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1. INTRODUCTION 

In 1920, Hardy (see [1]) presented the following inequality 
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where f ≥ 0, p > 1 and 

F x =  f t dt.

x

0
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p
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p
is the best possible. This inequality is important in mathematical analysis and its applications. 

In 1964, Levinson (see [2], [3]) presented the following analogue of Hardy’s integral inequality on finite interval a, b  
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b
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where 0 < a < b < +∞, f ≥ 0, p > 1 and 

F x =  f t dt.

x

0

 

In 2006, Bougoffa (see [4]) prove the following theorem about Hardy’s integral inequality for several functions. 

Theorem 𝟏. 𝟏.Letf1 , f2 ,⋯ , fibe nonnegative integrable functions. DefineF x =  fk t dt,
x

a
 where k = 1,2,⋯ , i. 

Then for p > 1, we have 

  
F1(x)F2(x)⋯Fi(x)

xi
 

p

i

dx ≤  
p
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p

  f1 x + f2 x + ⋯+ fi(x) pdx.                            1.3 

+∞

0

+∞

0

 

The main purpose of this paper is to give several extensions Hardy integral inequalities for sum and product of several 
functions and their analogues inequalities on finite interval [a, b] using Levinson’s integral inequality (1.2). Some direct 
consequences are established. Special case obtained give a partial answer of an open problem posed by Sroysang in 

2014(see [3]). 

2. MAIN RESULTS 

Throughout this section, functions are assumed to be integrable. Let 
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F x =    fi(t)

n

i=1

 dt,     

x

0

G x =    gi(t)

m

i=1

 dt.  2.1 

x

0

 

Now, we are in position to prove the following theorem for sum of several functions. 

Theorem 𝟐. 𝟏.Let 0 ≤  fi ≤  gi
m
i=1

n
i=1  and  gi

m
i=1 nonidentically zero, for all x ∈  0, +∞ . Define F x , G x  by  2.1 . Then 

 
Fp x 

Gq x 
dx ≤  

p − q

p − q − 1
 

p−q

 φp−q

+∞

0

+∞

0

 x dx,  2.2  

where φ x = x  gi(x)m
i=1  + G x , p − q > 1, p > 0. 

 

Proof.Let 0 ≤  fi ≤  gi
m
i=1

n
i=1  and  gi

m
i=1 nonidentically zero, for all x ∈  0, +∞ . Then, for all p > 0, 0 ≤ Fp x ≤ Gp x .By 

using inequality (1.1) we get 
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+∞

0
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Gp x 

Gq x 
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G∗ x 

x
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0
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0

 φp−q
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0

 x dx, 

whereG∗ x = xG(x) and φ x = x  gi(x)m
i=1  + G x , p − q > 1, p > 0.∎ 

 

Analogue of Theorem 2.1 on finite interval  a, b , 0 < a < b < +∞ is as follows. 

Theorem 𝟐. 𝟐.Let 0 ≤  fi ≤  gi
m
i=1

n
i=1  and  gi

m
i=1 nonidentically zero, for all x ∈  a, b , 0 < a < b < +∞. Define F x , G x  

by  2.1 . Then 

 
Fp x 

Gq x 
dx ≤  

p − q

p − q − 1
 

p−q

 φp−q

b

a

b

a

 x dx,  2.3  

where φ x = x  gi(x)m
i=1  + G x , p − q > 1, p > 0. 

Proof.Let 0 ≤  fi ≤  gi
m
i=1

n
i=1  and  gi

m
i=1 nonidentically zero, for all x ∈  a, b , 0 < a < b < +∞. Then, for all p > 0, 0 ≤

Fp x ≤ Gp x .By using inequality (1.2) we get 
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Gq x 
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b

a

≤  
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G∗ x 

x
 

p−q
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b

a

b
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b

a

 x dx, 

where G∗ x = xG(x) and  φ x = x  gi(x)m
i=1  + G x , p − q > 1, p > 0.∎ 

Let 

Fk x =  fk t dt,    
x

0
Gk x =  gk t dt 

x

0
and k = 1,2,⋯ , n.                                        2.4  

 

Now, we are in position to prove the following theorem for product of several functions. 

