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ABSTRACT
We investigate the oscillation of class of time fractional partial differential equation of the form

o C t

2 lp0a@ @t Y a0 ([ -5 u(x.5)09) = aAux D+ F (b

ot = 0
for (x,t)eQxR, =G, R, =[0,0), where Q is a bounded domain in RN with a piecewise smooth boundary 8Q ,a (0,1)
is a constant, Dﬁt is the Riemann-Liouville fractional derivative of order « of u with respectto t and A is the Laplacian
operator in the Euclidean N - space RN subject to the Neumann boundary condition

%hu(x,t)u(x,t) =0, (xt)edQxR,
14

We will obtain sufficient conditions for the oscillation of class of fractional partial differential equations by utilizing
generalized Riccatti transformation technique and the integral averaging method. We illustrate the main results through
examples.
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1.INTRODUCTION

Fractional differential equations, that is differential equations involving fractional order derivatives seems to be a natural
description of observed evolution phenomena of several real world problems. Recently studying fractional order differential
systems turn out to be an active area of research. It is evident that in interdisciplinary fields many systems can be
described by fractional differential equations [2, 9-12, 16,20]. The study of oscillation and other asymptotic properties of
solutions of fractional order differential equations has attracted a good bit of attention in the past few years [4-6, 8].
However, only a few results have appeared regarding the oscillatory behavior of fractional partial differential equations,
see [1, 13, 14-15, 17] and the refrences cited there in.

Chen|[3] studied the oscillation of the fractional differential equation
(r®(D%y)" @) —a(t) f (It (s—t)"“y(s)ds) =0, t>0,

where Dy is Liouville right-sided fractional derivative of order « <(0,1) of y, >0 is a quotient of odd positive integers,

I and ( are positive continuous functions on [ty,«) for a certain t; >0, and f:R—R is a continuous function such

that f(u)/u” >K for a certain K>0 and for all u=0. They established some oscillation criteria for the equation by
generalized Riccati transformation technique and integral inequality.

In[19], the authors considered non linearity term g(y) to self adjoint term in the class of fractional differential
equation and derive the oscillation criteria for the following equation

(r®g(D* (y(®))) - p(t) f (f(s —t)"“y(s)ds) =0, t>0,

where Dy is Liouville right-sided fractional derivative of order « € (0,1) of y.

To the best of our knowledge, nothing is known regarding the oscillatory behavior for the following class of
fractional partial differential equations with forced term of the form

m
0 i P
(E) E[p(t)g(Df’t(u(x,t)))]+ Zq oGt f( _[0 (t—s)"“u(x,s)ds) = a(t)Au(x,t) + F(xt),
=
(x,t)eQxR, =G, where Q is a bounded domain in RN with a piecewise smooth boundary oQ ,a < (0,1) is a constant,
D{; is the Riemann-Liouville fractional derivative of order « of u with respectto t and A is the Laplacian operator in

o2u(x,t)

=2 % Equation (E) is supplemented with the Neumann boundary
XI‘

N
the Euclidean N - space RN (ie) Au(xt)= E 1
r=

condition

(By) %+y(x,t)u(x,t) =0, (xt)edQxR,,
v

where v is the unit exterior normal vector to 6Q and w(x,t) is continuous function on 6QxR, , and
(By) u(xt)=0, (xt)edQxR,.

Our results established in this paper are infact improvement of results in [13] and [19]. These oscillation criteria
generalize those of existing one. In what follows, we always assume without mentioning that

(H) pt)eC ([0,);R.),a(t) C([0.);R, ) ;
(Hy) 9j€C(G;R,) and q;(t) =min_sa;(%t), j € Iy ={L.2,..m};
(H3) fj,9€C(R;R) are convexin [0,0) and g is a monotone function with uf;(u)>0 and ug(u)>0 for u=0

fi(u
'( )Zaj,Lz/;’ forall u=0,jely;
u g(u)

and there exist positive constants «; and g such that
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(Hya) g’l €C(R;R) are continuous functions with ug’l(u) >0 for u=0 and there exist positive constant

y such that g’l(uv)s;g’l(u)g’l(v) for uv=0;

