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ABSTRACT

The regional exponential reduced observability concept in the presence for linear dynamical systems is addressed for a
class of distributed parameter systems governed by strongly continuous semi group in Hilbert space. Thus, theexistence
of necessary and sufficient conditions is established for regional exponential reduced estimator in parabolic infinite
dimensional systems. More precisely, the introduced approach is developed by using the decomposed system and
reduced system in connection with various new concepts of (stability, detectability, estimator, observability and strategic
sensors).Finally, we alsoshow that there exists a dynamical systemfor two-phase exchange system described by the
coupled parabolic equations is not exponentially reduced observable in usual sense, but it may be regionally exponentially
reduced observable.
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1. NTRODUCTION

One of the most important concepts in infinite dimensional systems analysis is observability concept. Many researches of
these concept included the notion of exponential observer( estimator), where Luenberger introduced this notion for finite
dimensional systems [22], and has been generalized to infinite dimensional systems described by strongly continuous
linear semi-group operators by Gressang and Lamont [20]. The purpose of an exponential estimator is to provide an
exponential state estimation for the considered system state [16]. New concept of regional analysis for a class of
distributed parameter systems was extended by Al-Saphory and El Jai et al. as in ref.s [1-7, 18, 16, 25-29]. Various
asymptotic characterizations have been established and explored in connection with sensors structures [1, 6]. In this
paper, we introduce and study the notion of exponential regional reduced state observability in a given region w of the
domain Q. Thus the developed approach is an extension of previous works to the regional case as in [2]. Moreover the
relationship between this notion, regional detectability and strategic sensors are studied and discussed. The main reason
behind the study of this notion (reduced observability), there exist some problem in the real world cannot observe the
system state in the whole domain, but in a part of this domain. The scenario described by (Figure 1) below, one is
interested in estimating the state in the green zone rather than in the entire space [12]. This problem falls into a class of
so-called regional observation and estimation problem introduced by Al-Saphory and El-Jai and their workers as in [1-7,

25-29].
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Fig. 1: Zone control R with fixed and mobile sensors

This paper is organized as follows. Section 2 is devoted to the introduction of regional exponential detectability and
considered system with wg-detectability and w-observability. We study the links of this notion with the regional exponential
observability and strategic sensors. In Section 3, we study a regional exponential observability through the relations
between wg-estimator reconstruction method and wg- observability. In section 4 we introduce regional exponential
reduced observability notion for a distributed parameter system in terms of regional exponential reduced detectability and
reduced strategic sensors. In the last section, we illustrate applications with different domains and circular strategic
sensors of two-phase exchange systems.

2. REGIONAL EXPONENTIAL DETECTABILITY

The detectability is in some sense a dual notion of stabilizability [15]. This notion was considered and studied in the whole
domainQ.

2.1Considered Systems

Let Q be a bounded and open subset ofR™, with boundary dQ. Let[0,T],T > 0 a time measurement interval and w be a
non-empty given subregion ofQ. We denote @ = Q x (0,)and © = dQ x (0,). Let X,U, and Obe separable Hilbert
spaces, where X is the state space,U the control space and O the observation space. We consider X = [?(Q),U =
1?(0,00,RP) andO = L*(0,%,R?) wherep andq hold for the number of actuators and sensors [17]. The considered
distributed parameter systems are described by the following parabolic equations

2, 6) = Ax(§,0) + Bu(®) 9
x(n,t) =0 e (augmented with the output function
x(,0) = xo($) Q

y(,t) =Cx(.,t) )

whereA is a second-order linear differential operator, which generates a strongly continuous semigroup (S,(t)): on the
Hilbert space X = L?(Q), and is self-adjoint with compact resolvent. The operators B € L(R",X) and C € L(X,RY) depend
on the structures of actuators and sensors [17] see (Figure 2).

(9]

Information
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Fig. 2: The domain of Q, the sub-region w, various sensors locations.

That means, in the case of pointwise (internal or boundary) and boundary zone sensors (actuators), we have B ¢ L(R”, X)
and C &€ L(X,R?) [12, 22]. Thus, the system (1) has a unique solution given by

x(§,6) = S4(Ox0(§) + [; Sa(t — DBu()dr. (3)

The problem is that how to give an approach which enable to estimate the system state in a sub-region w. The regional
exponential reduced estimator is defined when the output give a part of the state vector in this region.

2.2 Definitions and Characterizations
We extend some definitions and characterizations in the Hilbert spaceL?(Q) as ref.s [15, 19].

Definition 2.1:The semi-group (S4(t)).so is said to be exponential stable on Q or (Qz-stable) if there exist two positive
constants Mand a such that

1S4l 2y S Me™ ; =0 (4)

If (S4(t)):s0 is an Qg-stable semi-group, then for allx,(.) € X, the solution of the associated autonomous system satisfies
lx (., D2y = 1S4 ®)x0 (Dl 2y < Me™ |Ixo ()l 12¢q)

and therefore
lim [lx G, Oll2 () = lim 1S4 (©)x0 (Dl @) = O-

we shall consider the following usual definition of stability.
Definition 2.2: The system (1) is said to be Q;-stable if the operator A generates a semi-group which is Q;-stable.

