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ABSTRACT

A complete group classification for the Klein-Gordon equation is presented. Symmetry generators, up to equivalence
transformations, are calculated for each f (u) when the principal Lie algebra extends. Further, considered equation is
investigated by using Noether approach for the general case n = 2. Conserved quantities are computed for each
calculated Noether operator. At the end, a brief conclusion is presented.
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INTRODUCTION

The (1+n)-dimensional Klein-Gordon equation

u, =Au+f), f,=0, "

n
where U :u(t’xi""’xn) Wlth AZU :zuxixi :
i=1

In the past, the authors of [3, 10] have studied Eq. (1) for different values of n, for exact solutions, compatibility of the
conditions for the reduction and reduced equations by consideration of an ansatz which reduces the dimension of the
corresponding PDE (see [11]). In [9], the author discussed the symmetry properties and found particular solutions for
some cases of Eq. (2). Tajiri [20] proposed some similarity and soliton solutions for the three-dimensional Klein-Gordon
equation by means of similarity variables. Fushchych et al. [12] investigated the reductions and solutions by using the
broken symmetry for Eq.(1) with n=3. In [8], Fedorchuk considered the reductions of Eq.(1) for n=4 by using
decomposable subgroups of the generalized Poincare group P(1,4). Fushchych [10] invoked an ansatz of the form
u= f O)B() + g (x) toanalyze exact solutions of Eq. (1). Description of such an ansatz for the Eqg. (1) can

be a difficult problem. That problem can be simplified by using symmetry methods.

Lie symmetry analysis is a systematic way to construct an ansatz which further reduces the dimension of the differential
equation. The symmetry method also plays a central role in the algebraic analysis of the differential equation. There are
nonlinear equations with arbitrary coefficients which possess nontrivial Lie point symmetries. Such nonlinear differential
equations can be classified, with respect to unknown functions, according to the nontrivial Lie point symmetries they admit.
This classification is known as group classification. The problem of group classification is one of the central aspects of
modern symmetry analysis of differential equations. It was performed in the classical works of Lie.

For the nonlinear wave equation: u, = (f(Wu, ), »9roup properties are deduced by Ames [1]. Pucci [18] discussed

the group classification of U, +u,, = f(u,u,): A list of symmetries of the equation

un:uxlxl+f(t,x1,u,uxl) is presented in [16]. Furthermore, the group classification  of
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Uy = U, U, TU T f (U) was studied by Rudra [19]. The authors in [2] performed the group
classification of the (1+1)-dimensional Klein-Gordon equation by using [7].

One of the classical aspects of the Lie theory is the computation of conservation laws. The existence of a large number of
conserved quantities of a PDE or system of PDEs is a strong indication of its integrability. An efficient method to compute
conservation laws is given by Noether [6,17]. The theorem states that there is a conservation law for the Noether
symmetry of the differential equation. Conservation laws for the nonlinear (1+1)-dimensional wave equation viz
U, — (k(U)UX)X — (k(u))X = O are discussed in [15]. Bokhari et al. constructed the conservation laws [5] for the

nonlinear (1+n)-dimensional wave equation u,, — ( f (u)u, ), = O via partial Noether approach. Conserved quantities

for the (1+1)-dimensional nonlinear Klein-Gordon equation are reported in [14].
Fundamental operators

Consider the 2™ order PDE of the type

E(t’ Xi,U,Ut,UXi ’utt’uxixi ) =0

@
where U is dependent variable, t, X, (I =1, 2,..., N) are independent variables.
() The Euler operator is
o) o [o, - o
—=—-—D — D —+...,
Su  éu ‘ ou, ,21: ' ou, (3)
where
o o o
D, =—+u, + Uy + ...,
ou ou; 4
o o o .
D, = + U, +U; +..., 1=1,...,n 5
OX; ou ou; ®)
are known as the total derivative operators.
The generalized or Lie Backlund operator is defined by:
o i O o o 0
Y=z o4& Zhg gt T
ot OX; ou ou, ou, ®)

(D) Suppose L= L(t, X, u,u,, l,lxi ) e A (space of differential functions) is a differentiable function

such that L is said to be a standard Lagrangian if

oL _ o
ou )

(1 The generalized operator (6) satisfying

Y(L)+L(D;z+> D¢&')=DB%+> DB ©
i=1 i=1

is known as the Noether operator associated with a Lagrangian L .