(Hs) FeC(G;R) such that j F(x,t)dx<0.
Q

By a solution of (E),(B;) and (B,) we mean a non trivial function u(x,t)eCl+"’(C_5;R+) with
t . - _
.[(t—S)_aU(X,S)dSEC (G;R,), p(t)g(Dfu(x,t))eC (G;R,) and satisfies (E) on G and the boundary conditions (B;)
0

and (B,). A solution u(x,t) of (E) is said to be oscillatory in G if it is neither eventually positive nor eventually negative.
Otherwise it is nonoscillatory. Equation (E) is said to be oscillatory if all its solutions are oscillatory. The purpose of this
paper is to establish some new oscillation criteria for (E) by using a generalized Riccati technique and integral averaging
method. Our results are essentially new.

2.PRELIMINARIES

In this section, we give the definitions of fractional derivatives and integrals and some notations which are useful
throughout this paper. There are serveral kinds of definitions of fractional derivatives and integrals. In this paper, we use
the Riemann-Liouville left sided definition on the half-axis R,. The following notations will be used for the convenience.

V() =ﬁj.gu(x,t)dx, wherdQ) =Ide, (1)

Definition 2.1. [8] The Riemann-Liouville fractional partial derivative of order 0<a <1 with respect to t of a
funciton u(x,t) is given by

o 1
ot I'(l-«)

t
(D% u)(x,1):= Io(t —v)"%u(x,v)dv )

provided the right hand side is pointwise defined on R, where T is the gamma funciton.
Definition 2.2. [8] The Riemann-Liouville fractional integral of order & >0 of a function y:R, —R on the half-axis

R, is given by

t
(E90 = [ -9 yav for >0 -

provided the right hand side is pointwise defined on R,.
Definition 2.3. [8] The Riemann-Liouville fractional derivative of order @ >0 of a function y:R, —R on the half-
axis R, is given by
d|—”’-| " "_
a = a o 4
©ey0:=SlFoyky ror >0 @
provided the right hand side is pointwise defined on R, where (a—‘ is the ceiling function of « .

Lemma 2.1. [13] Let Y be solution of (E) and

K(t):=J;(t—s)“”y(s)ds for ae(0,1) and t>0. (5)

Then
K'(t) =I(1-a)(Dy)t) for aec(01) and t>0. )
Lemma 2.2 .[7] If X and Y are nonnegative, then

mxy™ 1o X™<(m-1)y™, @)

5371 |Page October 27, 2015



&J ISSN 2347-1921

where M is a positive integer.

3.0SCILLATION OF THE PROBLEM (E),(B,)

We begin with the following theorem.

Theorem 3.1. If the fractional differential inequality

%[p(t)g(DfV (t))]+ Zm:q JOFj(Kt) =<0 ®)

=1
has no eventually positive solution, then every solution of (E) and (B;) is oscillatory in G .

Proof. Suppose that u(x,t) is a nonoscillatory solution of (E) and (B;). Without loss of genearality, we may assume

that u(x,t)>0 in Qx[ty,) for some t; >0. Integrating (E) with respect to X over Q., we obtain

d v ty
Jga[p(t)g(Dﬁtu(x,t))}jx+ ;qu (x,1) ijO(t -5s) “u(x,s)ds]dx = a(t)J.QAu(x,t)dx+IQF(x,t)dx 9)
Using Green’s formula and boundary condition (B;) it is obvious that
J' Au(x,t)dx:I WY g - —I L6 DU IS <0, 2t (10)
Q o Ov oQ

By using Jensen'’s inequality and (Hz) we get

'[ q;(x.t) f; r(t—s)‘“u(x s)ds |dx>q; (t) f; '[ jt(t_s)—au(x s)ds |dx
o J\ J o ' =4j j ol Jo i
t
>0;(t)f; U'O(t ’ s)*a(jgu(x, s)dx)dsJ
t
2q; (t)Idef i [Io(t -5 Ugu(x, s)dx(Ide)‘ljds]

> q; (1) J.defj(K(t)) t>t,. 1)
By (Hs),
J' F(x,t)dx<0. 12)
Q
In view of (1), (10)-(12) and (9) yield
d u <
O Y] I SHOLIORD (3)

=1
Therefore V (t) is an eventually positive solution of (8). This contradicts the hypothesis and completes the proof.