Definition 2.3: The system (1) together with the output (2) is said to be detectable on ( if there exists an operator
H: R - [2(Q) such that (A — HC) generates a strongly continuous semi-group (S, (t)):so Which is Q;-stable.

Thus, if a system is (Qz-detectable), then it is possible to construct an exponential Q-estimator for the system state [9].

Remark 2.4: In this paper, we only need the relation (4) to be true on a given subdomain w c Q, i.e., if we consider a
subdomain o of the domain Q and let y,, be the function defined by

Xot L2(Q) = L (w) ®)
X2 XX = Xlo

wherex|,, is the restriction of x to w. Thus
xwSa®Ol Lz, 12@)) < Me™; t = 0.(6)
and then
tlgr{.})llx(-rt)lle(w) =0.

We may refer to this as regional exponential stability (or wg-stability), which is the equivalent for the considered class of
systems to the exponential stability.

Definition 2.5: The system (1) is said to be regionally wg-stable if the operator A generates a semi-group which is
regional exponential stable (or wg-stable).

In this section, we shall extend the definition of detectability by using equation (5) to the regional case by considering w as
subregion of Q.
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Definition 2.6: The system (1)-(2) is said to be wg-detectable if there exists an operator H,, : R — L?(w)such
that(4 — H,, C)generates a strongly continuous semi-group(Sy,, (t))¢=o, Which is wg-stable.

The main reason for introducing the concept of wg-detectability is the possibility of constructing an wg-estimator for the
state of system (1).

2.3 wg-Detectability andw-Observability

It has been shown that a system which is exactly observable is detectable [16]. For linear systems, we recall the wg-
observability [2]. Now consider the autonomous system of (1) by the following form

26,0 = Ax(E,0) 0
x(m,t) =0 0 Q)
x(§,0) = xo(§) Q

wherex(.,0) is supposed to be unknown. The knowledge of x(.,0) allows one to observe the state x(t,0) at any time t.
Measurements are obtained by the output function (2). The solution of the system (6) is given by:

x(.,t) = S4(O)x(.,0). ®
Now define the operator:
K:x€X > Kx=CS(1t)x€O0, 9)

theny(.,t) = K(t)x,(.,0). We denote by K*: 0 - X the adjoint of K, and then, it is given by
K*y* = fOtS*A (s)C*y*ds (10)

= The system (6)-(2) is said to be exactly w-observable if

Imy,K* = L*(w)

= The system (6)-(2) is said to be weakly w-observable if

Im y,K* = [*(w).
= If the system (6)-(2) is weakly w-observable, then x(.,0) is given by

xo = (K*K)7'K*y = K1y,

whereKT is the pseudo-inverse of the operator K [15, 25]. These definitions have been extended to regional boundary
case for parabolic, hyperbolicas in [26-28] linear, semi-linear and nonlinear [10-11, 29]. However, we can introduce the
following important result.

Corollary 2.7: If the system (1)-(2) is exactly w-observable, then it is wg-detectable. This result allows
3y > 0 such that ||y, x|l;2¢,) < YIICSC)xoll12(0,00,0y, V¥ € L*(@).(11)

Proof: We conclude the proof of this corollary from the results on observability considering x,,K*[14]. We have the
following forms:

(@ ImFcImG

(b) There exist y > 0 such that ||F*x*||p+ < y||G*x*||y~, Vx* € V*.

From the right hand said of this relation 3 M, @« > 0 with y < M such that
YIG* x|y < Me™ ||x*||y-

whereP, U and V be Banach reflexive space and F € L(P,V),G € L(U,V).

Now, Let P =V =L*(w), U=0, F=1to L*(w) and G = S;(.) x5 C* where S,(.) is a strongly continuous semi group
generates by A, witch is wg-stable then, it is wg-detectablem.

As in El Jai and Pritchard [17], we will develop a characterization result that links the wg-detectability in terms of sensors
structures. So, we recall some definitions related to sensors.

= A sensor is defined by any couple (D, f) where D a non-empty closed subset of (, is the spatial support of the sensor,
and f € L?(D) defines the spatial distribution of the sensing measurements on D.
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In the case of a pointwise sensor,D is reduced to a point {b} and f = §(.—b), where D is the Dirac mass
concentrated in b. Depending on the choice of the parameters D and f we have various types of sensors, the output
function (2) may be written in the form

y(©) = [,x (& )f(§)dé (zone case)
y(t) = [,x(& )8 — b)dé = x(b, t) (pointwise case)

In the case of boundary measurements (pointwise or zone) the support of sensors D is subset of Q. Then, the output
function (2) given by

y(t) = fn Z—z (&,t)6(¢ — b)d¢ (Boundary pointwise case) (12)

Now in the case where the zone measurements, with D = I' € 8Q and f € L>(I"). Then, the output function (2) given by

y(t) = IFZ—j(g‘, t)f(&)d¢ (boundary zone case) (13)
= The sensors (zone or pointwise) (D;, fi)1<i<; are said to be w -strategic sensors if the system (1)-(2) is weakly w-
observable.

