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Abstract

In this paper ,we study the long time behavior of solution to the initial boundary value problems for higher -order
kirchhoff-type equation with nonlinear strongly dissipation:
v "u

u, + (=a)"u +(J, 2)q(—A)mu+h(ut)= f (x).

At first ,we prove the existence and uniqueness of the solution by priori estimate and Galerkin methodthen we establish the
existence of global attractors ,at last,we consider that estimation of upper bounds of Hausdorff and fractal dimensions for
the global attractors are obtain.

Keywords: Higher-order nonlinear Kirchhoff wave equation; The existence and uniqueness; The Global attractors;
Hausdorff dimensions; Fractal dimensions

1 Introduction

In this paper we concerned with the long time behavior of solution to the initial boundary value problems for Higher-order
Kirchhoff-type equation with nonlinear strongly dissipation :
v "u

u, + (=A)"u +(J, 2)q(—A)mu+h(ut)= f(x)

(1.1)

u
u(x,t) =0, —=20, i=1,2---,m-1,xe 0Q,t>0,
(x,t) o € (1.2)

ux0) =u, u =u(x) , xeoQ 3

WhereQ < R’ is bounded open domain with smooth boundary;v is the outer norm vector; m > 1is a positive integer,

and g > 0is a positive constants, h (u, ) is a nonlinear forcing, ( — A) "u, is a strongly dissipation.

There have been many researches on the well-positive and the longtime dynamics for Kirchhoff equation.we can

see[1-6],FUCAI Li [5] deals with the higher-order kirchhoff-type equation with nonlinear dissipation:

u, +(, Vmur)q(—A)mu +ut|ut|r = |u|pu, xeQ, t>0,(14)
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ou
u(x,t)=0, —=20, i=12---,m-1,xe0Q,t>0,
(x,t) o € (1.5)
ux0) =u,u, =u/(x), XeoQ (1.6)

In a bounded domain,where m >1 is a positive integer, p,q,r > 0 are positive constants and obtain that the

solution exists globally if p < r, whileif p > max{ r,2q} ,then for any initial data with negative initial energy,the solution

blows up at finite time in L""* norm.

Yang Zhijian, Wang Yunging [6] also studied the global attractor for the Kirchhoff type equation with a strong dissipation:

u, - M (aufHau-au +h@)+g)= F(x)  in @xRL@T)

u(x,t)[ =0, t>0, (1.8)
u(x,0) =uy (x) , u (x,0)=u(x), xeQ. (1.9)
. 4

Where M (s) =1+ s;, 1<mc< , Q is a bounded domain in R" ,with smooth boundary 6Q , h(s) and

N -2

g (s) are nonlinear functions,and f (x) is an extrnal force term.it proves that the relative continuous semigroup S (t)

possesses in the phase space with low regularity a global attractor which is connected.

Yang zhijian, Cheng Jianling [7] studies the asymptotic behavior of solutions to the Kirchhoff-type equation:
u, - M (||Au||2)Au ~Au +h(u)+g(u)=f(x) in QxR",(1.10)
u(x,t)|m =0, t>0 (1.11)
u(x,0)=uy (x) , u(x,0)=u(x), xeQ. (1.12)
They prove that the related continuous semigroup S (t) posseses in phase X = (H ? (Q)NH ;)

x H ;(Q ) aglobal attractor. At the end of the paper, an example is shown,which indicates the

Existence of nonlinear functions g (x,u)and h(u,).

Recently,Meixia Wang, Cuicui Tian, Guoguang Lin [8 ] studied the global attractor and dimension for a 2 D generalized
Anisotropy Kuramoto-Sivashinsky equation:
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U+ aA U+ (p(u)), +(g(u), = F(x), (xy)eQc R’ (113
U(X,y,t)L:O:uO(X). (x,y)e QcR’, (1.14)
UGyl =0, AuGGy)L =0, (xy)e@ e R, (115)

Where O = R?is bounded set; 6Q is the bound of Q ;@ (u) and g(u) are considered as smooth function of

u(x,y,t).under the existence of the global solution, it proves that the global attractor and Hausdorff dimensions and

fractal dimension.