Theorem 3.2. Suppose that the conditions (H;)—(Hs) , and

00 1 1
—— |[ds= oo, 14
K [p(s)] ; (14)

hold. Futhermore, Assume that there exists a positive function 5eC'([tO,oo); R.) such that
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t el |, (15)

li 4 ey
imsup] O s

Y

where «;, 8 are defined as in (H3) Then every solution of (8) is oscillatory.

Proof. Suppose that V (t) is a non oscillatory solution of (8). Without loss of generality we may assume that V is an

eventually positive solution of (8). Then there exists t; >ty such that V(t)>0 and K(t)>0 for t>t; . Therefore it follows

from (8) that

m
(P g(DLV (1)) S—qu(t)f,-(K(t)) <0 for tefty,«) (16)
=1
Thus DIV ()20 or DV (t) <0,t>t; for some t; >t;. We now claim that
DIV (t)>0, for t>t;. 17)
Suppose not, then DYV (t) <0 and there exists t, e[t;,0) such that DYV (t,) <0.
Since p(t)g(DfV(t)) is strictly decreasing on [t;,). Itis clear that
b0V ()< p(t)g D2V () )=
where ¢ >0 is a constant for t [t,,«). Therefore from (6) we have
KO _-pev <o =S
F(1-a) p(®)
| T,
<—ng | —=| for te[ty,»), where y =19(c).
p(t)
Then we get
T K'(t)
g | — |£——— for telt,,x).
[p(t)) nri-a) i
Integrating the above inequality from t, to t, we have
t -
j g_l{ 1 stg_ K(t) - K(tp)
t, \P(s) nrl-a)
<Kl for tefty ).
nl'l-a)
Letting t > we get
rg-{i},ssﬂ <on
t p(s) nr(l-a)
This contradicts (14). Hence (DZV(t))>0 for te[t;,o) holds.
Define the function W by the generalized Riccati substititution
(18)

w(t) = 5(t)%(§v(t» for tefty,)

Then we have W(t) >0 for te[t;,o). From (18),(6), (8) and (H3) it follows that
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OE i((t)) (POI(DV (1) +[ K(())J POIDN (1)
50)2 © Jrift()t» {K“)‘s'(z;(f)“)’('“)}p(t)g(Df’V(t))
< —5(t)jzr2;a 105 ) +56T(8W(t) —i—((tt))wa)
. 5(t)2a,q (t)+ ‘; ((tt)) Fgl(t‘):‘zl’;’gz((gg(‘t’)gt)
s—é(t)jzr;ja,-q,-(t)#;((f)) 0-Z 5w, 19)

Taking

m=2,

/ﬂf(l 0!) W (1),
S(t)p(t)
y=1L [50p® 5O (20)
2\ pr(l-a) o)

Using Lemma 2.2 and (20) in (19), we have

1 pmE'®)? 21)

W'(t) < —6(t)jzz;ajqi O+ Arl-a)s(t)

Integrating both sides of the above inequality from t; to t we obtain

t

m ’ 2
J' {5@)2(1 10, (9) —%%]ds <SW (1) -W (1) <W(ty).
Gl =

Taking the limit supremum of both sides of the above inequality as t - we get
‘ 1 ')
nmsup_[ 5(s)za a;(s) - L RO Hgs o ) < o,

e 4 fr(1-a)o(s)

which contradicts (15), and completes the proof.
Theorem 3.3. Suppose that the conditions (Hy)—(Hs) , and (14) hold. Futhermore, suppose that there exists a

positive function 5eC'([tO,oo);R+) and a function H eC(D,R) where D:={(t,s):t252t0} such that
1. H(t,t)=0 for t>ty,

2. H(t,s)>0 for (t,s) € Dy,

where Dy ::{(t,s) it>s zto}, and H has a continuous and non-positive partial derivative H'S(t, s)=

M) on D, with
0s

respect to the second variable and satisfies
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t m .
1 jH(t,s) 5(8)Y @jaj(5)- PEN ()] s = o (22)
(t’tl)tl =

44T (1—a)5(s)

limsup
tow

where «;, S are defined as in Theorem 3.2.Then all the solutions of (8) are oscillatory.