Let us consider the set (¢,;) of orthonormal functions in L*(w) associated with the eigenvalues A,, of multiplicity r,, [15]
and suppose that the system (1) has J unstable modes. We have the following characterization of wg-detectability in the
terms of the structure sensors.

Proposition 2.8: Suppose that there are q zone sensors(D;, f;)1<i<;- If
@) g=r.
(2) Rank G, =1,,¥n, n=1,...,]

withG = (G,)y; = (((pjk,ﬁ)Lz(Di)) wheresup,r, =1 < c0andj = 1, ..., 7,.
Then the system (1)-(2) is wg-detectable.

Proof:by the result on observability considering y, K *[14], we can proof this theorem. We see that if the system is satisfy
the condition (2) above. Since Rank G, = r,, therefore, the sensor of the system (1)-(2) is strategic sensor, and this system
(2)-(2) is weakly w-observable, then it's exactly w-observable, finally we have the system (1)-(2) is wg-detectable.

3. REGIONAL EXPONENTIAL OBSERVABILITY

In this section, we give an approach which allows constructing an w-estimator offx(¢,t). This method avoids the
calculation of the inverse operators, and the consideration of the initial state [18]. It enables to observe the current state in
w without needing the effect of the initial state of the original system.

3.1wg-Estimator Reconstruction Method
We consider the system and the output specified by the following form:

= (6,6) = Ax(§,6) + Bu(®) Q

x(n,t) =0 (¢] (14)
x(£,0) = x0 (&) Q
\ y(.,t) = Cx(., )0

Let w c Q be a given subdomain (region) of @ and assume that for T € L(L?()), and T = x,,T (where y,, is defined in (5))
there exists a system with state z(., t) such that

z(¢,t) = Tx(,0). (15)

Thus, if we can build a system which is an exponential estimator for z(¢,t), then it will also be an exponential estimator for
Tx(.,t), that is to say an exponential estimator to the restriction of Tx(., t) to the region w. The equations (2)-(15) give

1= 7]~ (15)

If we assume that there exist two linear bounded operators R and S, where R:R — L?(w) and S: L?(w) — L?(w), such that
RC + ST = I, then by deriving z(¢, t) we have

0z _ Ox N N
Fr (&0 = TE(E‘ t) = TAx(&,t) + TBu(t)

=TASz(&,t) + TARy(.,t) + TBu(t).

Consider now the system (which is destined to be the maximal wg-estimator for z)
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%(f,t) = F,2(§,t) + G,u(t) + Hyy(.,t) )
Z2(m,t) =0 e (17
2(£,0) = (%) Q

whereF,, generates a strongly continuous semi-group (S, (t))¢=0, Which is regionally exponentially stable on X = 1*(w),
i.e.,3My ,aF, > 0, such that

xSk, Ol 2y S Mr, e, vt 2 0.(18)

andG,, € L(R?,L*(w)) and H,, € L(RY, L?(w)). The solution of (17) is given by
2(.,t) = S, (0)2() + fot Sk, (t = D[G,u(r) + H,y(.,1)]dr (19)
3.2wg- Observability

In this case, we considerT =1, and X = Z, so the operator equation TA - F,T = H,C of the w-observable reduces to
F,=A—-H,C, where A and C are known. Thus, the operator H, must be determined such that the operator F,, is wg-
stable. For the system (14), consider the dynamic system

2 (§,6) = AZ(E, ) + Bu(®) + H, (y(., D) — CZ(E,1)) Q
2(n,t) =0 e (20)
2(5: O) =0 QO

Thus, a sufficient condition for existence of wg-estimator is formulated in the following proposition.

Proposition 3.1: Suppose that the system (1)-(2) is wg-detectable,and then the dynamical system (20) achieve the
wg-observability for the system (1)-(2), i.e.

lim 1x(§, 0) = 26, Ol 2 = 0.

Proof:By the same way with minor modifications as in ref. R. Al-Saphory [2] we can prove the proposition 3.1 in different
case of sensors (zone, pointwise) internal or boundary.

4. REGIONAL REDUCED EXPONENTIAL OBSERVABILITY

In this section we need some of additional assumptions, concerning the semigroup, its infinitesimal generator, and the
observation space, under which condition can be given a regional reduced estimator for the state system (1)-(2).

4.1 General Decomposed System

Now, under the assumption of strongly continuous semigroup we have the system (1)-(2) is reduced as in the additional
assumptions allow a decomposition of (1) to a form of the stabilizing operator H. These assumptions are as follows.

(1) A has a pure point spectrum, denoted by o (4).

(2) S,(t) is a compact operator for some t > 0

(3) Foré > 0, a(A) the spectrum of A contained in the closed half plane {A: Re A = —6}.

(4) The subspace associated with each finite dimensional point of a(4) in the half plane {1: Re 1 = —63}.
(5) Ois finite dimensional.