Theorem 𝟐. 𝟑.Let 0 ≤ fk ≤ gk  for all k = 1,2,⋯ , n, gknonidentically zero for all for all x ∈  0, +∞ . Define Fk x , Gk x  by 
 2.4 . Then 
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n
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where φk x = nxgk x Gk
n−1 x + Gk

n(x) for all k = 1,2,⋯ , n, p − q > 1, p > 0. 

Proof.Let 0 ≤ fk ≤ gk  for all k = 1,2,⋯ , n,  gknonidentically zero for all for all x ∈  0, +∞ . Then, for all p > 0, 0 ≤
  Fk x 

n
k=1  p ≤   Gk x 

n
k=1  p . By using Theorem 1.1 we get 
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where Φk x = xΨk x = xGk
n x =  φk t dt,

x

0
 for all k = 1,2,⋯ , n. 

After differentiation we get 𝜑𝑘 𝑥 = 𝑛𝑥𝑔𝑘 𝑥 𝐺𝑘
𝑛−1 𝑥 + 𝐺𝑘

𝑛(𝑥) for all 𝑘 = 1,2,⋯ , 𝑛, 𝑝 − 𝑞 > 1, 𝑝 > 0.                  ∎ 

Analogue of Theorem 2.3 on finite interval  𝑎, 𝑏 , 0 < 𝑎 < 𝑏 < +∞ is as follows. 

Theorem 𝟐. 𝟒.Let 0 ≤ 𝑓𝑘 ≤ 𝑔𝑘  for all 𝑘 = 1,2,⋯ , 𝑛,  𝑔𝑘nonidentically zero for all for all 𝑥 ∈  𝑎, 𝑏 , 0 < 𝑎 < 𝑏 < +∞. Define 

𝐹𝑘 𝑥 , 𝐺𝑘 𝑥  by  2.4 . Then 
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 2.6  

where 𝜑𝑘 𝑥 = 𝑛x𝑔𝑘 𝑥 𝐺𝑘
𝑛−1 𝑥 + 𝐺𝑘

𝑛(𝑥) for all 𝑘 = 1,2,⋯ , 𝑛, 𝑝 − 𝑞 > 1, 𝑝 > 0. 

Proof.Let 0 ≤ 𝑓𝑘 ≤ 𝑔𝑘  for all 𝑘 = 1,2,⋯ , 𝑛,  𝑔𝑘nonidentically zero for all for all 𝑥 ∈  𝑎, 𝑏 , 0 < 𝑎 < 𝑏 < +∞. Then, for all 

𝑝 > 0, 0 ≤   𝐹𝑘 𝑥 
𝑛
𝑘=1  𝑝 ≤   𝐺𝑘 𝑥 

𝑛
𝑘=1  𝑝 .By using Theorem 1.1and inequality  1.2 we get 

 
  𝐹𝑘 𝑥 

𝑛
𝑘=1  𝑝

  𝐺𝑘 𝑥 
𝑛
𝑘=1  𝑞

𝑏

𝑎

𝑑𝑥 ≤  
  𝐺𝑘 𝑥 

𝑛
𝑘=1  𝑝

  𝐺𝑘 𝑥 
𝑛
𝑘=1  𝑞

𝑏

𝑎

𝑑𝑥 =    𝛹𝑘 𝑥 

𝑛

𝑘=1

 

𝑝−𝑞

𝑛
𝑏

𝑎

𝑑𝑥 

=   
 𝛷𝑘 𝑥 
𝑛
𝑘=1

𝑥𝑛
 

𝑝−𝑞

𝑛
𝑏

𝑎

𝑑𝑥 ≤  
𝑝 − 𝑞

𝑛 𝑝 − 𝑞 − 1 
 
𝑝−𝑞

   𝜑𝑘 𝑥 

𝑛

𝑘=1

 

𝑝−𝑞

𝑑𝑥,

𝑏

𝑎

 

where 𝛷𝑘 𝑥 = 𝑥𝛹𝑘 𝑥 = 𝑥𝐺𝑘
𝑛 𝑥 =  𝜑𝑘 𝑡 𝑑𝑡,

𝑥

0
 for all 𝑘 = 1,2,⋯ , 𝑛. 

