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ABSTRACT

Special properties that the scalar product enjoys and its close link with the norm function have raised the interest of
researchers from a very long period of time.

S.S. Dragomir presents concrete generalizations of the scalar product functions in a normed space and deals with the
interesting properties of them.

Based on S.S. Dragomir’s idea in this paper we treat generalizations of superior and inferior scalar product functions in the
case of semi-normed spaces and 2-normed spaces.
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1. INTRODUCTION

Before explaining the main results of this paper, we introduce some common known concepts.

Definition 1.1 Let X be a complex (real) vector space. We shall say that a complex (real) semi inner product is
definedon X , ifto any X, ye X there corresponds a complex (real) number (X, y) and the following properties hold:

1. (x+y,2)=(X2)+(y,2)
(AX,¥) =A(X,y) for X,y,Ze€ X, A complex (real)

2. (X,x)>0for x=0
3. |(x, y)|2 < (X x)(Y,Y)

We then call X a complex (real) semi inner product space.

Definition 1.2: A semi norm is a function on vector space X , denoted P(X) such that the following conditions hold:
1. p(x)=0
2. p(Ax)=[A| p(x) VAieK
3. p(x+y)<p(x)+p(y) X, yeX.

Definition 1.3: Let X be a real linear space of dimension greater than 1 and let ”, ” be a real valued function on

X x X satisfying the following conditions:

1. ”X, y|| =0 ifand only if x and y are linearly dependent.
2. [xy[=ly.x
3. Jaxyl=lAllx vl
4. % y+|<|x y|+[x 7| foran x,y,ze X and 1€R.
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||', || is called a 2-norm on X and (X , ||, ||) is called a linear 2-normed space. It is easily proven that the 2-norm is non-
negative.

The 2-norm functions defined for the first time by Gahler.S, represent for many authors [2],[4] an area with many
generalized results of the norm function.

Definition 1.4: The Banach space X is said to have a Gateaux differentiable norm at X, € S(X) whenever

lbeo + A3 [pes|

-

[ eS(x):lim . ists.
given y € S(X) P exists

L

SUPERIOR AND INFERIOR SEMI INNER PRODUCT FUNCTION ASSOCIATED TO THE
2-NORM

G.Lumer [5] generalized for the first time the scalar product by replacing its axiomatic with much more limited conditions
in relation to homogeneity, linearity, attribute of symmetry and and the same time he made the attempt to introduce the
Cauchy inequality.

Other authors like R. Gilles [3], E.Torrance [7], B. Nath [6], study the connection of orthogonality and strictly convex in
spaces obtained by generalized functions of the scalar product.

Let (X ,||||) be a normed linear space over the real or complex number field K . The mapping f : X - R,

1,2
f(x)= E”XH is obviously convex and then there exists the following limits:

(YD =lim, I +ol =l (xy), =lim, . M
2¢ 2t

for every two elementsin X . The mapping (-, -)s,(-, -)i will be called the superior (inferior) semi inner product
associated to the norm |||| .

This functions are provided by S.S.Dragomir in [1], and he presents some concrete properties of these functions.

R . . +
Definition 2.1: LetL be a vector space and p:L—>R a semi norm function in L. There exists the following limits:

Py+1)-p()

2t

(v +e)—p'(»)
2t

(x,y), =lim, _,,_ and (X, y)s =lim, _, 4+

The mapping (X, y)_ (X, y) . L . - . .
', S will be called the inferior (superior) semi-inner product associated to the semi-normed

p(X)
Proposition 2.1: Let X pe a linear space and P(X) a semi norm in this space. Then, the following statements are
true.

a) (X, x)p =p*(X) foraxe X .

iX, x)p =(x,ix)p =0forallXe X .

(
(

o (Axy) =4(x y)p for all nonnegative scalar A and X, y € X .
(x,Ay) =2(x, y)p for all nonnegative scalar A and X, y € X .
(

:ﬂ(x,y)q ifA<0 andx,ye X.
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) (x,/1y)p =A(x, y)q iftA<0 andx,yeX.

