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Abstract:-

Let R be a commutative ring with identity and let M be a unital an R -module. We introduce the concept of max-fully
cancellation R-module , where an R-module M is called max-fully cancellation if for every nonzero maximal ideal | of R and
every two submodulesN; andN, , of M such that IN;=IN, , implies N; = N, . some characterization of this concept is given
and some properties of this concept are proved. The direct sum and the trace of module with max-fully cancellation
modules are studied , also the localization of max-fully cancellation module are discussed..

COUNCIL FOR INNOVATIVE RESEARCH

Peer Review Research Publishing System

JOURNAL: JOURNAL OF ADVANCES IN MATHEMATICS

VoL.11, No.7
WWW.cirjam.com , editorjam@agmail.com

5462 |Page November 20,2015


http://member.cirworld.com/
http://www.cirjam.com/

LLL ISSN 2347-1921

INTRODUCTION:-

Throughout this thesis all rings are commutative rings with unity and all modules are unital modules. Gilmer in [14]
introduced the concept of cancellation ideal , where an ideal | of a ring R is said to be cancellation if whenever Al=BI with A
and B are ideals of R , implies A=B . Also ,D.D. Anderson and D.F. Anderson in[3] ,studied the concept of cancellation
ideals . In 1992 A.S. Mijbass in [16], gave the generalization of this concept namely cancellation module (weakly
cancellation module) , where an R-module M is called cancellation ( weakly cancellation ) if wherever | and J are two ideals
of R, with IM=JM implies I1=J (I+M =J+M)

Inaam, M .A .Hadi, A.A. Elewi in [5], introduced the concept of fully cancellation module , where an R-module M is called
fully cancellation module if for each ideal | of R and for each submodulesN, N, , of M such that IN;=IN, , impliesN; =N, .

In section One , we introduce the definition of max-fully cancellation module and we give some characterizations for a
module to be max-fully cancellation module , see proposition(1.7), also many propositions and results related with this
concept are given.

In section two, we study the direct sum of max-fully cancellation modules and many of important results are given , see
proposition (2.2) , proposition(2.7) and proposition(2.8).

In section three , we study the behavior of max-fully cancellation modules under localization . we show that : M is max-fully
cancellation R-module if and only if M is locally max-fully cancellation, see proposition (3.5).

In section four , we discuss the relationship between max-fully cancellation module and its trace T(M). However in class of
multiplication and projective module we give a condition on T(M) under which M be max-fully cancellation module , see
proposition (4.10),also we prove that the max-fully cancellation module and its trace are equivalent under certain condition ,
see proposition (4.11)

f 1 max-fully cancellation modilos

In this section ,we introduce the concept of max-fully cancellation module as a generalization of fully cancellation module .we
give some characterizations and establish some basic properties of this concept .

We introduce the following definition
Definition(1.1)[4]:-

Let I be a proper ideal of a ring .Then 1 is said to be maximal ideal of R , if there exists an ideal ] of R suchthat] & ] € R
then] =R.

proposition (1.2)[4] :-
(1) Every proper ideal is contained in a maximal ideal .

(2) Every commutative ring with identity contains maximal ideal.
Definition(1.3):-

An R-module M is called faithful , if anng (M)=0,where anng(M)={r€ R:rm=0 Yme M} .
Definitio(1.4)[15]:-

An R —module M is called cancellation R-module, if AM=BM ,where A and B two ideals of R ,then A=B

Proposition(1.5) [15]:-
(1) Every cancellation R-module is faithful .

(2) If M is multiplication faithful finite generated Then M is cancellation.
Defilnition (1.6):-

An R-module M is called max-fully cancellation module if for every non zero maximal ideal Iof R and for every
submodules N; and N of M such that IN; =IN; ,then N1 =N,.

Remarks and Examples (1.7):-

(1) Z as a Z-module is max-fully cancellation module .
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Since if we take I=pZ ;p is prime number

also, N;=< x1 >and N, =< x, >where x; , %€ Z.

Assume that IN; = IN,, thenpxiZ =px,Z .

and hence p x; =p x,a and px; =pm;b ,where a,b € Z.

