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Abstract In this paper, two fundamental theorems of stellar statistics are given. Applications of the theorems for the
frequency functions of the various characteristics of the stars are developed
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1.Introduction

Modern observational astronomy has been characterized by an enormous growth of data stimulated by the
advent of new technologies in telescopes, detectors and computations. This new astronomical data gives rise to
innumerable statistical problems (Feigelson and Babu 1992,Sharaf andMominkhan 2014).Also, a

new statistical method for cosmic distances determination was developed by Sharaf et al. (2003). The method
depends on the assumption that the members of the group scatter around a mean absolute magnitude in Gaussian
distribution. The mean apparent magnitude of the members is then expressed by frequency function to correct for
observational incompleteness at the faint end. The problem reduces to the solution of a highly transcendental
equation for a given magnitude parameter (Q).

Due to the importance role of the stellar statistic and its consequent results in establishing stellar frequency functions, the
present paper is devoted to find the basic equations for the frequency functions of the various characteristics of the stars

2. Two fundamental Theorems of Stellar Statistics
2.1 The first theorem

Consider n(say) of absolute characteristics X, X,,---X, of astar. Assume X;,X,, "X be the

n
apparent characteristics associated with absolute characteristics Xl, X2 R Xn .Assume that r is the distance of the star
from the Sun(usually in parsec). The apparent characteristics X,, X,, -+ X, are functions of the absolute characteristics

X, X,, -+ X,, and the distance r that is:
X; =fj(Xj,r) ; 1=1,2,---,n.
Inversely
X, =Flx;,r) ;j=1,2,---,n
Let D(X,,X,,--+X,) be the frequency function for the absolute characteristics X,, X,,--- X,
let b(Xl,Xz,---,Xn)dX1 dXz,---,an denotes the number of stars with apparent characteristics between

(X, X, +dX,), (X2 y Xy + dXZ), ¥ (Xn Xy + an) in a small region of the sky subtends a solid angle S(see Fig. 1) at a
distance I +dr, I ,and D(r) the density function, then

dr

Fig.1: The element of volume on the distance interval (r,r+dr)within afield subtending solid angle Sis
Sr2dr
T OX, OX oX
b(X,, X5, -, X, )=S| r? D(r)®(X,, X,, -+, X 19%2
i L GLC R P

0

Ldr (1)

n
Equation (1) is the first theorem.

3.2 The second theorem
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If p(X;,X,,--X, ) is the average parallax for the stars having apparent characteristics X;, X,,---X,, . Since the parallax p of a
star at a distance r parsecis p = 1/r (pinsecond of arc),then
? X, 0X, o

X
b(Xl,Xz,---,Xn)p(Xl,Xz,---,Xn)ZS‘!I’D(I’)CD(XPXZ,---,X”)8Xl ox, ; ',axn dr (2

n
Equation (2-19) is the second theorem

2.3 The solution of equations

If the functions b(Xl,XZ,---,Xn)and p(Xl,Xz,---,Xn)can be derived from observations, the function D(r)and
(D(Xl, X2 ,or -Xn ) can theoretically be found from the solutions of the integral Equations(1) and (2) .

2.4 Special cases

First: Function of one absolute characteristic

Let the absolute characteristic and the apparent characteristic of a star are respectively

be X and x. In this case the two fundamental theorems become

b(x) =S 2 D(r)CD(X)g—f dr, @
p(x)b(x)=sfro(r)q>(x)‘;_>x<dr. @

Second: Function of two absolute characteristics

Let the two absolute characteristics and the two apparent characteristics of a star are respectively (X, X,) and (X;,X,) .In
this case the two fundamental theorems become

< oX., oX
b(x,,x,)=S|r’D(r) X, X L S, 5
(X1, X,) I (N (X, 2>8X18X2 (5)
f & X, 06X,
b(X,, X,)P (X, X,) =S j rD(r) (X, X,) i dr.. (6)

AExample of function of one absolute characteristic
Theinput: X =x,xr", D(r) = in d(X)=e™
r

The output :

23 x%mii TUZ ijn:3UL
0 - =

m

28 x1’m:n7 JUZ ijn:ZUL
m

m

b

all

A Example of function of two absolute characteristics

The input: X ={x, xr™,x, xr’},D(r) = in,CD(X) = eXp[—y/ X X, x 1P
r

The output :
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A Example of function of three absolute characteristics