The paper is arranged as follows.in section 2,we state some preliminaries under the assume of Lemma land Lemma 2, we
get the existence and uniqueness of solution; in section 3,we obtain the global attractors for the problems (1.1)-(1.3);in
section 4.we consider that the global attractor of the the above mentioned problems (1.1)-(1.3) has finite Hausdorff

dimensions and fractal dimensions.

2 Preliminaries

For convenience,we denote the norm and scalar product in L*(Q) by |||| and (.,.); f = f(x),

k

A T

2 C,(i=0--8), « areconstants,

ge q 2a824015(2q—2p+2)}

K, = max{

q+1 q+1 gq+1 2p+2

In this section, we present some materials needed in the proof of our results, state a global existence result, and prove our
main result. For this reason, we assume that and notations needed in the proof of our results.For this reason, we assume

that
(G,) there exist

0<6< % Ihwyl, - <cothu,up™, vueH;,
(G,) there exist constant
0<o <1 [hw|<c (Rya+|av])™. vver™an, |v|<Rr,

G, |hes)|=<c,

Lemma 1. Assume (G,) hold, and (u,,u,)e H"(Q)x L (), f e L°(Q) ,v=u, +eu then the solution

6657 |Page
November 2016 www.cirworld.com



ISSN 2347-1921
Volume 12 Number 10

Journal of Advances in Mathematics

(u,v) e H™"(Q)x L*(Q) ,and

c,-e” )_ « q
—ayt 0
||(u,v)||2Hmz = HVmu ||v|| W (0)e + %o ) a+1 (2.1) Where v =u, +¢u,
-&
0 < & < min{ 1, i+ 44, _1,q+1,q+1}W(O):”vO”2+
2 AC.p 2a

2q+2

e

m 2
—SHV u

+K, V,=1U +¢&U,thusthereexistR, and t =1t (Q) >0,

Such that

= HVmu

2 2
+ ||v|| <Ry (t>1)

H™xL?

Proof. Letv = u, + su we multiply v with both sides of equation (1.1) and obtain

2.2)

(u,,v) =(v,-e&u,v)

(v ,v)—&(v—-eu,v)

1 d (2.4)
= ||v|| —&e(v—-eu,v)
2 dt
2
s LS o - o] - S

((=A)"u,v) = ((-A)" (v-eu),v)
(2.5)

2

2
ZHVmV —g?

oo

2al

m Zq m m Zq m
(HV u‘ (-A) u,v):(HV u” (=A) u,u, +eu) 2.6)
1 d n o |[2a+2 o |[2a+2
B i 2
2q +1dt
(h(u,),v)=(h(u,),u, +eu)
(2.7)
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= (h(u,), u,)+ (h(u,) su).

For above ,we have

By using Poincare inequality,we obtain: HV v

el(h(u). )| < ||h(ut)||H,m Vmu‘
< eC,(h(u)u)"" Vmu‘
< i(h(u Ju)+C.e2"|[v"u °
= 2 t/r Ut 1 (2.8)
1 2 m PP
< (W) Coe Hv u
(oo, |l = S+ e
T ) 25" (2.9)
] I A [ T Y A e W e ¥
2 dt qg+1
m [[29+2 2 52 m |? 2 m 2P
+gHV u - (& +21m)HV ul -C.e HV u (2.10)
1
1
S

2

milI2
2 4 ”V” , then we have

1

2q+2

2 2
HVmu FKy) + (24, + 28 - 28|

- EHVmU

d 2
g

2q+2

+ 2.9”V'"u

2 82 m
- (2" + F)HV u

1

2 2 m 2p
-2C.e HV u” + 2K (2.11)

1 2
<[]
&
By using Young’s inequality,we obtain
o P 1 o |[2a+2 q
HV ull < HV u + , (2.12)
qg+1 qg+1
e & o |[2a+2 qe
- 8HV ul| = - HV u - , (2.13)
qg+1 qg+1

Then we have
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2
o[+
q

Taking « = 2 + and P<qg+1

m
1

2
> _

2
- ag HVmu

2p

2p
29 + 2

m

v

<

m2p
vV u <

—2C052

So,we obtain

2q+2 2
- aE

&
—HV"‘U
2

&
> —vau
2

So,we have

d 2
S

4pC082

v"u

202 4C, pe’
29+ 2

1

+1

1 2q+2 & m ||2a+2
-]V
qg+1

HV "u

+ K, 20. (214
+1

using Young’s inequality.we Obtain

2
2q+2 (0724

2
ag

vau

q+1 q+1’

