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ABSTRACT

In this paper we prove some common fixed point theorems for two and four self-mappings using rational type
contraction and some newly notified definitions in partially ordered metric space. In this way we generalized, modify, and
extend some recent results due to Chandok and Dinu [14], Shantanwi and Postolache[29] and many others [1, 2, 4, 5, 21,
29, 30], thus generalizing results of Cabrea, Harjani and Sadarangani [12] as well as Dass and Gupta [15] in the context
of partial order metric setting.
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1. Introduction

Turinici [31, 32] investigated fixed point theorem for monotone mappings on metrizable uniform spaces and quasi
ordered metric spaces. Afterwards, Ran and Reuring [26] extended the Banach contraction principle to partially ordered
metric space with some application to matrix equations. Further, Nieto and Rodriguez-Lopez [22, 23] generalized the
theorem for increasing mapping not requiring the necessity of continuity and gave application to existence and uniqueness
of a lower solution to first order ordinary differential equation. Thereafter, Nieto and Rodriguez-Lopez’s theorems were
generalized by many researchers [3, 6, 13, 17, 24, 33, 34].

Sessa [27] introduced the concept of weak commutative condition of mappings which are generalization of
commutative maps [20] in metric space. Jungck [18] generalized this idea of weak commutative mappings by introducing
compatible mappings. Further, Jungck [19] introduced the concept of weakly compatible mappings and proved some
common fixed point results for these mappings.

In recent years many researchers have generalized the existence of fixed point and common fixed point
theorems for generalized weak contractions in partial ordered metric space [7-11, 21, 25]. Most recently Shatanawi and
Postolache [28] proved common fixed point theorems for dominating and weak annihilator mappings in ordered metric
space for four self mappings, meanwhile Cabrera, Harjani and Sadarangani generalized the Dass and Gupta’s theorem in
the partial ordered metric space. Very recently Alam et al. [5] identified some more natural definitions in view of Turinici
[33, 34] on ordered metric setting.

Our aim in this paper is to modify some recent common fixed point theorems for self-mappings using some newly
identified ordered metric definitions, and rational type contraction.

2. Preliminaries

Definition 1. (a) A non empty set X together with partial order relation = (reflexive, anti-symmetric and transitive) is
said to be an ordered set or partially ordered set. We say X is comparable to ¥ if either ¥ = ¥ or ¥ = ¥ and denoted as

== symbolically.
(b) A set X is said to be totally ordered or linearly ordered if every pair of elements of X are comparable.

(c) Triplet (XJ d, E} is said to be an ordered metric space or partially ordered metric space if @ is a metric endowed with
partial ordering in a nonempty set.

Definition 2. (a) Let X be a nonempty set and 4, B be self-maps on X. Then = € X is said to be coincidence point
of Aand B if Az = Bz. Also if Zis a coincidence point of X such that w = Az = Bz, then W is a point of coincidence
of Aand B.

(b) If Z € X be a coincidence point of 4 and B such that 2 = Az = Bz, then Z € X is said to be common fixed point of
AandB.

Definition 3. Let A4 and B be pair of self mappings defined on an ordered set (X, =). We say that 4 is B-
nondecreasing (resp. B-nonincreasing) if for any x, ¥ € X, Bx = By = Ax = Ay (resp. Ax = A¥). In all, A is called

B-monotone if 4 is either B-nondecreasing or B-nonincreasing.

Notice that under the restriction B = I, the identity mapping on X, the notions of B-nondecreasing, B-nonincreasing and
E-monotone mappings reduce to nondecreasing, nonincreasing and monotone mappings respectively.

Definition 4. Let (X, =) be an ordered set and 4,B:X — X then the followings hold :
(8) The pair (A, B) is called commuting if A(Bz) = B(Az),
(b) weakly commuting if d{ABx, BAx) = d{Ax,Bx),

(c) compatible if lim,{ABx, BAx,) = 0 whenever {x,} € X, such that lim,, .. Ax,, = lim, . Bx, =z for
some Z € X,

(d) weakly compatible if they commute at their coincidence pointi.e. if Ax = Bx, then ABx = BAx,

Example 1. Let Ax = 2x% and Bx = 3x2 with usual distance in X = R, then the pair (4, B) is compatible but
not commuting and even weakly commuting.