These five assumptions are strong. The Hille-Yosida theorem implies that the set of spectral point of A lying in the half
plane {A:Re 1 = —§&} forms a bounded spectral set. Denote this spectral set by 0(4,). Using the spectral set o(4,), a
reduced form of (1) can be derived. Denote o(4) — a(4,) by a(4,). As A is a closed operator with nonempty resolvent set,
operational calculus can be used to completely reduce the operator A4 in terms of the spectral sets g(4;) and a(4,) [20].
o(A;)and o(A4,) determine subspaces X; and X,,

X =X,©X, (21)
and projections E;: X — X, E;: X — X,, such that
EiAx = AE x
E;Ax = AE)x
Defining A;x = AE;x, D(A;) =D(A) NnX;
andA,x = AE,x, D(4;) =D(4) N X,

the operator A can be represented by

Ax = [“:)1 XZJ [ ]andB = [gﬂ 22)
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Where x = x; + x5,
x € D(A),x; € D(A1),x; € D(4),B; € L(R?,X1)andB, € L(R?,X;)
asD(A) is dense in X,D(A;) is dense in X;, and D(4,) is dense in X,.

Ajand4, are closed operators as A is closed operator. If A is the infinitesimal generator of a strongly continuous
semigroup, then the Hille-Yosida theorem shows that both A; and 4, are infinitesimal generators. Using the decomposition
of X and A given by (21)-(22), and then (1)-(2) can be rewritten in the following forms [20]

% (f’ t) = Alxl ({, t) + ElBlu(t) Q

x1(n,t) =0 0 23)
x1(§,0)=x10(€) Q

and
%(f' t) = Azxz(f: t) + EZBZu(t) Q
X2 (TL t) =0 ) (24)
x2(£,0) = x2,(§) Q

Augmented with the output function

y(.,0) = Cx1(§,£)(25)
Equations (24)-(25) are called the reduced form of (1)-(2).

Since A; is the restriction of A to X;, and D(4;) = D(A4) n X;, the spectrum of A; is 0(4;) [21]. As the points of a(4;) are
isolated, each point by itself is a spectral set, and the spectral sets so formed are pairwise disjoint. Thus a projection Ej;
and subspace X;; can be associated with each point 4; € o(4;), and the subspace X; completely reduced to

X1 =X10 X2, @ .. ®Xpp

wheren is the number of points in ¢(4;). Each X;; is finite dimensional by assumption, hence X; is finite dimensional, and
A, is a bounded operator. Then choosing bases for X; and 0, (24) can be represented as a linear constant coefficient
ordinary differential equation, and C restricted to X; can be expressed as a matrix.

In terms of the finite dimensional bases for X; and O, the homogeneous equations corresponding to (24)-(25) are

{% (&) =A% (6, 1)
x1(§,0) = x,,(§)

{% (€6 = 4%, (,0)
%,(§,0) = x5, (£)
Y, =Cx (0 (28)

Wherer is the coordinate space associated with the basis forX;, and C: X; - 0O in terms of the bases of X; and 0.

(26)

@7)

An estimate will now be made of the solutions of (28). A having a pure point spectrum implies that A, has a pure point
spectrum, while Sy, (t) being a compact operator for some t > 0 implies that Sy, (t) is a compact operator. As Sy, (t) is a
compact operator, its spectrum consists of only point spectrum, denoted by Pa (S, (t)) is given by

ePt ‘asRe 0(d;y) < —6, |lePoUt|| < o0

Then the spectral radius of 54, (t) satisfies

75 (Sa, (1)) < e

using a lemma of Hale [18]. For any y > 0 there exists an M(y) = 1 such that
1S4, (B2, [| < M) o408 |xy |

for all t = 0 and x,, € X,. Thus, (27) is exponentially stable.

4.2 General Reduced System

In the case where the output function (2) gives information about a part of the state vector x(¢, t), it is necessary to define
an exponential estimator enables to construct the unknown part of the state. Consider now X = X;®X, where X; and X,
are subspaces of X. Under the hypothesis of subsection 4.1, the system (1) can be decomposed [16, 20] by
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_[An Alz] _[ _ Bl]
A_[A21 Azz ! x_[xZ]‘ B_ BZ

where x; € X;,x; € X,,B; € L(X;,U)and B, € L(X,,U). Using the decomposition above, the system (1) can be written by
the form

%(‘5' t) = A1 (€, 6) + A (€, 6) + Byu(t) Q

X (1,6) =0 o (29
x1(£,0) = xp1 (&) QO
and

%(‘5' t) = Ay1x1(§,t) + Az x2(§, ) + Byu(t) 9
x(m,t) =0 o (30)
xZ({lo) =x20({) Q

augmented with the output function

y(,0) =Cx (1)  (31)

where x(¢,t) = x1(§,t)® x,(¢,t). The problem consists in constructing a regional exponential estimator that enables one
to estimate the unknown partx, (¢,t) equivalently; the problem is reduced to define the dynamical system for (31). Thus,
equations (30)-(31) allow the following system:

Z—j(f, t) = Aypa(é, t) + [Bou(t) + A y(,t)] Q
a(n,t)=0 0 (32)
a(¢,0) = ag($) Q

with the output function
(., t) = Aza(.,t) (33)
where the state a in system (32) plays the role of the state x, in system (30).

4.3 Regional Reduced Observability andwgg-Detectability

As in previous section 2 we can extend these results to the case of regional reduced ordered system for regional
observability andwg-detectability. In this case, the equation (8) it can be given by define the following operator

K:xy; € Xy = Kixy = A1384,,()x; € 0, theny(., t) = K (t)xz,(.), with the adjoint X*: 0 - X, such that
Kry*(.,t) = fOtS*(s) A, y*(.,s)ds.