HV "u

2q+2 20 —-2p + 2
+—
2p+2

2002 2C,e°(29-2p +2)
+

HV "u

2q+ 2 2p+2

2
2a+2 K ag

+—_
2

2 K, & oe
+— 2> (—-

2 2

)vau

qg+1 qg+1

K
4+ -0
2

2q+2 2p

o

v"u

-2Ce’

&
—vau
2

2q+2

K
4+ =0

2Ce’(2q-2p+2) N
2p+2 -

HV "u

2q+2

- gHVmu

HV "u

2q+2

+ eHV "u + K, (2.20)

< 2t + 2k, |
&

Assume Next we take o, = 24" - 2¢ - 252,(q +1)&,1} ,s0 we can obtain

d 2 1 2q+2 2
M o el
dt qg+1
2 1 o |[29+2 m|]?
v oay (v + HV u ——aHV ul +Ky) (2.21)
g+1
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< 2t + 2k, |
&

S w +aW(@)<C,

2.22
ot (2.22)
2 1 m |)2a+2 T 1 2 . . .
where W (t) = ||v|| + HV u —eHV ul +K, ,C,= —2||f|| + 2K, ,by using Gronwall inequality ,we
qg+1 &
obtain
ap Cil-e )
W (t) <W (0)e °* + ————, (2.23)
aO
From (2.12), we know
m |12 q 1 m ||2a+2
HV ull - < HV u (2.24)
g+1 qgq+1
So
2 1 o |[2a+2 o 12 2 o |12
||v|| + HV u —eHV ull + K, 2||v|| +(1—5)HV u” + K, - >0, (2.25)
q+1 q+1
From (2.23),we obtain
2 m 2 —a,t C3(1_e’a0t)
||v|| +(1—3)HV u” + K, - <W (0)e "+ ————, (2.26)
q+1 a,
Then we have
LR .. C.(a-e ™
(1—8)(||V||2+HV u‘)ﬁW(O)e °I+M—KO+ a (2.27)
a, g+1
so,we obtain
c,(1-e ™
—a,t 3( )7 KU + q
2 T 2 W (0)e a +1
”(u,v)” HMel? = HV u +||v|| < + 0 d
l1-¢ 1-¢ (2.28)
Then
C
— - K, + d
T 2 0 q+1
lim [ ). . < (2.29)
t— o H 7 xL 1-

So,there exist R and t, =t (Q) > 0, such that
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||(u,v)||2meL2 = vau ‘ + ||v||2 <SR, (t>1)

(2.30)

Lemma 2. In addition to the assumptions (G,) hold, f e H "(Q) ,then the solution (u,v) of the problems

(1.1)-(1.3) satisfies (u,v) € H " (Q)x H "(Q) ,and

2 Y™ c @a-e™
_Y(©e ™ cy( )

2
[CTo) — H(—A)mu + vav < (2.31)
B, BoB,
m 2q m 2 m 2 -
In where v =u_+e¢u ,and Y(0)=(H(—V) u, —5)”(—A) u, +HV v,|| thus there exist R, and
t, =1,(Q) > 0 ,such that
2 m 2 m 2
(2] =H(—A) uH +Hv v <R (t>t) (2.32)

Proof. Let (-A)"v = (-A)"u, +&(-A)"u, wemultiply (-A)"v with both sides of equation (1.1) , and obtain

v "u 2)“(—A)””u +h(u,) (=A)"v) = (f(x), (-A)"v), (2.33)

(U + (=8)"u + (I,

(U, (-A)"v) > %j—tuvmv i gHva 2 —;—/Ilu(—A)mu : —%HV"‘V ‘ (2.34)
(-2)"u, (=8)"v) = (-A)" (v-su), (-A)"V) (2.35)
= Jearme 2 —id—H(—A)mu 2 Y SN ’
2 dt
(] SNSRI %j—t(uvm B (—A)muH)—Mj_tHVm ’ (2.36)
+gHVmu 2q (—A)muH
(h(u), (=A)"v|< ”h(i‘)” + H(_Az)mv‘ (2.37)
Form(G,) , we have
||h(ut)||2 <C/(R)(1+ H(—A)"“ul Y2 (2.38)