Proof. Suppose that V(t) is non oscillatory solution of (8) Without loss of generality we may assume that V is an
eventually positive solution of (8). Then proceeding as in the proof Theorem 3.2, to get (21)

1 pm)(s'®)

W'(t) < 5(02“1‘11(0*4 Ar(l-a)s(t)

multiplying the previous inequality by H(t,s) and integrating from t1 to t for te[ty,0), we obtain

4 r(1-a)s(s)

'[H(t s){&(s)za,qj(s)—l p(s)o (s) ]dss—[H (t,s)W(s)ﬁl+'rHs'(t,s)W(s)ds
4

<SHtLYW () + J.;Hs'(t,s)W(s)ds

<H(t )W ().

Therefore

1 5
H(t )IH (t, S){S(S)Za]qj(s)—_ P(S)Y (5) }dS<W(t1) -

4 fr-a)s5(s)

which is a contradiction to (22).The proof is complete.

Corollary 3.1. Assume that the conditions of Theorem 3.3 hold with (22) replaced by

j HE s)a(s)za,q, (s)ds=cs,

t—)oo
el ©f
"ff;’pH(ttoI g )ﬂF(l— PEON i

then every solution u(x,t) of (E),(B;) is oscillatory in G .

Next, we consider the case

© 1
©, 23
3 {o55]+ 23

which yields that (14) does not hold. In this case, we have the following result.
Theorem 3.4. Suppose that the conditions (H1) —(Hs) and (23) hold, and that there exists a positive function

5eC'([t0,oo); R,) such that (15) holds. Futhermore, assume that for every constant T >ty, where T = max{t3,t4}

0 m t
4] 1
lg 1{m;ajiqj(s)ds}dt: 0. (24)
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t

Then every solution V of (8) is oscillatory or satisfies |im (t - s)*"v (s)ds=0.
t—w
0

Proof. Assume that V(t) is nonoscillatory solution of (8) Without loss of generality we may assume that V is an
eventually positive solution of (8). Then proceeding as in the proof Theorem 3.2, there are two cases for the sign of

(DI (t) . The proof when (D{V)(t) is eventually positive is similar to that of Theorem 3.2 and hence is omitted. Next,

assume that (DY )V (t) is eventually negative. Then there exists t3 >t, such that (DF)V(t) <0 for t>t;. From (6) we get

K'(t):=F(1-a)(DAV)({t)<0 for t>t,.

Thus we get |imK(t):=M >0 and K(t)>M . We claim that M =0. Assume not, Thatis, M >0 then from (H3) we get

t—o

(POIDAVD)) - a; O f;(K®)

=

m
S—Zajqj(t)M,for t € [ts,00).
j=1

Integrating both sides of the last inequality from t3 to t we have

[ (0@ ds =MD, [ ay o
t3 =1 '3
p09(0)0)< p)a(O2) )M e, [[ayepas
[
s—k—MZm:aijj(s)ds
[

UL t
<-M Zlaj'[tqu (s)ds.
J:

Hence from (6), we get

m t
—MZajJ. aj(s)ds
j:]_ t3

p(s)

K'(t)
rl-ea)

=(eev)®)< o

m t
Zajj‘t g;(s)ds
<—gl(M)g Y = p?s) -

Integrating the last inequality from t, to t we get
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i Iqj(s)ds
=1 =y

K(O < K(t)-T(1- a)yg‘l(M)jg o

Letting t —> o0, from (24), we get |im K(t) = —o. This contradicts K(t) >0. Therefore we have M =0, thatis, |imK(t) =0.

t—ooo t—o0

t
That is IimJ. (t—s)"*V(s)ds = 0. The proof is now complete.
t—owd0

Theorem 3.5. Suppose that the conditions (H;)—(Hs) and (23) hold. Let &(t),H(t,s) be defined as in Theorem