Let w € Q and y,:L2(Q) - L*(w) = X3,x3 = Xy = X

WherexZI is the restriction of the state x; to w.

Definition 4.1: The system (32)-(33) is called exactly regionally reduced-observable (or exactly wz-observable) if
Imy,X* = 12(w) = X,
Definition 4.2: The system (32)-(33) is called weakly regionally reduced-observable (or weakly wg-observable) if

Imy, X* = 12(w) = X;

Definition 4.3: The suite of sensors (zone or pointwise) (D, f;)1<<, are called regional reduced strategic sensors (or
wx- Strategic sensors if the system (32)-(33) is weakly wg-0bservable.

Definition 4.4: The semi-group (S4,, (t)).>o is said to be exponential reduced stable (or Qzp-stable) if 3 M, a > 0 such
that
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1S4, Ol 2y < Ma, ™42, 2 0 (34)

Definition 4.5: Let (Sy,,(£))cx0 is an Qzp-stable semi-group, then Vx, € X, the solution of the associated autonomous
system satisfies:

Iz (., Ol 20y = ||5A22(t)x20(-)”Lzm) < MAzze_aA“(t)“xzo(-)“Lz(m
and therefore
ggrgllxz(-.t)llLZ(n) = tli_@)”SAzz (t)xzo(-)lle(ﬂ) =0

Definition 4.6: The system (32) is said to be Qgx-stable if the operator 4,, generates a semi-group which is Qzz-
stable.

Definition 4.7: The system (32)-(33) is said to be exponential reduced detectable on Q (or Qgzx-detectable) if there
exists an operator H: RY — L*(Q) such that (4,, — HC) generates a strongly continuous semi-group (Sa,, (£))¢=0 Which is
Qpr-stable.

Remark 4.8: The relation (34) is true on a given subdomain w c (, i.e.
||stA22(t)||L(L2(w),Lz(m) <My, e 42O t>0  (35)
and then

tli_)l'(f)lo||xz(-'t)||L2(w) =0
We refer to this as regional exponential reduced stability (or wg-stability).

Definition 4.9: The system (32) The system is said to be regional exponential reduced stability (or wgx-stable) if the
operator A,, generates a semi-group which is wgy -stable.

In this section, we shall extend the definition of Q-detectable (35) to the regional case by considering w as subregion of
Q.

Definition 4.10: The system (32)-(33) is said to be regional exponential reduced detectable (or wgyz-detectable) if
there exists an operator #,,: R? - L*(w) such that (A;, — #,,A;,)generates a strongly continuous semi-group (Sa,, (t)):0
which is wgg-stable.

From proposition 3.1, we have the dynamical system for (32)-(33) may be given by

%(f, t) = Ay 2(E,t) + [Bou(t) + A1 y(,0)] +

Ho,[7(., 1) — A 2(E,t)] Q2  (36)
2(n,t) =0 ©
\2(¢,0) = 2,(8) Q

where(4;, — H,A;;) generates a strongly continuous semi-group (Su,,(t))¢> Which is wgg-stable on the Hilbert
spaCeXZ cX= LZ(Q), (BZ — ‘7{(031) E L(Rp,Xz)and (Azzj'[w s }[wAlzg{w _}[wAll + A21) € L(Rq,Xz) [7]

The importance of reduced wgx-detectability is possible to define a reduced wzg-estimator for system state may be given
by the following important result:

Theorem 4.11: If there are q sensors (D, f;)1<i<, and the spectrum of A,, contains J eigenvalues with non-negative
real parts. The system (32)-(33) is wgg-detectable iff

1. q =>m,
2. Rank Gzi = mzi,vi,i = 1, ,] Wlth

G (@0; (), fi(:))zp,), for zone sensors
2= "y = @; (b)), for pointwise sensors

wheresup my, =m; < oandj =1,..., 0.

Proof: The proof is developed to the case of zone sensors in the following stapes:

1) The system (32) can be decomposed by the projections P and I — P, on two parts, unstable and stable under the
assumptions of section 4.2, where P and (I — P) are play the role of projection as Ej, E,in section 4.1. The state
vector may be given by

X2 (5' t) = [le (f. t)xz 2 (fl t)]tr
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wherex,  (§,t) is the state component of the unstable part of system (32), may be written in the form

3;:1 &) =Ay,%, 1) + ?[A211X11(f, t) + Bu(t)] Q
x2,(m,t) =0 0(37)
le(f, 0) = leo (f) Q

andx;, (£, t) is the component state of the stable part of system (32), given by

a;?z (g: t) = A222x22(§' t) + (1 - :P)[A212x12(f' t) + BZu(t)] Q
X2, t) =0 0(38)
x22(€' 0) = xzzo (f) Q

The operator A,,,is represented by a matrix of order (Z{zl my, ,2{.21 mzi) given by
A221 = diag[/lzl, ’121’ ,/12], ey ).Zl]and
PB, =[G4, GY, .., G§ |

From condition (2) of this theorem, then the suite of sensors (D}, f;)1<<; iS wg-Strategic for the unstable part of the
system (32), the subsystem (37) is weakly regionally reduced-observable in w (or weakly w¢-observable) and since it
is finite dimensional, then it is exactly regionally reduced-observable in w (or exactly w¢-observable).