Therefore px; =px;ab ,then ab =1 and hence either ab=1 or ab =-1.
In each case we get px; =px, which implies x;=x, and hence N; =N..
2) The Z-module Zs is not max-fully cancellation

Since ,if we take 1=2Z ,N;=(2)and N, =Z;.

Then (22) (2) =(22) Zs .But(2) #Z

(3) every fully cancellation R-module is max-fully cancellation R-module .But the converse is not true
in general .

For examples :

Consider (3) as an R-module and R=Z5, .

Then(3) is max-fully cancellation R-module .

Since , (2) is maximal ideal of R and(9) , (21) are two

submodules of (3) such that (2) (9)= (2) (21)= (18) .

Then(9) =(21) .

But it is not fully cancellation R-module .since , (8) is an ideal of R and (3), (0) are two submodules of(3) such
that (8) (3) =(8) (0)= (0) ,but (3)= (0) .

(4) The Z-module Z;'is not max-fully cancellation module.

Since , Qp ={% ,g.c.d(m ,n)=1 ;n=pi,i=1,2,3, ....... } is a submodule of Q containing Z .

also, Zy=QplZ ={x€ Q ; x=§ +Z me Z ,i=1,2,3,.....}.

Let (P) be a maximal ideal of Z and (i +Z) ,(0) be two submodules of Z;7, then we have (P) (% +Z) = (P) (0),
But (% +2)# (0).

(5)Z1,is not max-fully cancellation Z;,-module .

Let(6) , (0) be two submodules of Z;1; and (2) be maximal ideal of Z;5 .

Since (2) (6) = (2) (0) =(0) , But (6)+ (0).

(6) The homomorphic image of the max-fully cancellation need not be max-fully cancellation module ,for example

We have from (1) that the Z-module Z is max-fully cancellation module .But Z/6Z=Z¢ is not max-fully-cancellation
Z-module by (2) .

(7) Every submodule N of max-fully cancellation R-module M is also max-fully cancellation .
Proof:-

Let I be a non zero maximal ideal of R such thatIN{= IN,

where N3 ,N; are any two submodules of N ,since N1, Nz are submodules of M and M is max-fully
cancellation module ,then N;=N .

which implies that N is max-fully cancellation .
As an application of (7) ,we get the following results in (8) and (9) .

(8)The intersection of two R-submodules of M which are at least one of them is max-fully cancellation R-submodule is also
,max-fully cancellation .

Proof:-
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Let N7 and N2 be two submodules of an R-module M .It is known that Ns(N,S N1 .
Also N1N N2€ N> ,so0 according to (7) , N2N N2 is max-fully cancellation .
As a generalization of (8) ,we get:

(9)If {N, }i=, is afinite collection of a submodules of an R-module M and N, is max-fully cancellation submodule for some k
,Then n}_; N, is also max-fully cancellation .

Proof:-

The proof is by induction on n .

The following theorem is a characterization of max-fully cancellation modules .
Theorem(1.8):-

Let M be an R-module ,let N1 ,N2 are two submodule of M ,let I be a non zero maximal ideal of R Then the
following statement are equivalent

(1) M is max-fully cancellation module .

(2) if IN1S IN> then N1S€ N .

(3)ifI < a =< IN, then ae Nowhere ae M.

(4) (INy:g INy )=(Ny:p Np) .

Proof :-

(1)= (2)AfIN1C IN; then IN,= IN1+ IN> Which Implies
IN,= I(N1 +N2), But M is max-fully cancellation module, then
N2 =(N1+N) and hence N1EN,

= (3)(1) -ifI < a =S IN, then < a >C N> by (2)

Which implies ,a€ N> .

(3)= (1): If IN1= IN> ,To prove that Ni= N».

Leta€ Nithen! < a >SS IN1S IN> .

And hence a€ N» by (3)

Similarly ,we can show N>E N; .

Thus N1 =N3 .

(1) > (4): letre( IN1:g IN2) .Then r IN,C IN;

So, IrN2 € IN; and since (1) implies (2) , we have

rN,C N,.
Thus re (N1:zgN2) and hence (IN1:p IN2)S(N1:rN).