3.3 such that (22) holds. Furthermore, assume that for every constant T >ty (24) holds. Then every solution V of (8) is

t
oscillatory or satisfies |im |(t—s)*V(s)ds=0.

t—oo

Proof. Assume that V is an nonoscillatory solution of (8). Without loss of generality assume that V is an eventually

positive solution of (8). Proceeding as in the proof of Theorem 3.2, there are two cases for the sign DV (t) . The proof

when DZV(t) is eventually positive is similar to that of Theorem 3.3, and hence is omitted. The proof when DZV(t) is
eventually negative is similar to that of Theorem 3.4, and thus is omitted. The proof is now complete.

4.0SCILLATION OF THE PROBLEM (E), (B,)

In this section we establish sufficient conditions for the oscillation of all solutions of (E),(B,). For this we need
the following:

The smallest eigen value S, of the Dirichlet problem
Ao(X)+ Po(x)=0 in Q
o(x)=0 on 0Q,
is positive and the corresponding eigen function ¢(x) is positive in Q.

Theorem 4.1. Let all the conditions of Theorem 3.2 and 3.3 be hold. Then every solution of (E) and (B,) oscillates
in G.

Proof. Suppose that u(x,t) is a nonoscillatory solution of (E) and (B,) . Without loss of genearality, we may assume
that u(x,t) >0, in Qx[ty,0) for some t;>0. Multiplying both sides of the Equation (E) by ¢(x)>0 and then integrating

with respectto X over Q. We obtain for t>t;,
d « N L
Jga[p(t)g(D+u(x,t))]¢(x)dx+§quj(x,t)fj[jo(t—s) u(x,s)ds]qﬁ(x)dx

=a(t) J'QAu(x, () dx+ IQF (DB dx (25)

Using Green’s formula and boundary condition (B3) it follows that

J'QAu(x,t)qﬁ(x)dx J’ U, HAF)dx = —ﬂoj U DF)AX<0, t>t. (26)

By using and Jensen’s inequality, and (H,) we get
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'[Qq S U;(t o ux, s)ds}p(x)dx > q; () UQU;@ o u(x s)¢(x)dstx]

t
>q; () f; [ Io(t - s)—a(J'Qu(x, s)¢(x)dxjdsj

> ;1) L¢(x)dxf J- [J:(t _5)@ UQU(X, s)¢(x)dx(IQ¢(x)dx)—l)ds}

Set

V(t):jQu(x,t)dx(Lqﬁ(x)dx)—l, t>t. @7)
Therefore,

[a;0enr, [ j; (t—s)‘“u(x,s)ds}s(x)dxz 4O g0 (K®) t2ty,jeln, (28)
By (Hs),

[ Foctseaax<o. (29)

In view of (26)-(29), (25) yields

4 walbev ol a0k <o (30)

=1
for t>t,. Rest of the proof is similar to that of Theorems 3.2 and 3.3, and hence the details are omitted.

Corollary 4.1 If the inequality (30) has no eventually positive solutions, then every solution V of (E) and (B,) is

oscillatory in G .

Corollary 4.2 Let the conditions of Corollary 3.1 hold; then every solution V of (E) and (B,) is oscillatory in G .

Theorem 4.2 Let the conditions of Theorem 3.4 hold; Then every solution V of (30) is oscillatory or satisfies
t
lim [(t—s) "V (s)ds =0.

t—o
0

Theorem 4.3 Let the conditions of Theorem 3.5 hold; Then every solution V of (30) is oscillatory or satisfies
t
lim | (t—s)V(s)ds=0.

t—w

The proofs of Corollaries 4.1 and 4.2 and Theorems 4.2 and 4.3 are similar to that of in Section 3 and hence the
details are omitted.

5 EXAMPLES

In this section we give some examples to illustrate the results established in Sections 3 .