Therefore it is wgg-detectable, and hence there exists an operator £} such that (A2, — }[j,Alzl) which satisfies the
following:

aM},al > 0 such that ||e(A221_7[3A121)t||L2(w) < Mle @ ®
and we have

b1
2y @ D)l 1, < MO [Przp Ol
Since the semi-group generated by the operator 4,,, is wgz-stable,

3IM2, a? > 0 such that

%2, Ol .y < MEe™ 4O = PIx2g Ol 2,

t
+ f M2 et 00| = PYxy, Ol M@ lldr
0

L2 (w)

and therefore x;,(¢,t) —» 0 when t — o. Thus, the system (32)-(33) is wyx-detectable.

If the system (32)-(33) is wgx-detectable, then

3 #,, € L(L?(0,0,R%),L*(w))such that (A, — H,A;;) generates an wgz-stable, strongly continuous semi-group
(S4,,(©))¢=0 ON the space L%(w) which satisfies the follwing

iM,,a, > 0such that
”)waAzz (t)”Lz(w) < Mwe_am(t)

Thus the unstable subsystem (37) is wy-detectable. Since this subsystem is of finite dimensional, then it is exactly
wg-0bservable. Therefore (37) is weakly wg-observable and hence it is reduced wg-strategic, i.e.

[Fxpx5(,t) = 0= x3(.,t) = 0]. Forx;(., t) € L*(w)we have
]
K300 = O My 05500 O 0y O filDrzea)rsisg
j=1
If the unstable system (37) is not wg-strategic, 3x;(.,t) € L?(w) such that Ky}, x;(.,t) = 0 this leads to
]
DB w36 Oz (0 O fil iy = 0
j=1

the state vectors x,, may be given by

22,0, ) = [(@10) 15C )2y (0 () x5 (. D)) # 0
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we then obtainGzixzi =0,Vi,i =1,..,Jand therefore Rank G,, # m,,.

Here, we construct the wgg-estimator for parabolic distributed parameter system (1), we need to present the following
remakes

Remark 4.12: Now, choose the following decomposition:

. [Z1] _ y
‘= [ZZ] = lp+3¢,9]
which estimates exponentially the state vector
x= [xz]
Then, the dynamical system (36) is given by the following system:

a
(5260 = (A — HuAr) 96,0
+[ApH, — Hy A3, —Hy A1 + Aj]

y(&,0) + [By — H, By Ju(6) Q (39)
iq)(n,t) =0 0
(6,0 = ¢o® 0

which defines an wgg-estimator for T, x, (¢, t) if
1 limeelle€,t) = Tyxa (&, Oll2) = 0
2. T,:D(Ay) - D(Ay, — H,A1x)WhereT, = x,, T and ¢(&,t) is the solution of system (39).

Remark 4.13: the dynamical system (39) observes the regional reduced state of the system (1) if the following
conditions satisfy:

1. 3L € L(0,1*(w))and M € L(L?(w)) such that:
LAy +MT, =1,
2. TyAyp — (Ayy — HyAx)T, = H,yApand (B, — H,By) =T, B,
3. The system (39) defines an wgx-estimator for the system (1).
4. If X = X,and T, = I, then, in the above case, we have
Ay — (A2 — HyArz) = HyArp

Remark 4.14: the system (1) is wgg-observable if there exists an wgg-estimators (39) which estimate the regional
exponential reduced state of this system.

Now, we present the sufficient condition of the regional exponential reduced observability notion as in the following main
result.

Theorem 4.15: If the system (32)-(33), is wgz-detectable, then it is wzz-observable by the dynamical system (39), that
means

lim [[ (€0 +36,9,9) = &V o, = 0

Proof: The solution of the dynamical system (36) is given by

t

(6, 0) = Sy, (D26() + f Sy, (¢ — D[Byu)
0

+421y(&, 1) + H,F(E, D)]dr  (40)
From the equations (32) and (33), we have
(6 = Apal,8) = 22 (&0 = Anx (6,6) - Buu(®)  (41)

By using (41) and (40), we obtain

t

0
260 = 51,020 + [ Sy, (6= 03, SE €D
0

t
+ f Sy (£ — ) [Byu(@) + Ay y(£,7)
0
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—HyA11x: (., 1) — H, Byu()]dr. (42)

and we can get
¢ 6X1
[ i, (6 = 990, S 60T =0, 0 = S, @, %0,
0

+ (A — H,A12) fot Sy, (t —T) Hyx, (., T)dT(43)

Using Bochnerintegrability properties and closeness of (4,, — H,,A12), the equation (43) becomes
t axl
f Sz, (t = TH, ¥ & vdr =H,x1 (., t) — Sz, ) H X0, ()
0