Let re (N1:rN2). Then rN2 € N1 which implies I*rN, € IN; .
And hence rIN, € IN; . Therefore re( IN1:rIN») and hence (N1:rN2) S(IN1:rIN2)
Then we get (N1:rN2) =(IN1:RrIN?) .
(4) = (1): Let IN1= IN2Then by (4) (IN1:g IN2) = (N1:g N2) .
But (IN1:p IN2)=R (since IN1=IN;).
Then (Ni:iz N2) =R. so N2EN;. .
Similarly (IN2:g IN1) = (N2:g N1) .Thus (N2:p N1) =R.
Which implies N1EN,. Therefore Ni=N; .
Definition(1.9)[10]:-
Anideal I of aring R is called cancellation ideal if Al= BI then A=B ,where A and B are two ideals of R ."

Proposition(1.10):-

Let M be a max fully cancellation R-module . If M is a cancellation module ,then every non zero maximal ideal of R is
cancellation ideal .
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Proof:-
Let Ibe a nonzero maximal ideal of R ,such that A/=BI ,where A ,B are two ideal of R .
Now ,we have AIM = BIM ,then IAM = IBMBut M is max-fully cancellation module, therefore AM=BM
and also ,M is cancellation module , then A=B.
which is what we wanted.
However ,we have the following result .
Proposition(1.11):-
Let M ,N be two R-module .If M= N ,then M is max-fully cancellation module if

and only if N is max-fully cancellation module.
Proof:-

Let 8: M — N be an isomorphism . Suppose M is max-fully cancellation module .
To prove N is max-fully cancellation module.
For every non zero maximal ideal I of R and every submodulesN; ,N, of N .
Let IN:=IN,.
Now , there exists two submodules N1 ,N; of M such that
8(N1)=N; , 8(N2)=N, .
Then I 6(N1)=1 6(N.) , Which implies 6(I N1)= 6(I Ny)
Therefore IN; = IN> (since 6 is (1-1)).
But M is max-fully cancellation R-module . Then N1=N, and hence 8(N1)= 6(Ny) .
Therefore N; =N> .
That is N is max —fully cancellation R-module .
Conversely:
Suppose that N is max- fully cancellation R-module .
Let IN; =IN; for every non zero maximal ideal I of R and every submodules N1, N> of M .
Now , (I N1)= 6(I Np) .
Which implies I 8(N1)=1 6(N>) ,where 6(N1) , 8(N2) are two submodule of N .
Also N is max-fully cancellation module. Then 8(N1)= 6(N2)
Which implies N1=N (since 6 is (1-1))
Which completes the proof .

Proposition(1.12):-

Let R be a principle ideal ring and M be an R-module such that ann(I)=0 for each non zero ideal I of R .Then M is max-fully
cancellation module .

Proof:-

Let I be a non zero maximal ideal of R and N1 ,N.are submodules of M such that IN; =IN> .
By assumption I=(x) ,for some x+0 ,X€ R.

Therefore (x)N1 =(xX)N2 .To prove Ni=N; .

Let aeN; Then xa€(x)N1=(x)N2> and hence xa=xb , for some beNs,.

Which implies that x(a-b)=0 and hence a-beann(I) =0.

Therefore a-b=0. Thus a=b and hence N1=Na.

Which implies , M is max-fully cancellation module .

The converse of proposition (1.12) is not true in general

Jfor examples
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The Zs —module Z¢ is max-fully cancellation module by remarks and examples (1.7) ,since Zs is principle ideal ring and )
is an ideal of Zg ,but ann(2)+ 0.

The following lemma is needed in our next proposition
Lemma(1.13):-

Let R be anyring . I be a proper ideal of R such that ann(M)< I .If I is maximal ideal of R ,then
R
ann (M) *

)
ann (M)

is maximal ideal of

Proof:-

Suppose that I is maximal ideal of R .