9) (ix,y), =—(Xiy),forallx,y € X ; where p,g e{s,i}and p=q.
Proof: The proof is as follows:

PPN 1+1(—1
P [.‘C D-’) £ (—‘f}: pZ(X)Iimr-du#:pz(x) foralX e X .

a) (XXx), =lim,_ ., =
p(ix+m)— p’(ix)

2t

[i+e" -1 S+ -1

= P () lim, o ————= p?(X)lim, 1y ————=0

b) Itis clear that: (iX, X)p = (X, iX)p =lim, 44

foral X e X .

c) ForallXe X we have:

P(y+ ) p(y)

(Ax,y), =lim, ., = . Denoting U = At ,we have:
y+ut)- p(y
Alim, o 22T P W) 5o o (A,az0
(/llx’ y)p = - - - - = :
Hy+ut)— p(y Alx,y) A <0
Alim, =, Py wz 2y 1<0 (x. 1),

The proof of the statements d,e,f go likewise:
h) We have:

. . plix+m) - pi(ix) piv-1)- p ()
(ix, y)p :hmt—>il} - = 11mr—:~iu

2t
=(x,-1y) , ==(x1y), forall X,y € X
Corollary 1: with the above assumptions, we have:

(ax,,By)p =af(x, y)p forall, S €R withaf >0 and X,y € X

Corollary 2: we also have: (=xy), =(x=y), ==(xy),

where X,y € X p,QE{S,i}andp;tql

In this paper we present some properties of the superior and inferior semi inner product associated to the 2-norm.

First we will define the inferior and superior semi inner product associated to the 2-norm function. The analogue functions

for a fixed pointb e X are as follows:

[ i O : [ i O
i

(x, y)E =lim, _, 2 and(X, ). =lim,_,_ >

- b b
Proposition 3.1: Let X be a vectorial space and ”X, y|| a 2- norm function in X . Let(X, y)s and(X, y)i be the

superior (inferior) semi-inner product associated to the 2-norm. Then, the following statements are true:
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X, X)k; = ||X,b||2 forallX € X andb e X (b is a fixed point).
b) ix,x)p :(x,ix)p =0 foralXe X and be X .
C) for all nonnegative scalar A and X,ye X andbe X.
for all nonnegative scalar A and X, ye X andbe X.
ifA<0 andX,ye X andbe X .
ifA<0 andX,ye X andbe X .

(

(

(A% y), =A(
d) (%4y), =A(xy

(Ax,y), = A(

(x.2y), =A(

(

forallX,y € X andb € X ,where p,QE{S,i}and p#£q.

Il
|
—_
X
=
N—

feooctf eof oo e

b ..
a) (x,x)p:hmt_ﬂc,,_r 2 - >

L 7 T N

=lim
s 2 TR 2

[x.bf

e+ o off ~Jec

2t

b (i, x)t; =(x,ix)Z =lim, g,

||x(z' +1), EJ"J — ||z'x= b ||

=l oy 2
z'+r:—1
=||X,b||2 lim, o, | I.’lr = ||X,b||2-0=0.

c) ande)

s |

- . DenotingU = At , we have:
.hr

(Ax, y)l:) =lim, o,

'+ 106, B I v.b 2
(/1X, y)t; =limu_}[:Ii ,’{""L i :{”u " " -
s I S P .

2u = A(L}':lp forh= 0

Alimy, L5,

Ny pff [ f

H,I:L}']b fori< D.
A hm.a =0+ !

fori<0

2u

The proofs of the statements d,e,f, go likewise.
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-+ 5 . 2lf_

2t

h o (ix, y)k; =lim, Lo

ool .o

2t

=lim, .

:(x,—iy)k; = —(x,iy)z.

Proposition 3.2: Let (X , ||, ||) be a 2-normed space. Than one has:
(i) The following inequality is valid:

[x+ty,b]" ~[x,b]
2t
forall X,¥,€ X and t>0,5<0.