5267 |Page October 18, 2015



8 ISSN 2347-1921

(e) Mapping 4 is said to be weak annihilator of B if ABx = x for all ¥ € X and dominating if Z = AZ forall £ € X,

Example 2. LetX =[01] with partial ordering and usual distance with Ax =x and Bx =x? then
ABx = x? = x showing that 4 is weak annihilator of B.

(f) The pair (4, B is said to be weakly increasing if Ax = BAx and Bx = ABxforallx € X.
(g) The pair (4, B is said to be partially weakly increasing if Ax = BAxforallx € X.

Example 3. LetX =[01] with partial ordering and usual distance with Ax=x3 and BX=1x% then

Bx = ABx=x= and Ax = BAx showing that 4 and B are weakly increasing mappings while if we choose 4x = x3
then mappings become partially weakly increasing accordingly as Ax = BAx put Bx £ ABx,

Thus we conclude that pair (4, B is weakly increasing if and only if pairs (4, B) and (B, A) are partially weakly
increasing.

Some newly notified ordered metric definitions:
Definition 5. (see [5] ) Partially ordered metric space (X, d, =) is said to be,
@) E-complete if every nondecreasing Cauchy sequence {x, } © X converges,
(b) O-complete if every nonincreasing Cauchy sequence [x,} © X converges, and
() D-complete if every monotone Cauchy sequence fx,JcX converges.
Remark 1. In this setting, completeness = J-completeness = E-completeness, as well as Q-completeness.
Definitions 6 [5]. A self mapping S in triplet (X, d, =) is called,

(@) -continuous for each Z € X and for every nondecreasing sequence {xn} = X conversing to Z, $x, converges

to 5z,

(b) Q-continuous for each Z € X and for every nonincreasing sequence fx,JcX conversing to Z, 5x,, converges

to 5z, and

(c) P-continuous for each £ € X and for every monotonic sequence fx,lc X conversing to Z, 5x, converges to
Sz,

Remark 2. in the above said notions, continuity = &-continuity = E-continuity as well as {-continuity.
Definitions 7 [5]. In an ordered triplet (X, d, =) the pair {4, E) is defined as,

(a) O-compatible if for every nondecreasing sequence X, } = X there exists two nondecreasing sequences Ax,,

and Bx,, converging to Z € X implies that lim,, .. d(4Bx,,, BAx,,) =0,

(b) Q-compatible if for every nonincreasing sequence {xn} = X there exists two nonincreasing sequences Ax,

and Bx,, converging to Z € X implies that lim,, .. d(ABx,,, BAx,) =10,

(c) D-compatible if for every monotonic sequence [x,} © X there exists two monotonic sequences Ax,, and Bx,

converging to Z € X implies that lim ;.. d{ABx,, BAx,) = 0.

Remark 3. Thus for the pairs of maps in ordered settings, commutability = weak commutability = compatibility = O-

compatibility = E-compatibility as well as Q-compatibility = weak compatibility.

Definitions 8. To emphasize new order theoretic notions we define the following weaker conditions of mappings.
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(@) The mapping A is said to be E—dominating if for every nondecreasing sequence [x,lcX converges to £ implies
that Z = AZ. Analogously, we define Q-dominating and O-dominating for nonincreasing and monotone sequences
respectively.

(b) Mapping 4 is said to be E-weak annihilator of B if for every nondecreasing sequence {xn} C X | converges to Z,
sequences Ax, and Bx,, are also nondecreasing and converge to Z, implies that A5z = z. Analogously, we can

define Q-Weak annihilator and D-weak annihilator for nonincreasing and monotone sequences respectively.