1 . . . . R
is maximal ideal in

We want To prove that D) 0D

Assume that there exists an ideal —— of —— such that

ann (M) ann (M)

e
ann (M) 7 ann (M)

I
ann (M)

Then there exists x+ann(M)e
R=(1,X).

and x+ann(M)¢ which implies x¢ I. But I maximal ideal of R and x¢& I , then

ann (M)

Therefore 1=a+rx where a€ I,re R,

Hencef(1)=60(a) + 6(rx). where 6: R — R/ann(M) natural homomorphism .
Then 1+ann(M)=(a+ann(M))+(r+ann(M))(x+ann(M)).

J J __ =
Thus 1+ann(M)e — and hence non
I . . . R
Therefore pmesrr s is maximal ideal of 0D

Co nversely: - To prove that I is maximal ideal in R

Suppose that there exists an ideal J of R such that & J.

i g
ann (M) -But ann (M)

x+ann(M) ).Therefore 1+ann(M) =m+(r+ann(M))(x+ann(M)) ,where m €

I
ann (M)

Then there exists x€ J ,x¢ I which implies x+ann(M)¢ is maximal ideal in 3 R_Nen —§ =(

nn (M)’ ann (M)
;m=a+ann(M) and a€ I .

ann (M)
1+ann(M)=(a+ann(M))+(rx+ann(M))

1+ann(M)=(a+rx)+ann(M) which implies that 1-(a+rx)e ann(M) < I.

Then 1-(a+rx)€ I.

Then 1-a-rx=n ,n€ I.

Thus 1=n+a+rx € J .

Therefore J = R which completes proof .

Proposition(1.14):-

R

— -module .

M is max-fully cancellation R-module if and only if M is max-fully cancellation R = ,

Proof:-

(=) let M be a max —fully cancellation R-module .

Let I be a non zero maximal ideal of R = —=
ann (M)

,and N1 ,N, are two R-submodules.

Then 1=m+m for some ann(M)c  and N3 ,N are R-submodules .

Now ,suppose IN; = IN, and we have for any x€ I x+ann(M)€ I,then (x+ann(M))=xn € In,for every ne N; .
But (x+ann(M))N1€ IN1= IN> ,where x+ann(M)e I.

Thus xn€ IN; ,then xny =372, a;y; where a; €1,y; €NN;.
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But for every i , 1<i<m @ = a;+ann(M) and hence xn=Y",(a; + ann(M)) y,=%", a;y; € [N» .Therefore
[N1€ [Na.similarlyfN.c [N; thus [N1= [N,and since [ is maximal ideal of R by lemma(1.13) ,also M is max-fully
cancellation R- module.

Then N1=N, and hence M is max-fully cancellation R-module .

(&) The proof is similarly

ﬂ Direct Sum q‘%— Fu/{y cancellation ﬂ:fufw

In this section, we discuss the direct sum of max-fully cancellation modules and show that the direct sum of max-fully
cancellation R-module needs not to be max-fully cancellation .However ,we give some conditions under which the
class of max-fully cancellation modules is closed under direct sum .

Definition(2.1)[6]:-
A submodule M; of M is a direct summand of M in case there is a submodule M, of M with M=M1®M; .

The following proposition proves that the direct summand of max-fully cancellation is also max-fully
cancellation under the condition annM;+annM,=R .
Proposition(2.2):-

Let M=M1@BM; be an R-module ,where M; ,M; are two submodules of M such that annM:+annM,=R Then M1 and M, are
max-fully cancellation R-modules if and only if M is max-fully cancellation.

Proof:- (=)To prove M is max-fully cancellation .Let I be a non zero maximal ideal of R and N3 ,N; are two submodules
of M such thatIN:=IN>.

Since annMi+annM,=R then by the [12] we get N1=A;+A; and N>=B;+B> for some,A,B; are submodule of M; and4,,B, are
submodules of M.

Thus I(A1+A2)=1(B1+B>) .
Then [A1+[A> =IB1+IB> .
Which implies IA1=IB1 and [A>=IB>.
But M; ,M; are max-fully cancellation R-module.
Then A;=B; and A>,=B, ,Thus N;=N .
(=)
since M€ M=M;1®M; ,but M is max-fully cancellation Then M is max-fully cancellation.
And M2E M ,then M; is max-fully cancellation
Definition(2.3)[15]:-
A submodule N of an R-module M is called invariant if f(N) S N for each fe ENDy(M)
Definition(2.4)[12]:-
An R-module M is called fully invariant if every submodule of M is an invariant .

