € Qf,where {(, (x.q) v Hg(x.q)} = Wc(x.q), Now,

He(x+7.9) = {(My( @)V Ha(y.a) v ((Mp(x Q) V Hp(y.q))} = (u.;[m Q) Vv Uiy q?')-Therefore,
Helz+y.q) = (uE{:-; giv Uply. q]:], forallxandyinRand gin Q. And. Up(xy .q) =
{[(naa) v uy ) v (e v uga))} £ (e o) v e )

‘Therefore, U (xy.q) = (u.;{x,qﬁl v u.;li:r:qﬁ'], for
all xandyin R and q in Q. Therefore C is an anti (Q, L)-fuzzy subhemiring of a hemiring R.
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2.2 Theorem: The Union of a family of anti (Q,L)-fuzzy subhemiring of hemiring R is an anti (Q,L)-fuzzy
subhemiring of R.

Proof: Itis trivial.

2.3 Theorem: If A and B are two anti (Q,L)-fuzzy subhemirings of the hemirings E; and R, respectively,then anti
product AXB is an anti (Q,L)-fuzzy subhemiring of By X R, .

Proof: Let A and B be two anti (Q,L)- fuzzy subhemirings of the hemirings R, and R, respectively. Let x; and x, be in
R;. vy andy,; be in R;. Then ((x4, ¥;), q) and ((%;, ¥5).q) are in B, X B;.Now,

Hagpl(®y ¥ @) + (xp.¥2)q) 1 =2 {((u A q) Vg (xg, qﬁl] v (UE':}"p @)V Up(yz. q?']}ﬂ (Maxg(®2.51).2) V Hyep(x2.72).2)).

Therefore, Hugl(%s: ¥4, Q) + (%2.¥2)- @] = (M0 7). 80V Mae(%2.¥2).2) ). Also,
Maxg [(x1.¥:0.00( %, ¥20.9)] = {EHA{:{D Q) V Hy (= q:‘} v ((Hg¥ra) v Ug(y.a))} = [:uﬂ:(E{le ¥1): Q) V H gz ¥2) q':']-

Therefore, U gypli®s. ¥1). 3%z ¥20.90] = (”A:-:E':Xr ¥l v L.IA:,:E[:-::,}-':jl,qe].Hence AXB is an anti (Q,L)-fuzzy subhemiring
of a hemiring By, X ;.

2.4 Theorem: Let A be a (Q, L)-fuzzy subset of a hemiring R and V be the anti-strongest fuzzy relation of R. Then A
is an anti (Q, L)-fuzzy subhemiring of R if and only if V is an anti (Q, L)-fuzzy subhemiring of RxR.

Proof: suppose that A is an anti (Q,L)-fuzzy subhemiring of a hemiring R. Then for any
X=(x . %Jand Y= (y, .50 are in RxR. We havelly{ X¥.q] = {[uﬂtxﬁfi N R uﬂ{x:}-':,q}:] =

(a0 DV HaGr2 ) VA G0 DV 1 7260 = ot (e 2 0) V (e 92 @) = 1y X )V iy ()

forall Xand Y in R xR and q in Q. Therefore, Uy {X¥.q) = (uv{X, gl Kyt q]:], forall Xand YinRxRand qin Q. This

proves that V is an anti (Q, L)-fuzzy subhemiring of a hemiring of R x R. Conversely assume that Visan anti (Q, L) -
fuzzy subhemiring of a hemiring of RxR, then for any X= (% .x;) and ¥ ={y,;.y;] are in RxR

we have {:[I..IAI::K]_ +y.q)v HRI:H:+}-':, q‘l} =|..|1‘;|:X +Y.q) = I(l_.l,p,ll:x, qjv u,p,{&'} qjlj = {I_.I,JIII:KI JEgp q:l W u?({&.-l ¥z q:| =

(e VA DY OaOs DVBC Dy 2 3 = owege, (3 + 3, ) € (1 (31.0) Vil (5,0))

forall = emd w @ R.And {(W, (x5, Q) V Uy (%, q)} = Up(XY, @) (B, (X.@) v e (T, q))=
I(u‘i,(l:xl.l gl q:I :] v l-h, {(F]_ -'FJ :I-' q:]: I:{”A[ll-' q:| W UA[}‘:J q:l]' i {UAI:FI-' qjl i UAI:F:-' q:l}jl If % = D, }_: =0 we get
uﬂ(:-;lyl, q] = I(HA[xl, gl uﬂ(yl, q_:l‘] for all x;and v, m E.Therefore A is an anti(Q,L)-fuzzy subhemiring of R.