(c) The pair (A, B) is said to be E-partially weakly increasing if for every nondecreasing sequence [x,JcX
converges to Z, sequences AX, and BXx, are also nondecreasing and converge to Z, implies that Az = BAz,

Analogously, we define Q-partially weakly increasing and (-partially weakly increasing for nonincreasing and
monotone sequences respectively.

3. Main results

Theorem 1. Let (X,d, =] be partially ordered metric space. Let 4, 5,5 and T be self maps on X. Suppose that
the following conditions hold:

(@) A(X) S T(X)and B(X) € 5(X),
®) (T, A)and (S, B) are O- partially weakly increasing mappings,

(c) E-dominating maps A and B are 0D-weak annihilators of T and § respectively,

diBy., Tylli+didx Sxll |
1tdlss ) + Bd(5x,T¥) holds, where

o, f=0andx+ 5 =1, @

(d) for any comparable elements X, VE X , d(Ax, 5’}"} =da

) (X d) is O-complete,
® (A4, 5)are E-compatible, AorSis O-continuous and (B, T) are weakly compatible or

(@) (B, T) are O-compatible, B or T is O-continuous and (4, 5) are weakly compatible and

If for a nondecreasing sequence {x,} = X converges to Z with X, = ¥,, for all ® and ¥, — Z implies that

X, = Z.Then 4, B,5 and T have unique common fixed point in .

Proof: Let xgbe an arbitrary point of X. Construct sequences (x5} and {¥,} in X such that
Yon = AXgn—1 = T, Vin+1 = Bxy = Sxon+a. 2
By assumption (b), we have
, Xan—1 = AXgpog = Ty = AT, = Xy,

Xop = BXpp = SXpp41 = 5BX3041 = Xapa1. ®)
Thus for all =1 we have X, = X,:1. Hence by using (d), and putting X = Xo,—4, ¥ = X2, we get

diB xon Txon)lltdidron_s, Sxon_:0]
el - = - -
d(ﬂx‘n_lj B:X."n} =0 14605 2ams o) +ﬁl‘i(5 Xap—1: 1 .'X-"n}, 4)

i i diyan+1s ¥anlll+dlyven Yen-o)] i i
d(Yon Yans1) = - ) + Bd(¥on-1, Yzu),
1+di¥en—2 ¥on

= ad(¥2n+1: ¥Yan) + BA(¥2n-1, ¥2n),
ie. (1— a)d(Van, Vans1) = FA(Van-1, Van),
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g
d(¥zn Yzns1) = e d(Yzn-1, ¥2n)- (®)
Similarly it can be proved that d(}’:n+1: }-‘gnﬂ} = I'fz} I'.i(}"gn, }-‘gnﬂ}. (6)
4 g " g "
Therefore (}’ni }’n+1} = I:l_ﬂ:}d(}’n—lj }":—z} = {E} d(}’n—gj }’n_j_} e = {:z} d{va, v1).
__ 8
Putk = i e have )
d(}’m :!"1:'2+13I = kd(}"n—lJ }?n} = kzd(}’n—:: }?n—l} e = knd(}"l]u }rl}v foraln = 1. ®)
Now for any positive integer 1t and Tt with 711 = 11 we have
ki"l.
d(}"mi }?n} = d(}"rzi .']"1:'2+13I + d(}"n+1i }?n+2} toen II-ir-}":':n.—lJ J"‘m} = Ed(}"l}: J"‘l}' 9)

Hence we conclude that {V}, } is a Cauchy sequence.

Now suppose {¥2n—11is a subsequence of {V;,} then by assumption (), there exists Z € X such that lim ;. ¥25,—1 = Z.
Therefore, lm, Vo, = lim,, Ty, =1lim,, e dx,, | =2

UMy, e Vaper = liMy 0w 530,24 = lim, o Bxq, = 2. (10)
Assume that 5 is O-continuous and in view of assumption (f), we have

limn_>m!1.5x:n+1 = limn+m5Ax2n+1 =5z Also, Xay = Bx:n = 5.7(-':;..24.1.