In Eq. (8), B' for i=0,1, 2,..., N areknown as the gauge terms.

(Iv) The equation
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DT°+> DT'=0
i=1

evaluated on the solution space given by (2) is known as the conservation law for Eqg. (2) and vector

T = (TO T, T ") is said to be a conserved vector.
V) The conserved vectors of the system (2) associated with a Noether operator X can be determined from the
formula
T'=B'—N"'(L).
(L) ©
In Eq. (9),
N° — 7z +W -2, N‘=§i+W—5 :
Su, Su;

where W is known as the Lie characteristic function and can be found from
n -
_ _ _ I
W = ¢ —zu, E Suj;. (10)

i—1

The outline of this paper is as follows. In Section 2, the group classification of the (1+n) -dimensional Klein-Gordon
equation is given. Section 3 is for the Noether symmetry operators and conserved vectors of Eq. (1). Finally, conclusions
are summarized at the end.

Lie point symmetries

In this section, we discuss the group classification for the (1+n)-dimensional Klein-Gordon equation, i.e. Eq. (1) for
arbitrary N . We apply the 2" prolongation vector i.e

v (u, — ;u — () u=Z 0 an

Eq. (11) yields the following determining equations:

& =0, (i)z, =0, (i), —O, .
()&, +&! =0, (ii)z,—& =0, (i) —7, =0,
_é:tlt +i§>i<jxj _2¢xiu =0, Ty +i7xixi +2¢tu =0,

= i1

(13)

(14)

n

¢tt_z¢xixi _Zth+ f¢u_ fu¢:0' (15)
i=1

Eq. (13) forms a set of equations for an infinitesimal conformal transformation on R "+ With Lorentz metric and thus the

unknowns appearing in these equations are quadratic polynomials of T, X, X (see [21]) and Eq. (14)

n
implies

$., = constant, ¢, =constant, i=12,---,n. 16)

Differentiating Eq. (15) with respect to U and using the results given in Eq. (16), yields

f, .
( r )., =0. (17)
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The solutions of Eq. (17) yield the following functions
(i) f (u) =ae™ +c, (i) f (u) =cIn(au +b), (iii) f(u)=(au+b)" +c, m=0,1.
Lie algebra

In this section, we discuss the different forms of f (U), up to equivalence transformations, which lead to an extension of

the principal Lie algebra of Eq. (1) for N = 2,3....

For N =1, the results are presented in [2].

When f(u) is arbitrary

The minimal algebra for the arbitrary case is:

0 0 0 0 0 o . .
Yo=—, Yi=—, Y. =X—+t—, YM:xi——xj—, ] >1
; ot oX X; OX, (18)
and appeared in all the rest of the considered cases, thus we shall only present the additional algebra(s). The principal Lie
algebra for this case is of dimension n(3+n)/2+1.

f (uW) = ae®™ +c

For C =0 the principal algebra extends and additional generators will be:

Yy, =t—+> x ——2—,
P ot &7'ox,  éu (29)
where
0, if nis even
P=

[EnY

, if n is odd.

(20)

The Lie algebra is of dimension n(n+3)/2+2.

f (u) =clIn(au +b)

There is no extension in the principal algebra.

f(uy=(au+b)"+c m=0,1

In this case, for b = 0 = C leads to an extension of the principal algebra and additional generators will be:

8 & 8 2u @
SmP et T oex, m—1aou’ (21)

where P is defined in (20) and the Lie algebra is of dimension n(n+3)/2+2.

Noether symmetries
In this section, we will use Noether approach for finding the conserved vectors of Eq. (1) for arbitrary N, taking N = 2 .

Case 1: n=1
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Noether operators and conserved vectors of Eq. (1) for N =1 are reported in [14].
Case 2: n=2
The standard Lagrangian for Eq. (1) will be

2

ut_”ﬁ )
L:? iZl“2+F(u), F'(u) = f (u).