[x-+sy.b] - [x.b[
2s

> (Y, X)s 2 (¥, X); =

(i) ‘(x, p)t;‘s||x,b||-||y,b|| forall X, Y, e X
(iiiy The mapping (-, )g ((, )?) is sub(super)-additive in the first variable i.e, for X, X,, Y, € X
(Xl %, y):(i) = (Z)(Xl’ y):(i) +(X2’ y):(i) hold.

Proof: (i) Let us consider the mapping ¢ :[0,0) > R, g(t) = %||x+ty,b||2 for X,Y,b fixedin X . Itis clear that

g(t)is convex on [0,0) and then:

%g(o) >g",(0) for t >0 which means that:
x+ty,b| —|x,bJ] S I |
[x+ty !t [x.b] >lim, o, I !t =4 (¥, ).

The second inequality follows by the fact that: g", (0) > g" (0) if g(t)is any convex mapping of a real variable. The
last fact is also obvious.

[ e N

2t

(i) Let X,y € X . Then : |(X, y)}| = [lim, o

o+ 2e.8] +]-2]

2t

[

2t

= [lim, o4 im, o4

- 211+ [l 2]}~ 5] _

i ||y, b”-”X, b” and the statement is proved.

<[y.bftim, . .5

(ii)By the usual properties of the 2-norm one has:

6258 |Page council for Innovative Research
June 2016 www.cirworld.com



8 ISSN 2347-1921
Volume 12 Number 05
Journal of Advances in Mathematics

1 4205 + ). b||— |22
(% + %0 ¥)igy =5 129l .o b +26s Lr) |-12y.5]

|+ + v+ 2. 5]~ 2|lv. 5|
Fy

= ”y’b” 1imt—>iu

b+ 2. Bf|+ [ + 26, 5] -2 v. 5]

S (Z)Hy’ b” lim, .. -

”J*""fxl:

e+t

bll—||v.b
r” b- ||+||y’b”1imr—>i t

= ”y’ b” limr_&ﬂ

b b
= (%Y )sy + (%0 ¥, for every X, %,,y € X .
Now we introduce the Gateaux differentiable 2-norm for a fixed point b € X by:

Definition 3.1: The Banach space X is said to have a Gateaux differentiable 2-norm at X, € S(x) and for a fixed point

[beo + 2.8 ~ [} 2]

-

A

exists.

beX whenever given y €S(x): hm}{ =0
Theorem 3.1: Let (X , ||, ||) be a 2-normed space. Then the following statements are equivalent:
a) The 2-norm is Gateaux differentiable on X \{0} i.e,the space is smoth.

b) The semiinner product (-, )t;) is homogeneous in the second argument.
C) The semi inner product (-, )z is homogeneous in the first argument.

d) The semiinner product (,)t;) is linear in the first argument.
where p=S, p=1.
Proof: The proof is for the case p=S. The case P = i goes equally.

a) =>b) Since (~,-)" is positive homogeneous in the second argument it is sufficient to show that: (X, —Y)> = —(X, y)?
forall X,ye X .
The Gateaux differentiable of the 2-norm implies that:

(e e N et X

(X,—y)g =lim, ,, 2 =lim, g 27
. v+{—xb g };EJ: . }'+5x=E::— };EJ:
iy O el e
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=—(X,y)" and the implication is proved.
b) = ¢) We will show that :
(=%, ¥)? =—(X,y)! forall X,y e X.
Indeed, since: (—X, ¥)? = (X,—Y)? =—(X, y) forall X,y € X , and the proof of the statement is completed.
C) :>d) Since (~, )2 is subaddite (see proposition 3.2) and homogeneous, it is linear in the first argument.

d) = a)Let X, Y € X with y #0. Then:

b+ B[y 5] _ (xy)e _ (xy)t
! ¥l ¥

lim, o,

brcomdbbdl y,, | el
5

=-lim,_,

i.e, the ||, || is Gateaux differentiable on X \{0} _ 1 i1c theorem is thus proved
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