+(f0t Sy, (t = 1) (Agp — HyA12) Hyyxq (§, T)dT (44)
Substituting (44) into (42), we have
2(.,t) = Sy, (O2(.) = Sy, (OH,x0, () + Hyx1 (., )
+ [ S, (t = 1) [Ag2Hy — HyArzH,y — HyAys + AgJx1 (D)t + [ Sy, (t — )[B, — H,, By Ju(r)dr.(45)

Setting (., t) = 2(.,t) — H,y(, ) with ¢o(.,0) = Z,(.) — Hyxo, (), Whereyy(.) = x,(.). Now, assume that (A3, —
H, A, H, —H,A11A1)and (B, — H,B;) are bounded operators , the equation (45) can be differentiated to yield the
following system

9

(S50 = (A = 7, A1)0E, ) + (Ana T, — T AT,

é —H, A1 + A1) y(, 1) + (B2 — 3, B )u()Q

l p(m,t) =0 )
?(&,0) = @o(&) Q

and therefore

0 0
FEO=Z2E0 = (060 +H,y(E ) =0 0)

= (A222(§,0) + Bou(t) + A21y(, 1) + H, (F(E, 1)

—A122)(§, 1) — A1 x1(§, 1) — Agpx2(§, ) — Bou(t)
= (Az — HyA12) (2G5, 1) — x2(§,1))(46)
From the relation

e 5Ol < Mo, Ol
we obtain
120, 8) = x2( ) N2y Il Xo S, (8) Nzl 2(,0) — x2(.,0) ll;2(0)

< MH, e~ ot || 2(.,0) — x,(.,0) ll;2¢,y—> 0 ast - oo (47)

where the component Z(¢, t) is an exponentially estimator of x,. then, we have the system (36) is a wgz¢-0bservable for the
system (32)-(33).

From the previous theorem 4.15, we can deduce the following definition which characterizes another new strategic sensor:

Definition 4.16: A sensors iswgx-strategic sensor if the corresponding systemiswgz-observable.

5. APPLICATIONS TO EXCHANGE SYSTEMS

Consider the case of two-phase exchange system described by the following coupled parabolic equations:

9%xq

%(ﬁfzi) = aw(flrfbt) +B(x1(&1,&2,0) — x2(61,62,0)Q

9%x,

%(flrfzrt) = Vﬁ(ﬁfz,f) + B(x2(81,62,8) — %1 (81,2, 0)Q (48)

x1(§1,62,0) = x0, (€1, &2), %2(81,82,0) = x0, (81, §2)Q
x1(1M1,m2,8) =0, x2(n1,m2,8) =0 )

and consider Q = (0,1) x (0,1) with subregion w = (a4, B;1) X (a3, B2) € Q. Suppose that it is possible to measure the
states x; (., t), by using q zone sensors(D;, f;)1<<- The output function (2) is given by
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y(®) = (,0)

= [0 @& OO ... [, 1 0f O]
Now, the problem is to estimate exponentially x; (¢, t).

Let us consider

dxq 4 4
ax _ o | _[A1n Arz][*1
cofal- i ey e
at
where

9?2 92
A = anzl(fl'fZ't) + 8,45 = V?xzz(fpfz' t)+p

andA12 = A21 = _BI

From theorem 4.11, we can construct regional reduced estimator for system (48) if the sensors (D;, f;)1<<; are w-strategic
for the unstable part of the subsystem

%(fl'fz’t) 3 V%(fl,let) + B(x1(&1,62,8)
—X2 (51'52' t)) Q (50)
x1(§1,$2,0) = xo, (§1,62) Q
x1(M1,M2,t) =0 0

where that y = 0.1 and 8 = 1. If we choose the sensors(D;, f;)1<i<, such that

y() = [fplxl(fhfz:t)fl(fpfz)dﬁdfz fqul(fl'fz,t)fq(fpfz)dﬁdfz]tr *#0,

then, there exists H,, € L(RY,L?(w)) such that the operator (4,, — #,, A1) generates a strongly continuous stable semi-
group on the space L?(w). Thus we have

Jim [(w(, ©) + 3, %1, 0) = (, Olli2@) = 0,

where

162 t) = ¥ 52 (60,62, + AL+, )W (1, E2,0)

+r = a%,) 5 (61,62, + 03 = D, 62, 0) Q(51)

w(é1,&2,0) = wo(&y, &2) Q
tW(Th'le:t) =0 0

In this section, we give the specific results related to some examples of sensors locations and we apply these results to
different situations of the domain, which usually follow from symmetry considerations.

We consider the two-dimensional system defined on Q = (0,1) x (0,1) with the case of system described by the following
equations:

( %(fvfz»t) =V%(fl:fz't)‘l'ﬁxz(fl'fz,t)

—PBx1(§1,62,)Q (52)
%2(81,§2,0) = x0,(§1,2) Q
x(M,n2,t) =0 0

augmented with the output function
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y(@) = Cx;(,t) (83)

Letw = (aq, B1) X (az, B2), In this case the eigenfunctions and eigenvalues for the dynamic system (52) for Neumann
conditions are given by

_ 2
0 €18 = =gy
o i2 j? 2 s
Ay = ((ﬁl—al)z + (ﬁz—az)z)” pbjz1 (59)

Sinin (;1—0(1) Sin jm (ﬂ) (54)

1—ay Br—az

We examine the tow cases illustrated in fig. (2)-(3).