By using Young’s inequality
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1 1 1
2_ 0 2 - 1o m 2-0)\1-0
o < =@ (RN7 +@-o)u(@+|(-8)"u p? ), (2.39)
HG
and
2 1 m |12 el n I
Ih ) SC5+—H(—A) v‘ +—H(—A) uH , (2.40)
4 4
1 1 1 1
O - — _—
Where C, = —; (Clz(R))" +2(1-0o)u*° \wetake proper x ,suchthat: 4(1-c)u*° = —,
- 4
/,lU
K,=C,
m 2 2 m 2
‘ oo oo
f(x),(-A)"v ‘s +
(f(x), (=A)"v) 0y’ ) (2.41)
Form above,we have
d m 2 m 29 m 2 m 2 3ﬂ'1m 2 m 2
—(HV % +HV u (=A) u —s”(—A) ull )+ ( —2-2&7)|V v
dt 4
d n |29 o |29 9% &’ m|I?
+(——HV u +25HV ull - N m)‘(—A) u (2.42)
dt 4 A
1.2
<— |V + 2K,
2
&

m
2q
— ¢ > 0 ,next we assume exist a positive constant

\Y

32 m
Then we take proper ¢ ,let L _2s-2¢°>0and HV u
4

K >0,et K-2¢ >0, satisfies

2
29 9¢ &

m Zq d m 2q m
0< K(HV ulf —-e)< ——HV ul| + ZgHV ull - - (2.43)
dt 4 A
9¢° P
where C, = - - ——+ K¢ suchthat
4 A,
m |29 d o |29
(K —2.9)Hv u‘ +—Hv ul <c,, (2.44)
dt
Multiplying (2.44) by e 2% then
m 24 d —2¢ —2¢& d m 24 -2¢&
HV ul| — (" +e™? "—HV ul <ce™ (2.45)
dt dt

we integrate (2.45) with respect to time t and get that
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m 29 C - -2¢
g<Hv ul < —— @+ ke Y (2.46)
K -2¢
So0,(2.43) exists a positive constant K .
Form above , we have
d fom B flom [P0 e n Py 3
—(HV v +HV ul| [(=A)"u —g”(—A) ulf )+ (——-2¢-2&7)|v"v
dt 4
m 2q m 2
ko] - ool @47
m 2
S—HV Bl +2K,.
&
. 34, , 1.,
he Taking £, = min{ T—Ze—Ze K}, C,=—|V f| +2K_ then
&
d
—Y({t)+B,y(t)<C, , (2.48)
dt

2 2q 2
+ (HV "ul - )H(— A)"u H by using Gronwall inequality,then

assumptions where Y (t) = HV "v

. C _
Y(t) <Y (0)e "+ ZE@—-e ) (2.49)
0
m 2q m 2 m 2
Let B, = min{ 1,inf HV u -¢&} ,wegetp (Vv +H(—A) ull ) <Y (t).
t=0
so we get
— Bt — Bt
m |12 m 2 Y(0)e ™ C,(1-e"°
||(u,v)|22m WZH(_A) u +HV v| < ©) + o )
H xH
By Bobs . (2.50)
m 2q m 2 m 2
where Y(0)=(H(—V) u, —e)”(—A) u, +HV v, , U, =u, +eu, then
— 2 C,
lim ||(u,v)|H2m S . (2.51)
t— o ﬁﬂﬁl

So,there exist R and t, =t (Q) > 0, such that

2

||(u,v)||2H2mme = H(—A)muu2 + HV "vi| <R, (t>t,)

(2.52)

3. Global attractor

3.1 the existence and uniqueness of solution

Theorem 3.1 Assume (G,) (G,),(G,), holds,and Lemmal Lemma2 holds; the problem (1.1)-(1.3) exists a unique
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smooth solution

(U V) e L"([0,40 ; H*"xH") (3.1)

Proof. By the Galerkin method, Lemma 1 and Lemma 2,we can easily obtain the existence of solution. Next, we prove the
unigueness of Solutions in detail

Assume u,v are two solutions of the problems(1.1)-(1.3). let w = u — v ,then
w(x,0) =w,(x)=0, w (x,0) =w, (x)=0

Then two equations subtract and obtain

rq(—A)mv+h(ut)—h(vt)=0 (3.2)