Remark (2.5)[12]:-

Every invariant R-module is fully invariant and the converse is not true in general.
Remark (2.6):
Every submodule of invariant module is invariant.

The following proposition also shows that the direct sum of max-fully cancellation modules is also max-fully
cancellation ,under another condition annM;+ annM,=R.

Proposition(2.7):-
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Let M=M1®M; be an R-module where M; ,M, are two submodules of M such that M1,M; are fully invariant submodules .
Then M1,M; are max-fully cancellation R-modules if and only if M is max-fully cancellation R-module .

Proof-:

(=) suppose that M1 , M, are max-fully cancellation .

Now , let N1 ,N2 are submodules of M and let I be a non zero maximal ideal of R .
Suppose IN1=IN; since M; ,M; are fully invariant submodule

Then N1=(N1:NM1)@(N1NM2) and N2=(N2NM1)B(N2NMy) [26].

Therefore I (N:NM1)@(N1NM2) ) = I((N2NM1)B(N2NMy)).

So I(N1NMy) = I(N2NM1) and I(N1NM2) = [(N2NM>) .

Then N1NMi= N2NM; and N1NM2 = NoNM2 since My, M, are max-fully cancellation .
Then N1=N3 .

(&)suppose that M is max-fully cancellation module .

Since M:€ M=M1@®M, and M,C M=M:®M>

But M is max-fully cancellation then by remarks and examples (1.7),we get , M; and M, are max fully cancellation module .
Proposition(2.8):-

Let M1 ,Mz be two R-modules and P; ,P; are two submodules of M; ,M; respectively such that annM;+annM>=R Then Py
,P2 are max-fully cancellation R-module if and only if P1@®P, is max-fully cancellation R-module of M1®M,.

Proof:-
(=) For each non zero maximal ideal I of R and Ki®W; ,K.®W, are submodules of P1@®P> .
Supposel (Ki®W1)= I(K2bW>)
ThenlK1®IW 1= K ®IW .
Which implies IK1= IK; and IW1= [W, . But P1 ,P> are max-fully cancellation R-modules
Then K1=K3 and W1=W> ,hence Ki®W1= Ko®Ws> .
(&) since P1.€ P1®P2, P.c P1@BP;
The result follows from Remark (1.7).

Remark (2.9):-

A direct summand of R-module which is max-fully cancellation is also max-fully cancellation .

Proof:-

It is obvious from remark and examples(1.7 ).
Remark(2.10):-
The converse of remark(2.9) is not true in general

for example : The Z-module M=Z@®Z is not max-fully cancellation Z-module , since (2)(Z&(0))=(2)((0) ®2)=2 Z ,where
(2) is maximal ideal of Z and (Z&(0)) , ((0) &Z) are two submodules of M .

But (0) ®Z # Z®(0),whileZas a Z-module is max-fully cancellation by remark and examples (1.7).

From remark (2.10) ,we obtain the following
Remark(2.11):
It is not necessary that M?=M@®M is max-fully cancellation module if M is max-fully cancellation R- module.
Definition (2.12)[6]:-.
Aring R is said to be chained ring if every non- empty set of ideals in R with respect to inclusion as ordering .

The following result is an immediate consequence of remark (2.9)
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Corollary (2.13):-

Let R be a chained ring .Then ,the direct summand of two max-fully cancellation R-module is also a max-fully cancellation
R-module.

ﬁmmﬂ// carncellatrorn modiulos arnd”

A subset S of a ring R is called multiplicatively closed if 1€S and abes for every a , be S. we know that every proper ideal P
in R is prime if and only if R-P is multiplicatively closed[11]

Let M be a module on the ring R and S be a multiplicatively closed on R such that S#0 and let R, be the set of all fractional

Ewhere reR and seS and M, be the set of all fractionalf where xeM , s€S. For x;,x, EM and s;, s, €S, % :’S‘—Z if and only if
1 2

there exist teS such that t(s;x, — sx1) =0.