d';.Exgm l"xzn_lll_1+r:|!';.4_‘p'xzn+a_, .T—""‘Ig,‘]_+‘_,.”
Bl 5 ':‘:: 5 Bl
Now d(ﬂfxm+1j Bx‘n} = 14d(55 %o Txgn) T= ﬁd(j Sx‘n_l. Tx‘n}. (11)
Letting T — ™ in the above inequality, and using (10), we have
diz, =)l1+diA=, T=]]
<z
d{Sz, z) = o W M + pd(5z, z),
= Bd(Sz, z), A contradiction. (12)
Hence 5Z =z . 13)

Now Xay = Bxa, and limy . B x4, —+ Z, so by assumption we have X3, = Z and (d) becomes

rs

d{Bxon Txon)lltdids Sz)]

d(Az, Bx;p)<a 1+d(8z, Txoy)

+ fd(Sz, Txz,). (14)

Again letting Tt — ® in the above inequality and using (10), we have
diz =)[1+did=s 5z)]
1+d(5z, =)

= fd(5z, z)
This implies that Az = z. (15)
Since A(X) C T(X) there exists a point W € X such that 4z = Tw. Suppose that Bw # Tw. Since
zZ Az =Tw = ATw = Wimplies £ = W . From (d), we obtain

dldz, z) =a + fd(Sz, z),

diBw, Twili+did=, 5=)]

d(Tw, Bw) = d(Az,Bw) < a Taten A0 + Bd(Sz, Tw), .
_ diBw, Twlll+dids, 5=)) r
¢ 1+d(5z, Az) + fd(5z, Tw),

= ad{Bw, Az) + fd(5z, A=),
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= ad{Bw, Az), A contraction. a7)
Therefore we have Tw = Bw. Since B and T are weakly compatible, Bz = BAz=BTw =TEw =TAz=Tz ThusZis
a coincidence point of B and T
Again since Xg5—1 = AX9, 4 and lim, .. A X5, 1 — Z, so by assumption we have X3,—1 = Z, and (d) becomes

di Bz, Te)1+d(dxon_s. Sxon_sll
talSro s T0) + fd(Sx5,_q, TZ). (18)

Letting ™ — %, and if liM o @(Sx35—1, TZ) = Othend(z,Tz) = 0 and hence Tz = z.

d(Ax;,_4, Bz) = &

If d{5x2,-1, TZ) # 0 in the above inequality then using (10), we have

di Bz, T=ill+diz =)
1+di=, T=)

d(z, Bz) = a + fd(z, Tz), (19)

= fd(z, Tz) or d(z, Tz) = fd(z, Tz)
This is a contradiction. Hence Tz = z. (20)

Therefore Az = Bz =5z =Tz = z , thatis Z is a common fixed point of A4, 5,5 and T.

For uniqueness, let us assume AZ = Bz = 52 =Tz =z and Au = Bu = 5u=Tu = u but Z # U. Consider (1),

diBu, Tu)lltd(d=, S=))

d(z, u) =d{dz, Bu)=a i rd

+ fd(5z, Tu), (21)

= fd{z, u), A contradiction. (22)
Which means that Z = 1. Thus Z is a unique common fixed point of 4, 5,5 and T.

Corollary 1. Let (X, d, =) be partially ordered metric space. Let 4, 5 and T be self-maps on X. Suppose that the
following conditions hold:

(@) A(X) € T(X) and A(X) € 5(X),
(b) (T, A) and {5, A) are O-partially weakly increasing mappings,

(c) O-dominating map A is O-weak annihilators of T and S respectively,

dldy, Ty)1+didx Sx}]
1+diSx, Ty)

(d) for any comparable elements ¥, ¥ €X , d(Ax Ay) = o
and e+ f§ =01

+ fd(5x, Ty) holds, where @, § = 0

(e) (X d) is O-complete,
() (A, 5) are O-compatible, 4 or S is O-continuous and {4, T) are weakly compatible or

(@) (4, T) are O-compatible, 4 or T is O-continuous and (4, 57 are weakly compatible.

