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Abstract

In this paper we have established a relation between the Summability methods X —‘N, P,

Y -|AS, 7] k=1520.

and
k

Keywords: X —‘N, P,

. X —|A|k Y —|A, 5|k Y —|A, 0, }/|k k >1,6 > 0- summabilities.
Ams Classification No: 40D25
1. Introduction :

Let Z a, be an infinite series and {Sn }the sequence of partial sums. Let{pn }be a sequence of non-negative numbers

n

with F)n = Z p, foral nNe N .The sequence —to-sequence transformation
v=0

1.1) t :iz ps,, P #0
n v=0

dfines

N, pn\ -mean of the sequence {Sn }generated by the sequence of coefficients {pn } The series Zan is said to

be summable ‘N, P,

k-1
(1.2) Z(iJ It <t <.

. k>114] if

n=1 pn
The sequence —to-sequence transformation

Pizn: p,..S,.P,#0

n v=0

(1.3) T, =

defines ‘N, P, ‘ -mean of the sequence {Sn } .The series Zan is said to be summable |N, pn|k yk>1,if
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k-1
(1.4) Z(&] [ —rn_1|k < o,

n=1 pn
The series Zan is said to be summable X —‘N, P,

,k>1,if
k
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(L.5) ix:‘ﬂtn —t,,] < oo
n=1

where {Xn } is a sequence of positive real constants. Similarly, Zan is said to be summable X —|N, pn|k’ k>1,
if

(1.6) iX,‘f‘lhn —z'n71|k < o0,
n=1

Let A=(a,,)bea 00x oo matrix. The series Zan is said to be summable X —|A|k ,k>1if

(1.7) ixﬁl T, -T,.|" < o,
n=1
Zan is said to be summable X —|A, §|k, k>16>0,if
(18) SXIHAT T, < o
n=1

and for any real number ¥, Zan is said to be summable X —|A, 0, }/|k  k>16>0,if

(1.9) i X;/(é‘k-%—k—l) |-I-n —Tn71|k < oo,
=1

where the sequence —to-sequence transformation {Tn }is given by

(1.10) =D a,s 8
k=1

2. Known Theorems:
Dealing with the index summability method Bor has established the following theorems:
Theorem-A[1]:

Let {pn }be a sequence of positive real constants such that as N —> 00

iy np, =0O(P,) iy P, =0(np,).

If Zan is summable |C,1|kthen it is summable ‘N, P, , k=1

k )
Theorem-B [2]:
Let {pn }be a sequence of positive real constants such that as N —» o0

@M np, =O(R,) (i) P, =0(np,).
If Zan is summable ‘N, P,

then it is summable |C,1|k, k >1.
k

Subsequently Bor and Thorpe established the following result.
Theorem-C [3]:

Let {pn } and {qn} be the sequence of positive real constants such that
0 P.Qy =O(R,0,) @) Pydy =O(P,Qn)-

then the series Zan is summable ‘N d,

k>1.

’
k

N, p,

. whenever it is summable

Further , Tripathi established
Theorem-D [5]:

Suppose {pn } , {qn } {X n }and {Yn }are sequences of positive real constants such that
M 4, P, =0(P,d,) () Q, =0(a,X,) (i) Y, p, =O(p,)-
|f2an is summable X —‘N, P, N,qn g k>1.
Extending the above result , Misra, Misra and Routa established the following theorem replacing
Y —‘N,qn g k>1byY —|N,qn|k, k >1,in Theorem-D.

Theorem-E [6]:

X then it is summable Y —
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Suppose {pn } , {qn } {X n }and {Yn }are sequences of positive real constants such that

() 4, P, =O(p,d,) i Q, =0(q,X,) (i Y,p, =0(p,)
n+1 1 1 n-1 L

) > —=0] — v > akt=0(1)k =1.
n=v+1l ~n Qy v=l

IfZ:an is summable X —‘N, P,

k,then it is summable Y —|N,qn|k, k >1.

Subsequently Misra et al established the following theorem:
Theorem-F [7] :

Suppose {pn } , {qn } {X n }and {Yn }are sequences of positive real constants such that
() ay,P, =0(p,).
(ii) 1 o(X, ),

i) Y,p, =0(R,).