X/ x
D Dl r
H [18in [1Cos 2 OXUU3

The input: X ={rx,,rx,,rx,},D(r)= in,cD(X) =TI X, sin(r x,) cos(r x,)
r

The output :
nl2 inl 2
1 UJ Oxp 2L U Ox UZ U UU L
bll— S x3 # 2 T uﬁ 2 cos 7 (n
2 Lxl UXZL7 x1 UX2J
nll n]l
SR TN UDnUU U
all— S x3 sin_—_[L6 [In
2 xlezu7 lexz g 2

4. Applications
4.1Apparent and absolute luminosities

Let L and ¢ denote the absolute and apparent luminosities of a star. We define the former as the luminosity the star would
appear to have if it were at unit distance (r = 1) .Then, since the apparent brightness of a star varies inversely as the
square of the distance,

L=2¢r2. (7)
In Equations (3) and (4), X and x are to be replaced by L and ¢ respectively . Also
¢ f (8)
or
hence
b(€)=S_[r4 D(r)®(¢r? )dr, ©)
0
a(t)= b(ﬁ)p(ﬁ):sj r* D(r)@(¢r? )dr . (10)

0

In practice we associate a function @ with each of the various spectral divisions ( or subdivisions ) in the Hertzsprung —
Russel diagram , distinguishing between giants and the stars of the main sequence.

4.2Apparent and absolute magnitudes

The absolute magnitude , M of a star is given in terms of the apparent magnitude m and parallax p by
M=m+5+5logp, 11)
M is thus defined in terms of the standard distance of 10 parsecs .We write , for convenience ,

M,=M-5, (12)
so that |\/|l is defined in terms of the standard distance of 1 parsec , and

M,=m+5 logp. (13)

In this formula the base of the logarithm is 10 .
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We shall refer to |\/|l in this connection as the modified absolute magnitude. Also, with r measured in parsecs, we have

p=1/r and

M;=m-5logr.

In Equations (3) and (4), X and x are to be replace by |\/|1 and m respectively . Also

hence,

and

oM,

1,
om

0

b(m):SJ'r2 D(r)®(m —5logr)dr

0

o0

b(m)p(m):SI rD(r)®(m —5logr)dr

0

(14)

(15)

(16)

In these formulae , b(m) is the number and p(m) is the mean parallax of stars of apparent magnitude m . Another
forms of these equations will be derived as follows.

Write

Let

Consequently

Thus

or, on setting
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p=-5logr =

r=10"%=1n r:-(%) In10 = r:exp{-% Inlo}.

c=IN10_ 4 4605
r=exp{-cp}.
dr =—cexp{-cp}dp ,

=0 = 0;

[=0 = p=-0.

b(m)=cS Texp{—SCp}D (e“:p )CD(m +p)dp,

b(m)p(m)=cS Texp{—ZCp} D(e‘Cp )CD (m+p)dp,

A(p)=cS exp{-3cp}D (e

17

(18)

(19)

(20)

(21)

(22)

), (23)
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b(m)= [ Ap)®(m+p)dp. (24)

a(m)=b(m)p(m)= jeWA(p)CD(m +p)dp. (25)

4.3Linear velocity and proper motion

Let T denote the transverse linear velocity of a star in a given region and L the corresponding total annual proper motion.
Then

T=pnr. (26)

With r measured in parsecs and [ in seconds of arc, T will be measured in terms of the unit k or 4.74 km./sec. Here T
and [ correspond to the characteristics X and x . Let ¥(T) be the frequency function of the linear velocities. Then by
Equations (3) and (4) we get;

b(w)= ST r* D(r)¥(ur)dr, @27)

a(u)=b(u) p(u)= SJ'r2 D(r)@(ur)dr. (28)

0

in which b(u) and p(u) are respectively the number and mean parallax of stars with proper motion L. Let

r=exp{p} ; n=exp{a}. (29)
Then Equation (27) becomes:
b(w)=b,(a)=5 Iexp{4p} D (e”) w(er* )dp (30)
and setting:
Sexp {4p} D(ep )= A, (p), (31)
‘P(e‘”“ )= ¥, (p+0). (32)
Thus,
b(w)=b,(a)= [A,(p)¥,(p+0)dp . (33)
Similarly we get
a(u)=a,(w)=b()- p(w)= [e? A,(p)¥,(p+a)dp. (34)

Formulae (33) and (34) are integral Equations from which the functions Al (p) and lI’l(p + 0() can be determined when

the functions b(p) and a(u) have been obtained from observations.
4.4The number and mean parallax of stars of magnitude m and proper motionp

Denote , as before, the frequency function of the modified absolute magnitudes by CD(Ml) and the frequency function of
the linear velocity by W(T).Let b(m ,},t)dm du be the number of stars with apparent magnitudes between m and