If for a nondecreasing sequence X, } = X converges to Z with X, = V¥, forall 7 and V,, —* Z implies that X, = Z. Then

A, 5 and T have unique common fixed point in X.

Corollary 2. Let (X, d, =) be partially ordered metric space. Let A, B and T be self-maps on X. Suppose that the
following conditions hold:

(a) AQX) € T(X) and B(X) € T(X),
®) (T, A) and (T, B ) are O-partially weakly increasing mappings,

(c) O-dominating maps A and B are 0-weak annihilators of T,

dBy, Tylli+dldx, Tx}]
1+d(T=, Ty

(d) for any comparable elements X, VEX | d(Ax, By) =a
g, f=0andax+ 5 <1,

+ 8d(Tx, Ty) holds, where
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) (X d)is O-complete,
) (A, T) are O-compatible, 4 or T is O-continuous and (4, T are weakly compatible or
(9) (B, T) are E-compatible, B or T is O-continuous and (B, T) are weakly compatible.

If for a nondecreasing sequence {xn} C X converges to £ with X, == ¥, for all 1t and ¥, —* Z implies that X, = Z. Then

A, B and T have unique common fixed point in X,

Corollary 3. Let (X, d, =) be partially ordered metric space. Let A4 and T be self-maps on X. Suppose that the following
conditions hold:

@ A(X) € T(X)
(b) (T, A)is E-partially weakly increasing mappings,

(c) E-dominating map 4 is O-weak annihilators of T,

dldy, TyMit+didx Txil
1+diT= Ty)

(d) for any comparable elements x, v EX  d{Ax, Av) =« + Ad(Tx, Tv) holds, where @, § = 0

ander + f§ =1,
(e) (X d) is O-complete,
) (A, T) are O-compatible, and A or T is O-continuous and (4, T) are weakly compatible.

If for a nondecreasing sequence {¥,} = X converges to Z with X, = ¥,, for all 1t and ¥,, —* Z implies that X,, = Z. Then

A and T have unique common fixed point in .

Remark 4. Theorem 1 and corollary 1, 2, and 3 remains true if we replace E-complete, 5-compatible pair, 5
continuous, E-dominating maps, E-partially weakly increasing mappings, E-weak annihilator by J-complete, O-
compatible pair, @-continuous, ¥-dominating maps, J-partially weakly increasing mappings, O-weak annihilating maps
respectively.

Remark 5. Theorem 1 and corollary 1, 2, and 3 remains true if we replace 5-complete, 5-compatible pair, E-continuous, 5
dominating maps, E-partially weakly increasing mappings, E-weak annihilator by complete, compatible pair, continuous,

dominating maps, partially weakly increasing mappings, weak annihilating maps respectively.

Now we prove common fixed point theorem by relaxing the definitions of E-dominating, E-partially weakly increasing, and 0-
weak annihilating mappings and enrich some recent common fixed point theorems by ordered metrical definitions.

Theorem 2. Let (X, d, =) be partially ordered metric space. Let T, 5 be self-maps on X. Suppose that the following
conditions hold:

@ T(X) € 5(X),
(b) T is S-nondecreasing,
(c) there exists Xy € X such that Sxp = Txy,

di Sy, Tyll1+d(Sx, Tx)l 1
1+d(5x, 5y) + fd(Sx, 5y) holds,

where &, § = Danda+ 5 < 1, (23)

(d) for any X, ¥ € X and comparable Sx, Sy such that d(Tx, Ty) =«

(e) (X d) is O-complete,
@ (T, 5)is O-compatible pair,

(g) S is O-continuous,

5272 |Page October 18, 2015



ISSN 2347-1921

(h) (T, 5 is weakly compatible pair.
Then 5 and T have a unique common fixed point in X.