Example 1. Consider the fractional partial differential equation

101 1 2
9|i3p2 1 (t—s)a 1l ls
a{t D+’IU(X’t)]+\/Z[costO(x)JrsintS(x)]IO(t s)2 u(x,s)ds ﬁ[t 3t AU(X,t)
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2 1
sinxsint 1
+1- { t3 +t3J (E)

J2 |3
1

3' 242

2 \4
(x,t)eG , where G =(0,7)x[T,), where T =max E[”—] , with the boundary condition

u(0.t)=u(z,t)=0, t=0 (31)

1

Here a=%,N=1,m=1,p(t)=t5,q1(x,t)= !

V27 [costC(x) + sint(x)]
C(x) :LXCO{%ﬂtzjdt, S(x):LXsir(%ntz]dt
1

1 =2 2L 2 \2
a(t)zﬁ[tg _lt 3 ],t>%, F(th):l_s""/);m{;t 3 +t3]t>[2ﬁ] ,f(Uy=u and g(u)=u. It is easy to see that

, where C(x) and S(x) are the Fresnel integrals

namely

1

3

- e 1
t)=min,_5 =
G (t) = min g = Mino 7] V27 [costC(x) + sint§(x)]

1

727 [cost+sint]

But [C(x)|<7z and [S(x)|<z . Therefore q(t)= Take t; =1,04 =1, =1,6(t) =t. It is clear that

conditions (H;)—(Hs) and (14) hold. Therefore
1
t

j[a(s)alql(s) 200 ]ds j e
1

4 460 (1-a)6(s) m/_[coss+sms] 4J_s

——>oo as towx

4J_

Thus all the conditions of Theorem 3.2 are satisfied. Hence every solution of (E;),(31) oscillates in (0,7)x[T,). Infact

u(x,t) = sinxcost is one such solution of the problem (E;) and (31).

Example 2. Consider the fractional partial differential equation

3 1 3
0|.55 1 t -1 1 3.5
—|t2D2Zu(x,t t— ds=—=|t2 —=t2 |Au(x,t
at[ i )]+\/§[costC(x)+sintS(x)]J.( )2 HGxs)ds= \E[ 2 J Hxo
sinxsintg 3 3
+1- % 2t2 +12 (E2)

2

(X,t) € G, where G = (0,7) x[T,), where T = max3— 3 (%j , with the boundary condition

u(,t) =u(x,t)=0, t>0 (32)
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3

Here a=%,N=1,m=1,p(t)=t§,ql(x,t)= !

V27 [costC(x) + sintS(x)]

, where C(x) and S(x) are as in Example 1.

N |-

sinxsint 3,5

2
3 =
3 .
t>= F(xt)=1-—F= —t2 +t2 | t>| 2 ,f(u):u and g(u)=u. It is easy to see that

V2

3
1.5 3
at)=——[t2 - =t
® { 5

ql(t):;.Take t; =1, =1, =1,6(t) =t. Itis clear that conditions (H;)—(Hs) and (14) hold. Therefore
w27 [cost+sint]
3
t t
ps)lo' @) 2
1 d
{ (Sean ()= A-a)56) | -!. m/_[coss+sms] 4\/_5

t
sds—>w as t—w

1
>
W h

which shows that (15) holds. Furthermore, for every constant T >1, we have

© 4 1 t © 1 t ds
¥ — 4 dsidt=| —|| ————[d
'[T X (p(t) al-qu(S) S] t IT t% UT 727z [coss+ sins]J t
S { j ds]dt>

22t2 22'[5

.
J- —1dt—)00 as t—o oo,
T

which shows that (24) holds. Therefore, by Theorem 3.4 every solution of (E,),(32) is oscillatory in (0,7)x[T,o) or

t
satisfies |imj (t—s)"*V(s)ds=0. Infact u(x,t) =sinxcost is one such solution of the problem (E,) and (32).
t—>0d0

Conclusion: we have studied the oscillatory behavior for a class of fractional parabolic partial differential equation
(E) with the boundary conditions (B;) and (B,). We have also given a new oscillation criterian by utilizing generalized

Riccatti transformation technique and the integral averaging method. We illustrated our main results by providing suitable
examples. We believe that there is a wide scope for further study on this topic.
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