So , we can makeMintoR, -module by setting™ + > = tx:y,g.f ==, forevery xyeMand every reR , s,teS.

If S=R-P where P is a prime ideal we usedM,instead ofM;andR,instead of R; . Aring in which there is only one maximal
ideal is called a local ring . Hence ,R,is often called the localization of R at P, similarM,is the localization of M at P. so we
can define the two maps y: R — R, such thaty(r) =r/ 1, VreR ,6: M — M, , such that 8(m) =m/1 , YymeM.

Recall that if N be a submodule of an R-module M and S be a multiplicatively closed in R soN; ={§ : neN,se S} be
submodule on R; —module M, , see [11].

In this section we study the behavior of max-fully cancellation R-module under localization and many results are provided .

Definition(3.1)[13].-

Let M be an R-module .For all submodules N of M we shall denote the extension N in M, by N° and for all submodules L in
M, we shall denote the contraction of L in M, by L°and L‘means f~1(L) ;where :M— M, is the natural homomorphism

For our next proposition ,the following lemma is needed.

Lemma(3.2):-

Let R be aring and let/ be an ideal of R.Then! is maximal ideal of R if and only if I, is maximal ideal of R,,,for every
maximal ideal P of R.

Proof:-

Suppose that I is maximal ideal of R . Let J, be an ideal of R, such that Ip& Jp,then there exists% €Jp ? ¢
I Therefore a¢ I

,but I is maximal in R, then (I, a)=R and hence x+ra=1 for some reR,xe I.

rs as

xs?
Then =t 1€ Jp =Ry,
Which implies Iy maximal ideal in R,,.
Now, suppose that I, is maximal ideal in R,,
Let Jbe anideal of R suchthatl < J,
Then there exists Xxe J,x¢ I.
Which implies = & I p but I is maximal ideal in R,, ,and™ & Ip.

TS XS_

2
XS as
Then (Ip ,?)=1p and hence PR 13

TXSZ

2
Therefore asiz+ =1, which implies a+rx=1€ ] = R

52
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Then I is maximal ideal in R.
Lemma(3.4)[10]:-
Let M be an R-module ,and let A ,B are submodule of M Then A=B if and only if A,=B, ,for every maximal ideal of R.

The following proposition shows that the concept of max-fully cancellation modules is equivalent between a module M and
locally of M.

Proposition(3.5):-

Let M be R-module then Mpis max- fully cancellation (for every maximal ideal P of R) if and only if M is max-fully
cancellation R-module.

Proof:-
Suppose that IN= IKwhere [is anon zero maximal ideal of R and N ,K are any two submodules of M.
Then (IN),=( IK), for every maximal ideal P of R by lemma(3.4).
Thenl,N,=I,K,, [16]
But M, is max-fully cancellation so N, =K,, for every maximal ideal P of R.
Thus by lemma(3.4) we have N=K.
Conversely:

Let P be any maximal ideal , I bean maximal ideal of R and let A be a submodule of M,
We have Ipf € IpBp ,where I, is an maximal ideal of the ring R,, and ,A4,, B, are submodules of R, —module M, and % € Ap.

Thus for any x€ I we have - € [,and 7.~ € I . B and then

X=yn, 52 where ke 1,bé€ B.S; ¢ P.

kib; i
Thus %: Tiy = where 5;=s;¢;
i

Therefore ﬂ:klblu1+k2b2u2+---...............+knbnun
s v '
Where v=5,5,83 ........ 8, ,U1=8153 ........ 5, ,Un =557 ...5, 1
Thus there exists K& P such that Kxav=(kibiuitkaobauz+....... +knbnun)Sk But kxave I,

(k1b1U1+k2b2U2+ ........ +knann)SkE IB
But M is max-fully cancellation so by [5] we have a€ B Thus % € Bp

Therefore M, is max-fully cancellation R,,-module.

Now ,we have the following proposition.
Proposition(3.6):-

Let M be an R-module and N,L be two finitely generated submodules of M .if N,,,L,, are max-fully cancellation then Nn L is max-
fully cancellation R-submodule.