Proof: Let xg be an arbitrary point in X such that Sxg = Txg. Since T(X) € S{X) we can choose X1 € X such that
Sxy = Txp again since Txq € S(X} there exists X7 € X such that 5x; = Tx4. By induction we can construct a sequence
{x,}in X such that 5x,+1 = Tx,, foreveryn € N U {0}. Since Sxg = Txy = 5x4, and T is 5-nondecreasing mapping we
have Txp=Txy Similarly, since 5x;=5x; we have Tx;=Tx5 Continuing this process, we obtain
Txg=Txy =Tx,=Txzg=-+ .. =Tx, = Tx,41 Suppose that d(Tx, Tx,41) > 0 foralln € N U {0}. If not then
Tx,:q4=Tx, for some, i.e. Sx,+4 = TXx,21 implies that ¥ and T have a coincidence point X,+1. Now using assumption
(h),letz = 5x,39 = Tapsithen Tz = T(5x,41) = 5(Txp:4) = 5z

d(fz, T=)1+d(8Sxn s Txneal]
1+d(Sxpnis Sz)

Consider, d(Tx,eq, TZ) =& + fd(Sx,:q, 52)

=a. 0+ Fd(Sx 41, 52),

= Bd(Tx,+1, TZ), A contradiction.
Hence d(Tx,:1, TZz) = 0 impliesthat Tz = 5z = z. (24)
i.e. Z is a common fixed point of ¥ and T
Therefore assuming @{Tx,, Tx,:1) = 0, in view of (d) we have

d(8xns Tany ) +d(Sxn Txgl]
1+d(Sxp. Sxpqs)

= ad(Tx,, Tx, 1)+ Bd(Tx, 1, T}

d(Tx,, Tx,s1)=a + fd(Sx,, Sx,:q1),

d(Tx,, Txpel) < % d(Tx,—1, Tx,). (25)
Using mathematical induction we have
d(Tx,, Txeq) < {ﬁ}n d(Txg Txy). (26)
Now we shall prove that {Tx,, } is a Cauchy sequence. For 711 = 1, we have
d{Tx,,, Tx,) = d(Tx,, Tx, 1) +d(Txp_q, Txp )+ d(Tx, 4, Ty,
< (E™7 4+ k™2 4 e L E™)d(Txy, Txg),
= %d(?’xl, Txy). where k = (&) <1, (27)

Thus {Tx,} is a Cauchy sequence. Also (X, d) is O-complete, therefore there exists Z € X such that

lim,»..Tx, = z. By E-continuity of § we have lim,,_,..5({Tx,) = 5z. Since 5x,,+1 = Tx,, = Z and the pair is 0-
compatible, we have

lim, - d(S(Tx,), T(5x,))=0. (28)
Using triangular inequality and letting 1. —* &2,
d(Tz, 5z) = d(Tz, T(5x,)+d(T(5x,), S(Tx,)) +d(5(Tx,), Sz),
=d(Tz, Tz)+ 0+d(5z, 52),
=10
Hence TZ = 5z i.e. Zis a coincidence point of T and &. Again in view of assumption (h), we arrive at equation (24).

For uniqueness, let us assume that T2 =%z ==z and Tu = Su = U but Z ¥ L. Consider (23),
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_ diSu, Tu)l1+d(Sz T=)l
diz, w) =d{Tz, Tu) =« alos 5 + fd(5z Su),

=a. 0+ pd(5z, 5u),

= fd(z, u), A contraction. (29)
Thus £ is a uniqgue common fixed point.

Theorem 3. Theorem 2 remains true if we replace E-complete, 5-compatib|e pair, E-continuous, by Q-complete, Q

compatible pair, Q-continuous, and assumption (c) is replaced by the following (besides retaining rest of the assumptions):

(¢") there exists Xy € X such that Sx g = Txy.

Theorem 4. Theorem 2 remains true if we replace E-complete, 5-compatib|e pair, E-continuous, by O-complete, O-
compatible pair, &-continuous, and assumption (c) is replaced by the following (besides retaining rest of the assumptions):

(c") there exists Xy € X such that Sx g <I= Txy.

Remark 6. Theorem 2 remains true if we replace E-complete, 5-compatible pair, E-continuous, by complete, 0-
compatible pair, continuous, and assumption (c) replaced by either (c') or (c") (besides retaining rest of the assumptions).
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