M +dmand proper motion between W and L+ dpL. Then, assuming that there is no correlation between M, and T.
Consequently, according to Equations (5) and (6) with
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Since

then

Thus

Setting
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o oM, oT
b(m, u)_s£ r2 D(r)o(M, ) ¥(T) om o
om0 p(m, )= ()M, ¥(T) T4 o

M,=m-5logr ; T=upr,

oM, _, . aT_

—=Tr.
om ou

b(m, ) = STP D(r)®(m-5log r)¥(ur)dr

a(m, ) = b(m, p) p(m,p) = STr2 D(r)@®(m-5log r)¥(ur)dr.

r =exp{—cp}.

where c is given by Equation (18) and:

cSexp{- 4cp}D(e*") W(ne ) =A,(1p),

then Equations (38)and (39) become:

b(m,1) = [ A, (u,p) (M +p) dp

b(m, ) p(m,p) = [ A, (u,p) @(M+p) dp.

4.5 The total apparent brightness in any region of the sky

Considering stars of a single spectral type, the mean absolute luminosity, L , is given by:

(43)

(39)

(36)

(37-1)

(37-2)

(38)

(39)

(40)

(41)

(42)

If we assume that the mean absolute luminosity of the stars in the element of volume, S redr , of the cone is given by

Equation (43), these stars will have an apparent luminosity E/r2 on the average. As the number of stars in the

volume elementis S D(r)rzdr , the total apparent luminosity arising from these starsis L S D(r)dr .

We then have the total apparent luminosity, A , of the region
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A=L SI D(r)dr. (44)
0

Since

-0.4(m;-m,)

0,/0, =10 (45)

then, assuming the zero apparent magnitude correspondsto/ =1, i.e. m, = 0 for ﬁz =1 then from Equation (45)

0, = 10—0.4 m, ’

that is:
m, =-2.5log/, . (46)

Consequently, the total apparent luminosity, A , for the given region and given spectral type is equivalent to the brightness
of a single star of apparent magnitude — 2.5 Iog A . The stars of the other spectral types furnish similar results.

4.6 The mean proper motion of stars of apparent magnitude m
From the above,, the number of stars with a given assigned apparent magnitude m

and with proper motion between L and L+ du is proportional to b(m, },L)d},t and, if },L(m)denotes the mean proper
motion of all stars of apparent magnitude m, then, we have:

wb(m, w)dy
Mm)4e 8 “7)

o0

[ b(m, )y

0

Oy 8

Thus, we have :

e}

.[“ b(m, u)du = ST“d“{.T r® D(r)d(m —5logr) ¥(u r)dr} ! 48)

Tb (m,p)du = SI du{jr D(r) ®(m — 5logr) ¥(u.r)dr } (49)

Inverting the order of the integrations of the right hand sides of Equations (48) and (49) we get for u(m)the expression

Tr3 D(r) ®(m —5Iogr){]g‘P(u r)pdu}dr
u(m)== - -
Irs D(r) &(m —5Iogr){'[‘P(p r) du}dr

(50)

On the assumption that the frequency function of the linear velocities T is independent of r ,then

Tr D(r) &m —5logr) drTT ®(T)dT
u(m)= 2 e
Irz D(r) ®m - 5logr) dr_[ ¥(T)dT

Since
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T‘P(T)del . TT‘P(T)dT:T,

0

where T is the mean transverse linear velocity. Since

w(m)=p(m)-T. (51)
As Equation (51) holds for each small range of magnitude, we have:

p=p-T, (52)
where ot and P denote the mean proper motion and parallax of stars within any given magnitude range.
From Equation (51) we have:
b(m).u(m) = b(m).p(m).T .

Hence from Equations (51) and (52) we get:

b(m).u(m)=T Texp{c p} Alp)@(m+p)dp, (53)

b(m) = TA(p)CD(m +p)dp. (54)

If the functions b(m) and },L(m)are obtained from observations and if we suppose that T can be found for the given
region , say from a representative number of stars of known parallax , the formulae (53) and (54) are two integral
equations from which the functions A(p) and (I)(m + p) can theoretically be obtained.

In concluding the present paper, two fundamental theorems of stellar statistics were given. Applications of the theorems for
the frequency functions of the various characteristics of the stars are developed. Of these functions are , 1-the apparent and
absolute luminosities,2-apparent and absolute magnitudes,,3-Linear velocity and proper motion,, 4-The number and mean
parallax of stars of magnitude m and proper motion jt,

5- The total apparent brightness in any region of the sky 6- The mean proper motion

of stars of apparent magnitude m
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