Zq m m
‘ (-A) u—HV v

W, +(=A) w, + HV u

By multiplying (3.2) by w, we get

w, + (8" v oy e e[ Ay e ) ) wy =0 @)

34)

i (3.5)

(=A) w,w)= HV w,

24 m m |29 m
‘ (—A) U—HV u‘ (—a)"u.w,)

(HV "u

2q "
ISR

2q m m
(-A) V—HV %

Zq m m
(-A) V+HV u

m 24 m m
=(HV ull (=A) u—HV u
m 24 m m 2q m 2q m
=(Hv all " (= a) w,wt)+((HV u —Hv v‘ X —A)"v.w,) (3.6)
1d m |29 m 2 m [[29°2 m m 2
——(HV u vV ow )—qHV u \% U[HHV w
2 dt
m 2q m m Zq m
+HV ul| (-A) V—HV v‘ (=A) v,w)
m 29 m 29 m
((HV u —HV Vi )(=A) v,w,)
2q-1
< ZqH‘VmuH+ H(HV"‘V‘—HV'“U ) VmWHH(—A)mv”"wt”. 3.7)
According to Lemmal, Lemma2,we have
2q-1
ZqMVmuH+ H(Hva‘—HVmu ) VmWHH(—A)mV‘S c,,

(3.8)
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2q-1
qHVmu VmutHs C,.
Then
2q 2q
‘((vau —Hva )(-A)"v,w,)|<C, Vme”wt”. 3.9)
According to Young’s inequality, we get
w |29 m |29 m C.flm P C, 2
‘((Hv u —Hv v )(=a)"v,w) <=rv wH +7||w1|| . (3.10)
Form (G,) ,we have
[(h(u) = h(v) w)l= |(h'(s)w,, w))| < c2||wt||2. (3.11)
Form above ,we have
d 2 2q 2 2
_(”ut” +HV"‘u v "w )Jrzuvmwt ,
dt
_(c7+2c8)vmeZ—(c7+2cz)||wt||zso : (3.12)
Then
d 2 m P w2 m 2 2
E(”ut” +HV u Vow| )< (C,+2C,)|V u +(C7+2C2)||Wt|| . (3.13)
According to vau “ VmWHZ eHVmW i then
d 2 f—m P |12 C.,+2C O L AT 2
d—(”ut” +HV ull [[v"w )s(#)‘v ull v WH +(C7+2C2)||w1|| (3.14)
t &
. C,+2C,
Taking y = max{ —,C, + 2C,} ,we have
&
d 2 O L AT m P |I? 2
g(”Wt” +HV u Vo w )s;/(HV u vV ow +||wt||) (3.15)
By using Gronwall inequality, we obtain
||wt||2 + HVmu Zq v "w ’ < y(HVmu 2q v "w(0) i + "wt(O)”z)e’t. (3.16)

Therefore

So we get the uniqueness of the solution.

3.2 Global attractor
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Theorem 3.1. ™ et E, be a Banach space , and {s(t)}(t>0) are the semigroup operator on E, .

S(t):E, > E,, S(t+s)=S(t)S(s) (Vt,s = 0), $(0)=1, where | is a unit operator .set S (t) satisfy the follow conditions.
1) S(t) is uniformly bounded , namely vR >0, Oul, <R , it exists a constant C(R) , so that
1

US(t)u O < C(R) (t e [0,+));

2) It exists a bounded absorbing setB, < E, , namely,vB < E_, it exists a constant t ,sothat S(t)B < B, (t>t,);
Where B, and B are bounded sets.

3)When t > 0, S(t) isacompletely continuous operator A .

Therefore , the semigroup operator S (t) exists a compact global attractor.

Theorem 3.2. ¥ under the assume of Lemma 1, Lemma 2 ,Theorem 3.1, equations have global attractor

A=w(B,)= N U S()B,.
s>o0t=S

S
0

Where B, = {(u,v) e H " (Q)x H (;" (Q) 71 (u,v) 0’ C=nut, 40w D: < R, + R}, B, is the bounded absorbing set
H ; H

meH 2m

of H"(Q)xH (;n (Q) and satisfies
(1) s)A = A, t>0;

(2) lim dist(S(t)B,A)=0,here B c H 2" Hén and it is a bounded set,
t—> o
lim dist(S(t)B,A)= sup (inf US()x-yl ,_ ) 0, t> w.
t— oo xeB YEA HETxH

Proof .Under the conditons of Theorem 3.1, it exists the solution semigroup s() ,

2m m 2m m 2m m
S(t):H (Q)x H " (Q) > H (@) x H (), here g, = 1 @)x H @) .