m+1

K+k-1
(iv) Z(%J Anr N O(arr) » Where Ank 3 Zanv
n=r n v=k

and v) Z A, =0().
r=1

Then Zan is Y —|A, 5|k , k >1, 6 >0 summable whenever Zan is summable X —‘N, P, . k >1.
In what follows, in the present paper we generalize the above theorem the matrix Summability.
3. Main Theorem:
Suppose {pn } . {qn } {X n }and {Yn }are sequences of positive real constants such that
(3.1) an P, = O(pn )'
1
3.2) —=0(X,),
(3:3) Y.p, =O(R,).
- P y(§k+k—l) o
(3.4) Z[—“] A, =0(a,) .where A, =>a,
n=r pn v=k
and
(3.5) D> A, =0().
r=1
Then Zan is Y —|A, 5|k , k >1 6 >0 summable whenever Zan is summable X —‘N, P, o k >1.
4. Proof of the Theorem:
If {tn} is the nth ‘N, pn‘ -mean of Zan sthen
1 n
t =— S
-y ZO p.s,
1
=5 (P + Py +a) + 4 (@ +ay +oo+a))
1
= F{Pnao + (Pn - po)al teet (Pn - pn—l)an}
1 n
-5 (Pn - Pv—l )av
Pn v=0
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Then
At =t —t
n 1 n-1
= _Z P P —1 — (Pn—l - Pv—l)a'v
n v=0 n-1 v=0
n 1 n—.
= _Z P P —1 P_Z n-17" —1
n v=1 n-1 v=0

= [i - i}z Pvfla'v
Pn—l I:)n v=l

_ kS
P Pn . Z Pvflav

v=l

Hence,

ALES SNl AL = ZP a

P,
and
P n-1 n -1
Sl Af Z P_a,
pn—l
Thus,
P
L=—TAt, -2 At
pn pn—l

Further, if {Tn} is the nth A-mean of Zan , where A= (ank)

Then,

n

= 2 A

k=1

Now,

triangular matrix,

00 X 00

n
Tn N Zanksk
k=0
n n
= ZAnkak Ay = Zanv
k=0 v=k

n n-1
— ZAnkak _ZAn—l,kak
k=0 k=0
= Z(Ank g An—l,k)ak
k=1
C Pk 2
= Z(Ank An—lk)( At __Atk 1J
k=1 Py k-1
P
— AL, _ZAnk sztkl ZAnlk pkAt +2An1k sztkl

P« k-1 K k-1
=S, +S, +S; + S, (say).

Zka+k—1|T Tn 1| <ZYy5k+kl|S +S +S +S| _ZZYy§k+kl|s|

n=1

i=1 n=1
(By Minokowski’s inequality)

m+l1

Our Theorem will be established if we show that ZY ek 11|S | <o ,Vi=12734.

m+1
ZlYny(ﬁkJrkl) |51|k
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k
S A, A
r=1 p

r

B (skrk-1)
— Y OK+K—
=2

n=1
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. m+ v/ y(Sk+k-1) Z[ 5 ) |At | A, (ZA1 J

n=1 r=1
(Using Holder’s inequality)
m+1 k m+1 N
-owy. %} SN A oy

m+1 m+1 7(Sk+k-1)
:O(I)Z j |At,| Z( ] A, by (3.3)

m+1

k
= O(l)z aij |A'[|r|karr , (using 3.4)
=1 rr

m+1
= O(l)z X rk_1|Atr |k , (using 3.2)
=1

=0()).
Next,
& 7(Sk+k-1) K RS 7(sk+k-1) C Pr,z ‘
ZYn |SZ| = ZYn Z Aw Atr—1
n=1 n=1 r=1 r—l
k-1
Syesns P, afSn)
r-1
m+1 m+1
i 0(1)2[ J At [ YA, by 35)
m+1 g :1+:. ¥( K1)
_0(1)2( j |At, | Z{ j A, by (3.3)
= O(l)%( ] |Atr|karIr , (using 3.4)
m+1 K
_0(1)2( ] At | a,,
= O(ZI.)mz+l X, K 1|At | , (using 3.2)
= O(l) 4
Also,
m+1 K m+1 . n=1 P k
ZYny(5k+k—1)|83| :zYny(ak+k—1) ZAwfl,r_rAtr
n=1 n=1 r=1 r
1 k-1
<SS 2 A (S
r=1 r
ml p m+1 7(Sk+k-1)
:O(l)Z( pr ] |At | z ( J A, ;. using (3.5)
r=1 r n=r+1
= O(l)mzﬂ(ai] |A'[Ir |karr, (using 3.4)
r=1 rr
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m+1

= O(l)z X, k 1|A'[ | , (using 3.2)

=0(1).
Finally,
k
B (0kek1) (@ K vy p(okrk-1) [ P
ZYny( |SA| =2Yn]/ ZA1—1,r =2 Atr—l
n=1 n=1 r=1 r—2
n P k n k-1
bk+k—1
<SS B o (S A
pr 2 r=1
(Sk+k-1) <[ P ‘ k
+k—: _
—O(l)ZW > AL,
r=1 p -1
s (6k+k-1)
+
_O(l)z |At | Z A1—1rYny
r—1 n=r+1
k
k ’
= O(l)z |Atr—l| a, 4,4 (using 3.4)
—1 r-1
C k-1 k
=0 X/ F|At, | . (using3.2)
r=1
=0().
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