5.1 Internal Rectangular Sensor

For discussing this case, suppose the system (52)-(53) where the sensor supports D; is the located inQ. The output
function can be written by the form

y(@©) = fDixz(fl'fZ't)fi(fl:fz)d'fld'fb (56)

whereD c (), is the location of zone sensor as in (Figure 3).

Fig. 3: Rectangular domain, region w and location D with rectangular support sensor

Then, the sensor (D, fi)1<i<; May be sufficient for wgx-observability, and there exists ¥, € L(RY,1?(w)) such that the
operator (4,;, — H,,A;2) generates a strongly continuous stable semi-group on the space L?(w). Thus we have

tli_{g”(w(fpfz:f) + Hoyx2(61,62,6)) — 1 (61,82, Ml 120y = 0,

where

G162, 8) = ¥ 52 (60, 62,0) + B+ 36w (0, 62,0

+(y o aj{w)%(fl! fZﬁ t) + (j{o% - 1)(§1r ert)) Q(S?)

w(&1,82,0) = wy (81, &2) Q
w(é,ét) =0 0

Then, we have the following result

Proposition 5.1: Suppose w = D; = n&;[a; — &ior Bi — &i,] € 2 as in (Figure 3). Then the sensor (D, f)1<i<; iS NOt wgg-
observable by the wgg-estimator (57), if for any iy € {1,2},io(§;, — @)/ (&, — Bi,) € Q@ and f; is symmetric about the
|inexi0 = fio.

Proof: suppose iy = 1, (§;, — a;,)/ (i, — Bi,) € Q, then there exists j, = 1 such thatSin (jorc, /B; @1) = 0. But

4 1/2 rax+&y pagj+éy
y© = o) = (G—aG=a) f . f e

Sin [ ( /3]1 "fil)] Sin [ ( sz Offéz)] &, dé,

If f, is symmetric about §; = x, the integral in the square bracket is zero and hence y(t) = {f1, 9;,;,) = 0.

5.2 Internal circular sensor
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Consider the system (52) augmented with the output functiony(t) = Cx;(.,t) where the sensor supports D; is
located inside the domain(). The output y(t) = Cx; (., t) can be written by thefollowing form

y(t) = fDi xl (r: 0: t)ﬁ (r’ B)dideil (58)

whereD; = (1;,0;) c Q, is the location of zone sensor as in (Figure 4).

Fig.4: Rectangular domain, region w and location D with circular support sensor

Then, the sensor (D;, fi)1<i<; May be sufficient for wgz-observability, and there exists H € L(RY,L*(w)) such that the
operator (4,, — H,,A1;) generates a strongly continuous stable semi-group on the space L?(w). Thus we have

liml(w(r, 6, + Hy x2 (1, 6,8)) = x1.(r, 0, Dl 2(0) = 0,

where

( 20,0 =y 25 (,6,0) + B((1 + 7, )w(r, 6,0

1 +(y = a3,) 52 (r,0,0) + 0% - D, 6,0) 9(59)
w(r, 6,0) = wy(r,0) Q

\w(r,6,0) =0 0

Then, we have the following result:

Proposition 5.2: Suppose w = D; = D;(c,7) € @ = —;(0,1)c = (¢y,cz). Then the sensor (D, fi)isig IS NOtwgyp-
observable by the wgr-estimator (59), if for any iy € {1,2},io(c;, — ;) /(c;, — Bi,) € @ and f; is symmetric about the
linex;, = c,.

Proof: suppose iy = 1, then there exists j, = 1 such thatcos(jomc; /B; a;) = 0. Consider the output function (53) with the
change of variable x; = ¢; + ¥ cos 6,x, = ¢, + 7 sin 6, then

4 1/2 r2m pr
T, T a2)> J; fo fi(c, + #Cosi®, ¢, + #Sini@)
om(cy + fSinEZ@)] ol [jon(cl + 7Sin®)
(B —a1) (B2 — az)

¥(©) = (i, @i = (

xsm[’ ]fdf- do

Since f; is symmetric about x, = ¢;, the function
jom(cy + 7Siniz@
(#,08) - fi(c; + 7 Cos@,c; + 7SinB)cos []O(l—)

(B —az)

is symmetric on [0, 7] about 8 = /2 for all #. But the function
Jom(cy + fSinsi?Z@)]

(B, — az)
is antisymmetric on [0, 7] about /2. By decomposing the integral as a sum on [0, 7] and [r, 27] it is easy to see that
y(t) = {f1, ¢i,j,) = 0.

Remark 5.3: These results can be extended to the following:

(#,0) - Sin

(1) Case of Neumann or mixed boundary conditions.

(2) Case of boundary (pointwise, zone) sensors.

6. CONCLUSION

The concept developed in this paper is related to the regional exponential reduced observability in connection with the
strategic sensors. Various interesting results concerning the choice of circular sensors are given and illustrated in specific
situations. Many questions still opened. This is the case of, for example, the problem of finding the optimal sensor location
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ensuring such an objective. The result of regional exponential reduced observability concept of hyperbolic linear or
semi linear or nonlinear systems is under consideration.
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