After differentiation we get 𝜑𝑘 𝑥 = 𝑛𝑥𝑔𝑘 𝑥 𝐺𝑘
𝑛−1 𝑥 + 𝐺𝑘

𝑛(𝑥) for all 𝑘 = 1,2,⋯ , 𝑛, 𝑝 − 𝑞 > 1, 𝑝 > 0.                  ∎ 

Remark𝟐. 𝟓.Special case: Theorem 2.3 for 𝑘 =  1 has the following form 

 
𝐹1
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 𝑥 𝑑𝑥,  2.7  

where 𝜑1 𝑥 = 𝑥𝑔1 𝑥 + 𝐺1 𝑥 , 𝑝 − 𝑞 > 1, 𝑝 > 0. 

This is a partial answer of an open problem posed by Sroysang in 2014 (see [3]). 

 

Analogue inequality on finite interval 𝑎, 𝑏 , 0 < 𝑎 < 𝑏 < +∞, is as follows. 
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𝑏
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 𝑥 𝑑𝑥,  2.8  

where 𝜑1 𝑥 = 𝑥𝑔1 𝑥 + 𝐺1 𝑥 , 𝑝 − 𝑞 > 1, 𝑝 > 0.Use Theorem 2.4 for 𝑘 =  1. 

 

Next, we give some direct consequences of Theorems 2.1, 2.2, 2.3and 2.4. 

3. APPLICATIONS  

Corollary𝟑. 𝟏.Let 0 ≤  𝑓𝑖 ≤  𝑔𝑖
𝑚
𝑖=1

𝑛
𝑖=1  and  𝑔𝑖

𝑚
𝑖=1 nonidentically zero, for all 𝑥 ∈  0, +∞ . Define 𝐹 𝑥 , 𝐺 𝑥  by  2.1 . Then 
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𝑝
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2𝑝

2𝑝 − 1
 

2𝑝
+∞

0

 𝜑2𝑝

+∞

0

 𝑥 𝑑𝑥,  3.1  

where 𝜑 𝑥 = 𝑥  𝑔𝑖(𝑥)𝑚
𝑖=1  + 𝐺 𝑥  and 𝑝 >

1

2
. 

Proof.Let 𝑞 = −𝑝 and use Theorem 2.1.                                                           ∎ 

Analogue inequality of Corollary 3.1 on finite interval [𝑎, 𝑏], is as follows. 

Corollary𝟑. 𝟐.Let 0 ≤  𝑓𝑖 ≤  𝑔𝑖
𝑚
𝑖=1

𝑛
𝑖=1  and  𝑔𝑖

𝑚
𝑖=1 nonidentically zero, for all 𝑥 ∈  𝑎, 𝑏 , 0 < 𝑎 < 𝑏 < +∞. Define 𝐹 x , 𝐺 𝑥  

by  2.1 . Then 

  𝐹 𝑥 𝐺 𝑥  
𝑝
𝑑𝑥 ≤  

2𝑝

2𝑝 − 1
 

2𝑝
𝑏

𝑎

 𝜑2𝑝

𝑏

𝑎

 𝑥 𝑑𝑥,  3.2  
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where 𝜑 𝑥 = 𝑥  𝑔𝑖(𝑥)𝑚
𝑖=1  + 𝐺 𝑥  and 𝑝 >

1

2
. 