2.5 Theorem: ifAis an anti (Q,L)-fuzzy subhemiring of a hemiring (R, +, .) if and only
i+l = (W, mg v, 3g) Walzvgl = (W xglvd,(y.g) forall xand y in R.

Proof: Itis trivial.

2.6 Theorem: if Ais an anti (Q,L)-fuzzy subhemiring of a hemiring (R, +, .),then H = {:-;,.fx ER:u,(xq) = I}}l is either
empty or is a subhemiring of R.

Proof: Itis trivial.

2.7 Theorem: Let A is an anti (Q,L)-fuzzy subhemiring of a hemiring (R, +, .).If U4 (x+ v.9) = 1, then either
Hymagl=1lorHu(v.gl=1, forallxandyinR.

Proof: Itis trivial.

2.8 Theorem: Let Ais an anti (Q,L)-fuzzy subhemiring of a hemiring (R, +, .),then the pseudo anti (Q,L)-fuzzy
coset (24)F is anti (Q,L)-fuzzy subhemiring of a hemiring R, for every a in R.

Proof: LetAis an anti (Q,L)-fuzzy subhemiring of a hemiring R. For every x and y in R, we have
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(o) )E+y.9 =p@ (1x VE () € (pEHyED vPEEL(Y.9) = (2 1) (x0) v (2 0 ) (3.9). Therefore,
((au)x+v.0 = ((a u v (ap, o q_j:].Now, (2 A]p][x}',q] Z p{a}(u &g VE A(:J,q:l): (p[aju L% QVp A@,q]) = ((a I A_)F{L ME uk]p[y,q]:].
Therefore, ( (a u,)") (xy. @) < ([a ua )0 v (2 W)y q“,l:].Hence (aA)" is an anti (Q,L)-fuzzy subhemiring of a hemiring
R.

2.9 Theorem: Let (R, +,.) and (F'.., +, .) be any two hemirings. The homomorphic image of an anti (Q, L)-fuzzy
subhemiring of R is an anti (Q, L)-fuzzy subhemiring of R..

Proof: Letf:R = R be a homomorphism.Then ,f(x+ v = f(x) + fi{y) and (o) = T0Of0)for all xandyin R. Let V=1(A),
where A is an anti (Q,L) fuzzy subhemiring of R. Mow, for f(x), f(y) in R,p, (0, @) + FO0.a0) 2 X+ v @) = (Ua (k@) v gy, Q)

,which implies that W, (f(x) + (f(¥). Qi) = {Hy({f[}'ﬂh v Wy qf':l-Again, Hy (GO, @YD, 00 = Wa 0y, @) = (Wa(K Q) V a0V Q)
, which implies that b, {f (V). a0 = (“y{fl:xj.-q:' v uv[f[',rjn,qjjj. Hence V is an anti (Q,L)-fuzzy subhemiring of

hemiring R.

2.10 Theorem: Let (R, +,.) and (R, +,.) be any two hemirings. The homomorphic preimage of an anti (Q, L)-fuzzy

subhemiring of R is an anti (Q, L)-fuzzy subhemiring of R.

Proof: Letf:R = R be a homomorphism.Then,fi(x + v) = fi(x) + f{y) and foy) = fOOf 0y, for all x and vy in R.Let V=
f(A) where V is an anti (Q,L) fuzzy subhemiring of R.Mow.

forxyin R pa (i + v, @) = phy (R0 + T000. @) = (W, (PO a) vy (Fiyv).a) = v L)

yin R Ha0c+ Y, @) = iy ((F00 +100),0)) = (B (F00.0) vy (F00) = (MA@ VBB @) 1 -
Ma((x+¥ Q) = (Malx @ Vg (v @) ) Again,py ((xy.9)) =pyp((E) . E) @)= (W00, DV BFH0.0) = (W (L DV Ha (Y. @)
which implies that Wa((xy. @)} = (HADL O LY. qj:], Hence A is an anti (Q, L)-fuzzy subhemiring of hemiring R.