(22)

The Noether determining equation (8) with the help of Eq. (22) after some lengthy manipulation gives the following set of

determining
equations: ()7, =0, (ii)& =0, (iii)2¢4, =7, —fox, (i)2¢, =&, — Z §XJ’
(23)

()7, —& =0, (D&, +& =0, ()B =4, (i)B,=-g¢,,

(24)
72 (u)+I:(u)[z-t + En f;i]z B° + En B, -
i=1 i=1 (25)

Hence doing the routine calculation, Eq. (25) yields:

s(@n+1)f,, ., —2nf2,) =0

uuuu uuu ) (26)
Eq. (26) further divides two cases and discussed in the following sections.
S — O
For this case, the Noether operators will be:

Yo, Yy Yo, Y

n—+i? 2Nn+i "
This forms the minimal algebra and thus thus we shall only present the additional algebras in the next section.
&b = O
For this case, the additional Noether operators will
o 1 Xxu o . .
be: Yarni = xit—+—[xi2 +1? ZX ]—+Zx X; ——'——, j =i,
ot 2 Xi ox; 2 au
ut o 0 < 0 uod
Yanit tZX _+ [t +Z ]___ Y4n+2:t_+z A A~ AL
ot 2 cou ot 'ox, 20u

Conserved gquantities

() The vector To corresponding to Yo has the following components:

0 1 2 \ 2 i
T, :E[Ut +Zuxi]—F(u), T, =-
i=1
(I) The components of the vector Ti are:
0 _ i Ir2. 2 o, i i =i
TP =ul, T == u; +uxi—Zqu ~F(u), T'=-uu,, j#i
j=1
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() For Yn+i the components of Tn+i are:

.t
n+|= % ot N+ t2
[u +Zu —2FW]+tuu, T 2[u +Uuj Z u? +2F(u)] XU

j=1, j=i

n—+i

T =—(xu +tuJu, ., =i

(V) For Y2n+i with ] > | the conserved vector T2n+i has the following components:

—X. n
— I _ J 2 2 2
2n+| (X _Xiuxj)ut’ 2n+ 2 [ut +uxi - Z uxk +2F(u)]+xiuxiuxj’
k=1k=i
Xi[,2 .2 -2 k
A ..
T2n+| __I[ut +ij - Z uxk +2F(u)]_xjuxiuxj1 T2n+| __(Xjuxi _Xiux]- )ka, k1, J
2 K=Lkj
(V) For Y3n+| the components of TSHJrI are:

T3?1+| = X_it[ut2 +iu§ ]WL[EWLE(Xi2 +t? _ixf)ux. +ixixqu»]ut’
2 P 2 2 i=1 ' j=1 J
2 n n n
T, .= u——l(xi2 +1? —ij?)[ut2 +U; —Zuj]—[gﬂut +ijux_]xiuXi ,
22 4 s 4L i

XU 1., o, - 4
T,) . _—[—'2 + x.tu, +§(xi +t2 =D xu, +ZXiXmUXm]UXj _
j=1 m=1

n
—Zufm], m=i, j.
m=1

(VI) For Y4n+l the components of T4n+1 are:
2 n n n
0 u 1 . 2 2 2 u
Tina :_Z+Z(t + E X )[ut + E uxi]+[§+ E Xiuxi]tut’
i=1 i=1 i=1

T, pil = X?‘t[ut2 Jrufi —Zn:ufj]—[u—zt+%(t2 +Zn:xi2)ut +Zn:xjtuxj ]uxi, j =i
' i-1 =1

(viyFor Y,, ., the vector T, ., has the following components:

n+2

4n+2_ [u +Zu ] [__'_qu ]ut’
T piz :—%[ut2+ufi —jzr;:ufj]—[%+tut+jzr:1:xjuxj]uxi,

Where P is defined in (20).

Conclusion
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A complete classification of the (l+ n) -dimensional Klein-Gordon equation is reported. The procedure is carried out for

arbitrary N. A class of functions is obtained which possess the non-trivial Lie point symmetries. It is observed that
obtained class of function does not depend on the number of independent variables. Extensions of the principal algebras
up to equivalence transformations are constructed for each f(u) . These symmetry algebras can be further used to

construct ansatz or similarity variables.

It should be noted that in the entire obtained Lie point symmetries, the coefficients of 5t and aXi are independent of the

dependent variable U and hence the obtained symmetries are fiber preserving or projective transformations. Such
transformations allow one to calculate the expression for the group transformations on the actual function

U(t, Xl,---, Xn) with less difficulty. Noether operators and conservation laws of the considered equation are

computed by using Noether approach forn > 2.
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