Proof.Let 𝑞 = −𝑝 and use Theorem 2.2.                                                                                  ∎ 

Corollary𝟑. 𝟑.Let 0 ≤ 𝑓𝑘 ≤ 𝑔𝑘  for all 𝑘 = 1,2,⋯ , 𝑛,  𝑔𝑘nonidentically zero for all for all 𝑥 ∈  0, +∞ . Define 𝐹𝑘 𝑥 , 𝐺𝑘 𝑥  by 
 2.4 . Then 

   F𝑘(𝑥)𝐺𝑘(𝑥)

𝑛

𝑘=1

 

𝑝

𝑑𝑥 ≤  
2𝑝

𝑛 2𝑝 − 1 
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𝑛

𝑘=1

 

2𝑝

𝑑𝑥,

+∞

0

+∞

0

 3.3  

where 𝜑𝑘 𝑥 = 𝑛𝑥𝑔𝑘 𝑥 𝐺𝑘
𝑛−1 𝑥 + 𝐺𝑘

𝑛(𝑥) for all 𝑘 = 1,2,⋯ , 𝑛 and 𝑝 >
1

2
. 

Proof.Let 𝑞 = −𝑝 and use Theorem 2.3.                          ∎ 

Corollary𝟑. 𝟒.Let 𝑓𝑘 > 0 for all 𝑘 = 1,2,⋯ , 𝑛, and for all 𝑥 ∈  0, +∞ . Define 𝐹𝑘 𝑥  by  2.4 . Then 

   𝐹𝑘(𝑥)

𝑛

𝑘=1

 

2𝑝

𝑑𝑥 ≤  
2𝑝

𝑛 2𝑝 − 1 
 

2𝑝

   𝜑𝑘 𝑥 

𝑛

𝑘=1

 

2𝑝

𝑑𝑥,

+∞

0

+∞

0

 3.4  

where 𝜑𝑘 𝑥 = 𝑛𝑥𝑓𝑘 𝑥 𝐹𝑘
𝑛−1 𝑥 + 𝐹𝑘

𝑛(𝑥) for all 𝑘 = 1,2,⋯ , 𝑛 and 𝑝 >
1

2
. 

Proof.Let𝑓𝑘 = 𝑔𝑘 for all 𝑘 = 1,2,⋯ , 𝑛 and use Corollary3.3.                                                  ∎ 

Corollary𝟑. 𝟓.Let 0 ≤ 𝑓𝑘 = 𝑓 ≤ 𝑔 = 𝑔𝑘  for all 𝑘 = 1,2,⋯ , 𝑛, 𝑔nonidentically zero for all for all 𝑥 ∈  0, +∞ .Define 

𝐹 𝑥 =  𝑓 𝑡 𝑑𝑡,        𝐺 𝑥 =  𝑔 𝑡 𝑑𝑡.

𝑥

0

𝑥

0

 

Then 

  
𝐹𝑝(𝑥)

𝐺𝑞(𝑥)
 

𝑛+∞

0

𝑑𝑥 ≤  
𝑝 − 𝑞

𝑝 − 𝑞 − 1
 
𝑝−𝑞

 𝜑𝑝−𝑞(𝑥)𝑑𝑥,

+∞

0

 3.5  

where 𝜑 𝑥 = 𝑛𝑥𝑔 𝑥 𝐺𝑛−1 𝑥 + 𝐺𝑛(𝑥), 𝑝 − 𝑞 > 1, 𝑝 > 0. 

Proof.Let0 ≤ 𝑓𝑘 = 𝑓 ≤ 𝑔 = 𝑔𝑘  for all 𝑘 = 1,2,⋯ , 𝑛, 𝑔nonidentically zero for all for all 𝑥 ∈  0, +∞ . Then 𝐹𝑘 𝑥 = 𝐹(𝑥) and 

𝐺𝑘 𝑥 = 𝐺(𝑥)for all 𝑘 = 1,2,⋯ , 𝑛.Using Theorem 2.3, inequality (3.5) follows.      ∎ 

Remark𝟑. 𝟔.Inequality (3.5) is a generalization of inequality (2.7). 