2.11 Theorem: Let (R, +,.) and (R, +, .) be any two hemirings. The anti-homomorphic image of an anti (Q,L)-fuzzy

subhemiring of R is an anti (Q,L)-fuzzy subhemiring of K.

Proof: Letf:R = R be a anti- homomorphism.Then,f(x + vi = Ty + T and flav) = fOvIf(E)

Jgorallxandyin R Let V=1f(A) where A is an anti (Q,L)- fuzzy subhemiring of R.

Now, for f(x),f(y)in R, pyfCfod + FO90 @) < Baly +% ) = (Ualy, @V Ha(X @) = (Ma(X @) v H, (v @), which implies that
M (P00 + PV = {Hy({f{ﬁh v Hm,a[f[‘:‘lﬂ?'?.l- Again, Iy((fOO.QFW. Q) £ Pa(yxg) = (UA(‘L DV P qjj] = (U Al v pu(v.a)
which implies that Wy (F (O 0vd.al) = (Wy ({f{xﬁuq] v uk,[f[‘,ufjl,q]]. Hence V is an anti (Q, L)-fuzzy subhemiring of hemiring
R.

2.12 Theorem: Let (R, +,.) and (F'.., +, .) be any two hemirings. The anti-homomorphic preimage of an anti (Q, L)-
fuzzy subhemiring of R is an anti (Q,L)-fuzzy subhemiring of R.

Proof: Let ¥V = fiA)where Vis an anti (QL L) — fuzzysubhemiring of R.Letx andy in R.Then

Bal G+ y.@)) = By ((FCO +F0. @) = iy (0. @) v iy (70, ) = (Ma (@) v B[ @) which  implies  that
Halx+y.@)) = (ua(x . @) v H (¥, a) Again, Ba((xy.q)) = by (FOOFD.Q) = by (O Q) vy (F0O.G) = (Wa 0% @) Vi, (),
which implies that M ((xy.@)) = (W (% @) v H4(¥. @). Hence A is an anti (Q, L)-fuzzy subhemiring of hemiring R.

In the following Theoreme is the composition operation of functions:

2.13 Theorem: Let A be an anti (Q, L)-fuzzy subhemiring of hemiring H and f is an isomorphism from a hemiring R
onto H. Then Ac f is an anti (Q, L)-fuzzy subhemiring of R.

Proof:Let x and y in R.Then we have, Maef) (4 ¥, ) ) = Ba(OO+ 000 @) = (WAl T .00 v (Fi.a) =
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(Wa o F)0ca) v (Mg e F)(v.@). which implies that (W ef)((x+ ¥).0)) = (Maefl(x.ad v (Pgef) (¥.0).And,

W = DOV D) e (160,00 @) 2 MaFO0 . D V LT, @) = (g oF) (R DV (pe )y ),

whichimplies that (p, o f){(Goy. @) = (g o F)X @ v (W, = T)(v. q). Therefore Acf is an anti(Q, L)-fuzzy subhemiring of
hemiring R.

2.14 Theorem: Let A be an anti (Q, L)-fuzzy subhemiring of hemiring H and f is an anti- isomorphism from a hemiring
R onto H. Then A= fis an anti (Q,L)-fuzzy subhemiring of R.

Proof: Let xand v in R. Then we have, (M eI+ v, @) = pa () + 100, @) SO0, D v ). Q) =

(Mg = )t a) v (W, = F)(v.a).which implies that (P, =f)((x+ v.q)) i((HA of) () v (g =f) {y,qju] JAnd,

(Mg, = D0 @) = MaCF0) 100). @) = WalTE0. O g, (), @) = (W = T @ V{1, = F) 0.0 which implies that

(Mg = F)ey. a)) = (pg = Flx @) v (Wg = T)(y.q). Therefore Acf is an anti (Q, L)-fuzzy subhemiring of hemiring R.
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