(1) from Lemma 2.1 to Lemma 2.2, we can get that vB < H " «H" is a bounded set that includes in the ball

{U (u,v) qumme < R},

2 2
+Hv0\ +C <R +C

m

2 2 2 2
OS(t)(u,,v,)0 =lull + v <Uu, U
0 0 Hzmme H2m Hm 0 HZm

(t=20,(u,,v,) e B)
This shows that S (t) (t > 0) is uniformly bounded H “"ca)>x H "ca) .
(2) Furthermore, forany (u,,v,) e H am (@)x H (;n (@) ,when t > max{t,t,} ,we have,
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2
OS(t)(u,,vy)0O om m
H ><HO

2 2
=0u [ +0vD,
H

<R, +R
2m o) HI(Q) 0 1

Sowe get B is the bounded absorbing set.

(3) Since E - H M ayx H @) > E, - H " (@)x L’ (o) is compact embedded, which means that the bounded setin E,

is the compact set in E |, so the semigroup operator S (t) exists a compact global attractor A .

4 The estimates of the upper bounds of Hausdorff and fractal dimensions for the
global attractor

We rewrite the problems (1.1.)-(1.3):

m 2q

u, + A"u +||A%ull A"u+h(u)= f(x). 4.0

Let Au = —Au ,where Q is a bounded domain in R" with smooth boundary 6Q .The linearized equations of the

above equation as follows

U,+AU =FU ,(42)
U,=¢&,U,(0)=¢. (4.3)

Let U, e H Om (Q),U (1) is the solution of problems (4.20)-(4.21).We can prove that the problems (4.20)-(4.21) have a
unique solution U € L™ (0,T , H Om (Q) .U, e L”(0,T, LZ(Q). The equation (4.20) is the linearized equation by the

equation (4.17).Define the mapping Ls (t)UG:Ls (t)uoé =U (t) , here u(t)=s(tu, Jlet o, =(u,,u,) ,

0'™ 1

9, =0, +{& rY={u,+S&,u+} let:

||¢D||Eos Rl,||¢_0||Eos R, E,=vxH, E,=vxH,v:i=H(Q)H:= LZ(Q)’S(t)(pO:go(t) = {u®. u, O

S (), = {o (1), o, ()}

[9]

Lemma 4.1 Assume H is a Hilbert space, E; is a compact set of H  S(t): E, - H is a continuous

mapping,satisfy the follow conditions.

1;S(t)E, = E,,t >0

0!

2) if S(t)s Frechet differentiable ,it exists is a bounded linear differential operator L(t,¢,)e C (R"; L(E,Ep)) .

vVt > 0 .thatis
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s o, - s W0, - Ltoy)u.v)

e <3

5 04E (3o 0

The proof of lemma 4.1 see ref.[9],is omitted here .According to Lemma 4.1,we can get the following theorem:
Theorem 4.1 ™'Let A is the global attractor that we obtain in section 3.In that case , A has finite Hausdorff

m m m . 6 n

dimensions and fractal dimensions in (H z (Q)NH(Q)xH (Q) thatis d,(A)<nd_(A)< —.
5
Proof. Firstly, we rewrite the equations (4.17),(4.18) into the first order abstract evolution equations in E ..

Let¥ =R o ={u,u +e¢eu} \etR_:{u,u} — {u,u, +eu} ,is anisomorphic mapping.So let is the global attractor of

{S(1)} .then R A s also the global attractor of{S , ()} ,then ¥ satisfies as follows:
Y +A ¥ +h(¥)=1, . (4.9)
¥ (0) ={u,,u, +eu,} (45)

Where ¥ ={u, u + 20}, h(¥)={0,h(u)} . f ={0, f(x)}"

el — 1
2q

A = > m m m 4.6

e LAZU A" —eA" + %1 A —gIJ (4.6)

W o= F(¥)=f-AW-h(¥) @47

P = F (V) (4.8)
P+A P+h(¥)=0 (4.9)