Analogues inequalities for Corollaries 3.3, 3.4 and 3.5 on finite interval are as follows. 

Corollary𝟑. 𝟕.Let 0 ≤ 𝑓𝑘 ≤ 𝑔𝑘  for all 𝑘 = 1,2,⋯ , 𝑛,  𝑔𝑘nonidentically zero for all for all 𝑥 ∈  𝑎, 𝑏 , 0 < 𝑎 < 𝑏 < +∞. Define 

𝐹𝑘 𝑥 , 𝐺𝑘 𝑥  by  2.4 . Then 

   𝐹𝑘 𝑥 𝐺𝑘 𝑥 

𝑛

𝑘=1

 

𝑝𝑏

𝑎

𝑑𝑥 ≤  
2𝑝

𝑛 2𝑝 − 1 
 

2𝑝

   𝜑𝑘 𝑥 

𝑛

𝑘=1

 

2𝑝

𝑑𝑥,

𝑏

𝑎

 3.6  

where 𝜑𝑘 𝑥 = 𝑛𝑥𝑔𝑘 𝑥 𝐺𝑘
𝑛−1 𝑥 + 𝐺𝑘

𝑛(𝑥) for all 𝑘 = 1,2,⋯ , 𝑛and 𝑝 >
1

2
. 

Proof.Let 𝑞 = −𝑝 and use Theorem 2.4.         ∎ 

Corollary𝟑. 𝟖.Let 𝑓𝑘 > 0 for all 𝑘 = 1,2,⋯ , 𝑛 and for all 𝑥 ∈  𝑎, 𝑏 , 0 < 𝑎 < 𝑏 < +∞. Define 𝐹𝑘 𝑥  by  2.4 . Then 

   𝐹𝑘 𝑥 

𝑛

𝑘=1

 

2𝑝𝑏

𝑎

𝑑𝑥 ≤  
2𝑝

𝑛 2𝑝 − 1 
 

2p

   𝜑𝑘 𝑥 

𝑛

𝑘=1

 

2𝑝

𝑑𝑥,

𝑏

𝑎

 3.7  

where 𝜑𝑘 𝑥 = 𝑛𝑥𝑓𝑘 𝑥 𝐹𝑘
𝑛−1 𝑥 + 𝐹𝑘

𝑛(𝑥) for all 𝑘 = 1,2,⋯ , 𝑛 and 𝑝 >
1

2
. 

Proof.Let 𝑓𝑘 = 𝑔𝑘 for all 𝑘 = 1,2,⋯ , 𝑛 and use Corollary3.7.                                                    ∎ 

Corollary𝟑. 𝟗.Let 0 ≤ 𝑓𝑘 = 𝑓 ≤ 𝑔 = 𝑔𝑘  for all 𝑘 = 1,2,⋯ , 𝑛, 𝑔nonidentically zero for all 𝑥 ∈  𝑎, 𝑏 , 0 < 𝑎 < 𝑏 < +∞.Define 

𝐹 𝑥 =  𝑓 𝑡 𝑑𝑡,        𝐺 𝑥 =  𝑔 𝑡 𝑑𝑡.

𝑥

0

𝑥

0

 

Then 
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𝐹𝑝(𝑥)

𝐺𝑞(𝑥)
 

𝑛𝑏

𝑎

𝑑𝑥 ≤  
𝑝 − 𝑞

𝑝 − 𝑞 − 1
 
𝑝−q

 φp−q(x)dx,

b

a

 3.8  

where φ x = nxg x Gn−1 x + Gn(x), p − q > 1, p > 0. 

Proof.Let0 ≤ fk = f ≤ g = gk  for all k = 1,2,⋯ , n, gnonidentically zero for all x ∈  a, b , 0 < a < b < +∞.Then Fk x = F(x) 

and Gk x = G(x)for all k = 1,2,⋯ , n.Using Theorem 2.4, inequality (3.8)holds.  ∎ 
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