Proof:-
Let N and L be two finitely generated submodules of M .
Then (N, :L,)+(L,+N,)=R, for all maximal ideal P of R[15]
Therefore L, N N,=N, or N, N L, =L, .
Which implies L, n N, is max-fully cancellation , but L,, N Np=(LN N)p

then (LN N), is max-fully cancellation and Ln N is max —fully cancellation R-submodule by(3.5).

Proposition(3.7):-
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Let M be an R-module and N,L be two finitely generated submodules of M .if N, ,L,, are max-fully cancellationR,,-module
then N+L is max-fully cancellation R-module.

Proof:-
Let N ,L be two finitely generated submodules of M.
Then (N, :L,)+(L,:N,)=Rp for all maximal ideal P of R[16].
Now ,let ri€(Np:Lp) and r2€(Lp:Np) such that ri+r=1,
Then either ry is a unite element or r2 is a unite element (since R, is local ring)
Which implies (N, :L,)=R,, or (L,:N,)=R,, ,
Thus eitherL, € N, or N, € L, .
Then L,+N,=N, or N,+L,=L,
Therefore N,,+L,, is max-fully cancellation R,-submodule(since N, and L, are max-fully cancellation R,-submodules).

Which implies ,(L+N), is max-fully cancellation R,-submodule and hence by (3.5),we get L+N is max- fully cancellation R-
submodule.

/\/

§4 Shs relationship botween %ﬁ{é/ cancallitson Modicsos and”

2%s trace

/\_/

In this section we give some relationships between the modules having the max-fully cancellation module property and its
trace , see proposition (4.4) , proposition(4.7) and proposition(4.8).

"Definition (4.1)[1]:

The Dual of M denote by M" and defined by M'=HOMg( M,R) and the dibual of M denoted by M" is defined
M =HOMR(M',R)."

"Definition(4.2)[8]:-

The trace of an R-module M denoted by T(M) is defined byT(M) =);¢, 6; (M) where the sunnruns over all 6; In HOMy
(M,R)."

"Definition (4.3)[12]:-

An R-module M is said to be a multiplication module if for every submodule N of M there exists an ideal I of R such that
N=IM".

Now ,we state and prove the following result .
Proposition(4.4):

Let M,N be two R-modules such that M is multiplication R-modules and let L=} ;. ¥2(M) be a cancellation submodule of
N ,where the sum is taken as a subset of

HOMR(M,N).Then M is max-fully cancellation R-module when L is fully cancellation submodule.
Proof:-
Let IN;=IN, ,for every a non zero maximal ideal of R and N1,N; be any two submodules of M .
Now ,there exists two ideals A,B of R such that N1=AM,N>=BMsince M is multiplication).
Then IAM= IBM and nexty,; (IAM)=1, (IBM) and hence ¥ ¢iire Y2 UAM)=X finite W2 (IBM),which implies that
IAY inite Wi (M) = IBY finite W2 (M).
Therefore IAL =IBL and hence A=B (since L is fully cancellation submodule and also,L is cancellation submodule)

Thus AM=BM and hence N1=N;

5472 |Page November 20,2015



LLL ISSN 2347-1921

Which completes the proof.
Definition(4.5)[11]:-

A fractional ideal A of a ring R is invertible if there exists a fractional ideal B of R such that AB=R. where A fractional ideal
of aring R is a subset A of the total quotient ring K of R such that

(1)A is an R-module , that is , if a,be A and re R,then a-b, rae A;and

(2)there exists a regular element d of R such that dAc R.

Remark(4.6)[5]:-
An invertible ideal is a cancellation ideal.

The following corollaries is an immediately proposition (4.4)

Corollary(4.7):

let M be a multiplication R-module and T(M)is an invertible and fully-cancellation ideal of R. then M is
max —fully cancellation module.

Proof:-
Directly from the definition of T(M).]Jand by remark (4.6) and by proposition (4.4).

Corollary(4.8):

let M be a multiplication R-module and N be a cancellation homomorphic image of M . If N is fully cancellation submodule ,then
M is max-fully cancellation module

proof:-

Let I be a non-zero maximal ideal of R and N1,N> are two submodules of M such that /IN1=IN> and 6(M)=N
Then N1:=AM,N>=BM for some ideals A,B of M.