Where P ={U U, +&U 3. h,(W)P ={0,h (u,)U } The initial condition (4.3) can be written in the following form:
P(O)=w,w={&C}eE, . (4.10)
We take ne N then consider the corresponding n solution: (P = P,,P,--- P .P, € E;) of the initial values:

(w=w,w,--w w,eE;) intheequations (4.8)-(4.10)

n

Sothereis [P, ()AP,()A - AP ()|, =[w,Aw, - Aw

o el TIF (S, (1)¥,)Q, (r)dr
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Form w () =S, (z)¥,,weget S _(r):{u,,v,=u, +eu} > {u(z), v(r)=u.(r)+eu(zr)},

w(r)={u(z) v (r) =u,(r)+eu(r)} , here u is the solution of problems (4.1); A represents the outer product ,
Tr reprsents the trace ,Q, (r) = Q (¢, ¥,:w,,w,--- W ) is an orthogonal projection from the space E, =v xH to
the subspace spanned by{P,(z), P,(z),--- P, (z)} For a given time 7 et ¢j(r) = {§j(r), cjj(r)} s j=1,2,---n.

{¢j(z')} 121 is the standard orthogonal basis of the spaceQn(r)Eo = span [P (z), P,(z),--- P ()] .

From the above ,we have

TF (¥ (r)-Q,(r) = X F (¥ (£) -Q,(£)¢,(r). ¢,(r)) ¢,

j=1

=3 F (¥ ()4, (0) 4,(2) ., (1)

Where(~,-)ED is the inner productin E  .Then ({5,;},{55})EU = (5,2) + (;,Z);

(Ft(\P)¢jl¢j)Eu = _(Ag¢jl¢j)ED _(ht(u)éjvéj);

2q

(Ap9)e =]+« Atu| A" ea” 26

(& ¢+ (A" —el)(¢ ¢ (412

2).

ol f 4,

2q 2q

-&)A, -1
, 1.

m

AZu

m

28+€2—( —8)/11—1—26‘+6‘2+(2— A?u

Where a := min{

Now,suppose that {u ;,u,} € A ,according to theorem 3.3, A is a bounded absorbing set in E,

W (t) ={u(t),u(t)+eu(t)t e D(A); D(A)={uev,Au e H}.

Then there is a s € [0,1] to make the mapping h :D(A) - po(v ,H) At the same time,there are the following

results:
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R ,= sup |A§|<oo
{£.¢3eA

sup |h1(u1)|p(v L ST<w (413
ueD (A) s
[Au<rA|

s | H , Comprehensive above can be obtained

Where Hht(ut)afj,gju meets: Hht(ut).fj,gjus erj

S

(Fe)p, 00 < —ale |+ D+l e
< —%(Hé,. e+ ;—aHf @9
Where ng L ng 2 _ qujui =1,dueto {¢,(r)},,, , isastandardorthogonalbasisin Q, (7).,
So
SR (9,06, < s iH«s,. " @.19)
i1 2 2a s
Almost to all t,making
n 2 n-1
)M S IED WIRNCEL
-1 -1
So
na 2ot
T (¥ (7)) Q, (1) < ==+ =3 4 417

j=1

Let us assume that {u ,u } € A ,is equivalentto ¥ 6 ={u,,u, +eu,} e R A

Then

q,(t)= sup sup ([, TrF (S, (r)¥,) - Q, (r)dz.j=1,2,..n.
‘POEREA WEE0

o, =

q, = lim sup q,(t)
toe (4.18)

According to (4.17),(4.18) ,so
n-1

na ro_ i
qn(t)s——+—z/1j
2 2a 5
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2 2a’7 (4.19)
Therefore,the Lyapunov exponent of A (or R_A ) is uniformly bounded

na r> "
Myt iy o+ S ———+ — > A,
2 2a (4.20)

From what has been discussed above it exists n >1and s e[0,1], a,r are constants,then

1 s-1
;z Ai < 6r’
j-1 (4.21)
2 n
na r o1 5na
T DI S ER
2 a” 5 12 (4.22)
2 Jd s na
(qj)+ S—Zaizliu SE,]=1,2--- n. (4.23)

(a.),

]

max <L (4.24)
1<j<n-1 (A 5

So, we immediately to the Hausdorff dimension and fractal dimension are respectively

6
dy(A)<n . d (A)<gn.
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