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Abstract:- The special case 2 =x"+ y4 is impossible [1]. In view of this fact, it is only necessary to prove, if
X, Y, Z, are relatively prime positive integers, 77 is an odd prime, Z” # X" +Yy” (In this article, the symbol 7 will

represent an odd prime). Also, a new proof is given that 2 =x'+ y4 is impossible.
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Theorem 1If 2" =x" +y”, then if z#£0(mod 7)(y #0 (mod 7))[x# 0 (mod 7)],
1. (x+y)"—z" =0(mod 7?),((z—X)" —y” =0 (mod 7?)),[(z—Yy)" —x" =0 (mod 7°)];
2. (x+y)"—=z"£0(mod 7°),((z—x)" —y” £0(mod 7°)),[(z-y)” —x" £0 (mod =°)];
3. x=0(mod 7)(y=0(mod 7))[z=0 (mod 7)].

Theorem 1 is arrived at through the following three lemmas.

Lemmallf z" =x"+y", then x+y—z=0(mod 7)(z—x—y=0(mod x)).

Proof. It is obvious that

(x+y)"=z"=0(mod 7),(z-=y)" —x" =0(mod x),(z—x)" —y” =0 (mod 7x)

(Y =2 = (ory =2+ =2 = SC(mI)0eey -0 2"
() Ocry) =2 =0y =2)" = Te(mi0cry-2)" 2
@3 =y = (amxmy ) =y = Sem -y
@ @3~y =-x-y)" = S Clrha—x-y)" -
(2-y) =X = (2= X—y+X)" —X* :”Z;C(kaz—x—y)”-kxk;

@) 2y X7 (2-x-y)" = SC(mRIz-—x—y) ¢t

Lemma 2If 2" =x"+Yy”", and z#0(mod 7)(y #0 (mod 7))[x 0 (mod )], then
(x+y)*—z" =0(mod 7°)((z—x)" —y” =0 (mod 7*))[(z—y)" —x" =0 (mod 7°)].

Proof. See proof of Lemma 1.

Lemma3/f z" =x"+Yy”, and

(x+Yy)" —z" =0 (mod 7°),((z=x)" —y” =0 (mod 7°)),[(z—y)* —x* =0 (mod 7°)], then
z=0(mod 7);(y =0 (mod x));[x=0 (mod 7)], If

(x+y)"—z" =0(mod 7°)((z—x)" —y” =0 (mod 7°)),[(z-y)" —x" =0 (mod 7°)], then

z=0(mod 7);(y=0(mod r));[x=0 (mod 7)],

Proof. The first assertion comes from the equations in Lemma 2 and the Unique Factorizaeion
Theorem. For the second assertion, if two of the equivalences
X+Yy=0(mod 7),z—x=0(mod 7),z—y=0(mod 7) hold the proof is complete by the
equivalence X+Yy—z. Assume X+ Yy #0(mod r),z—x#0(mod 7), then

(x+y) =z"
= (X+ Y+ Y) =27 (x+y) )
=0 (mod 7°)
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=(X+Y)((X+y) =27+ 27 =27 (x+y) ) =0 (mod 7?);
(x+y)" "t =z""=0(mod 7);

because of the equation

-2
() =27 = (xry=2) Y (xky) 2
0

(1) (x+y)™" -z""=0(mod z°),
Compare this with
(2) (x+y)"~2" =0(mod z°),
multiplying through (1) by X+ Yy and subtracting (1) from (2) gives
2" N (x+y—12))=0(mod 7%);
2"t =0(mod 7);

thus 27 =0 (mod 7),z =0 (mod 7).

If
(X+y ™ =z""£0(mod 7?),
then
(Xx+y)ur=0(mod z2), (1, 7) =1,
so

X+Yy=0(mod 7x),
a contradiction.

To show that y=0(mod 7).

(2-0"-y" = @=X" =@~y (-
=@ -y Y -y (2-x) 1) =0 (mod 7%

because of the equation
=2
(2= =y = (2=x=Y)3 2=y,
0

(z=x)""—y™*=0(mod x),;
if (z—=x)""—y""=0(mod 7°), this leads to
1) (z=x)"~y”=0(mod 7°),
2) (z=x)""~y""=0(mod 7°);

multiplying through (2) by z—X and subtracting from (1) gives
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y* ! (z-x—-y)=0(mod 7%);
y* ' =0 (mod 7);
thus y=0(mod 7).

If
(z—x)""—y" £0 (mod 7),
then
(X+y)ur=0(mod 7°),(u, ) =1,
so

z—x=0(mod 7x),
a contradiction.
The paper is finished by producting a new proof of the following theorem.
Theorem 2 If X, Y,z are relatively prime positive integers, then z* # x* + y*.

Following the proofs above, several equivalences arise:

Proof.
1. 2*(x+y-2z)=0(mod 4);
2. y*(z—x-y)=0(mod 4);
3. Xx+y=0(mod 2);
4. z—x=0(mod 2).
this leads to z=0(mod 2),y =0 (mod 2).
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