Therefore IAM= IBM and hence 6(IAM)=6(IBM).

and next IAO(M)=IBO(M).

Which implies that JAN=IBN .But N is fully cancellation and cancellation module.

Then A=B and hence AM=BM . finally we get N1=-N,.

Definition(4.9)[7]:-

An R-module M called projective if for every R-epimorphisim h:A— B and fe HOMy (M,B) ,there exists ge HOMy(M,B)
such that heg=f.

The following proposition gives a sufficient conditions for a module M to be max —fully cancellation.
Proposition(4.10):-

Let M be a multiplication projective R-module and T(M) is fully cancellation ideal .Then M is max-fully cancellation module.
Proof:

let I be a nonzero maximal ideal Jof R and N1,N2be two submodules of M such that
IN1=IN2
Let N;1=AM ,N,=BM for some ideals A and B of R (since M is multiplication)
Now , TAM=IBM.
Then 6;(IAM)=IA 6;(M)=6;(IBM)=, IB 6,(M)
And hence [AY;c, 6;(M)= IBY,;c, 6;(M)
Which implies IAT(M)= IBT(M). but T(M) is fully cancellation
Then AT(M)=BT(M) ,we have M is projective ,then T(M)M=M
And hence AT(M)M=BT(M)M.
Therefore AM=BM and hence N1=N..

The following proposition gives a characterization for max-fully cancellation module.
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Proposition(4.11)

Let M be a cancellation R-module and Ker};l; 6;(M)=0,whereg; is taken as a subset of Homy(M,R). Then the following are
equivalents:

(2)M is max-fully cancellation module.

(2)T(M) is max-fully cancellation ideal.

Proof:-
(2)=(2) :Assume that M is max-fully cancellation module .

To prove that T(M) is max-fully cancellation ideal for every a non zero maximal ideal I of R and two an ideals A and B of
T(M).

+ et IA=IB .Then IAM=IBM. but M is max-fully cancellation module and AM ,BM are submodule of M.
Therefore AM=BM and hence A=B (since M is cancellation module)
Therefore T(M) is max-fully cancellation ideal .
(2)=(1) :Assume that T(M) is max-fully cancellation ideal
To show that M is max-fully cancellation module.
Let for every a non zero maximal ideal I of R and any two submodules W ,K of M such that IW= IK.
Now6; (IW)=6; (IK) and next Y:7, 6; (IW)=X"_; 6; (IK) But 6;(IW)=I 6;(W)=6;(IK)=I 6;(K).
Therefore I Y7, 6; (W)=I X, 6;(K) and hence I TW)=1 T(K).
But T(W) ,T(K) are subideals of T(M) and T(M) is max-fully cancellation ideal ,then T(W)=T(K) .
To prove W=K . let w; EW. then8;(w;) € 6;(W).
2iz10:(wy) € X2y 6;(W)=T(W)=T(K) And hence X, 6;(w;) €T(K) = Xi_; 6;(K).
Therefore Y- ; 6; (w;)= X1, 6;(k;) And hence Y, 6;(w; — k;)=0
Which implies ,w; — k; € Ker YL, 6,=0 .
Then w; — k;=0 and hencew;=k; .
Thus W c K ,similarly we can show that K<€ W
And hence W= K. This end the proof .
Next ,we have the following proposition
Proposition(4.12):-
Let M be an R-module .M is max-fully cancellation module ,if T(M) is fully cancellation ideal such that ¥ ¢, (M)=0 ,where¢@, €
Hom(M, R).
Proof:

By the same way of the second side of proof of proposition (4.11) by using T(M) is fully cancellation instead of T(M) is max-fully
cancellation .

Now ,we end this section by the following proposition
Proposition(4.13):
Let M be a cancellation R-module .T(M) is max-fully cancellation ideal ,if M is fully cancellation module .
Proof:-

By the steps of the first side of proof of proposition (4.11) and we take M is fully cancellation instead of M is max-
fully cancellation module.
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