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ABSTRACT

In this paper, we give atype of iterative scheme for sequence ofnonexpansive mappings and we study the strongly
convergence of these schemes in real Hilbert space to common fixed point which is also a solution of a variational
inequality.Also there are some consequent of this results in convex analysis
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Functional Analysis

INTRODUCTIONAND PRELIMINARI
Let X be a Hilbert space, @ #+ C be a convex closed subset of X and A be amultivalued mapping with domain D (A) and
range R(A).The mapping A is called monotone mapping if the following inequality hold

<xX1 —X3,y1 — y1 >=0,Vx; € D(A), Vy; € R(A).

Also, any mapping A is called maximal monotone mapping of A if the graph G(T) of T is not properly contained in the
graph of any other monotone mapping ,where

G(T) = {(u,v) € X X X;u € A(x)}.Monotone mappings play a crucial role in
modern nonlinear analysis and optimization ,see the books [1,2,3,4,5]

The single valued nonexpansiveself- mapping onCis defined as: J,, = (I + r,A)~1(x),and is called resolvent mapping on

C,where <r, > be asequence of positive real numbers. In[6]Moudafi, studied the strong convergence of both
thefollowing iterative schemes in Hilbert space

xe = tf(x) + (1-DT, ast— « €))
Xpp1 =0 f(xy) + (1-0T, asn—o «© 2)

where fbe a contraction mapping , T is nonexpansive mapping and<a, > be a sequence in (0,1).In this paper we

study the stronglyconvergenceof common fixed point of sequence of nonexpansive mapping which is also a solution of
varational inequality,

<(I-f)%x—%><0, x € A71(0)
Now, We recall some definitions and lemmas which will used in the proofs:
Definitionl. [ 6]and [ 7]
1- Amapping T: C - X iscalled Lipchitz continuous with constant « > 0
|| Tx = Ty|| < a|| x—y]|, forany x,y € C
2- 1f ae (0,1) = Tis called contraction mapping .
3- If a=1 = Tis called nonexpensive mapping.
Definition2. [ 6]and [ 7]A mapping T: ¢ - X is called
1.firmly nonexpensive mapping if for anyx, yinC then,
Il Tx = Tyl |2 +11(1 - Dx-(1- Dyl* < [Ix -y |
2.strongly nonexpansive mapping if itis nonexpensive and for any <x,> and

<y,>are sequences in C such that<x,-y,> is bounded and ||x,- v, || - || Tx,- Ty, || — 0itfollows that
(Xn_ Yn ) _(Txn_ TYn) -0.
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Note that Both firmly nonexpansive and strongly nonexpansive imply nonexpansive.

Theorem3.[7] If T be a mapping fromX into X , then the following are equivalent
1- Tis firmly nonexpensive
2- (I —T)is firmly nonexpensive
3- (21 —T) is nonexpensive
4- || Tx- Ty|| £ < x-y, Tx- Ty >for all x, yinX
5- 0= < x-y,Tx- Ty >forall x,yinX
Lemma4.[8]If Xbe a real Hilbert space ,®=C be a convex closed in X and The anonexpansive mapping
with F(T) # @ . suppose that<x,> converge weakly to x If (I — T)x,—y thenI—T)x=y
Lemmab. [9]be a sequence of nonnegative real number such that>a,<If; n > 0a,,; < (1 -y, )a, + V,S,

Where <S,>be a sequence in the real number and <y > be a sequence in (0,1) such
that)|S, | <= and 0 = lim,,. supa,/y, .Thena, — 0 as n—.

Lemmas. [10] Let@ # C convex closed inCand T be a multivalued nonexpansive mapping. If x,convergence weakly
to pand || x, — Ty || = 0.Then p € F(T).

2.MAIN RESULTSLet X be a real Hilbert space and C be a nonempty convex closed subset of X. Denote by :
e Fisthe class of the sequence < f,, > of mappings on C such that
1o () = fro1 Gen D < Nl a1 Gen) = o1 (o1l
e T, be amapping on Csuch that: T,(x) = tf,(x) + (1 — t)],,, (x);t >0
Now, we give the following definition.

Definition 2.1. Let < T, > be a sequence of mappings on C, then p € C is called asymptotic common fixed point
of< T, > if there exist a sequence < x,, > in C converges weakly to p and lim,,_,.||x, — T, (x,)|| = 0.

In this paper, we study the strong convergence of types of iterative schemes in real Hilbert space.
Remark 2.2.If < f, > be a sequence of nonexpansive mappings then T, is also nonexpansive.
ProofForallx,y e C,
TGO — T < tllfa ) = £ I + €= DIJen ) = T W
<tllx—yll+ @ -0llx—yll
<llx—yll

Theorem 2.3Let A be a maximal multivalued mapping , < f, > be a sequence of bounded and contraction mappings on
C and A7'(0) # ¢. Then < x, > converges strongly to the point &, where % = pg (fn(f()) or ¥ is the unique solution of
variation of variational inequality.< (I — f,)%,x—&%>>=0 , x€E =A"1(0).

Proof Letp € A71(0)

IIxe — pll < tllf, (x) — pll + (1 — O] (x0) — pll

< tlify o) — pll + (1 = OlIx — pll

tllx, — pll < tlif,(x) — pll

lIx; = pll < lIfy (%) — fa (P + 112 (P) — pl

< allx, — pll + lIf,(p) — pll ; @ = max{a;,ieN} ; 0 <a <1

I~ pll < == 11 (2) — pl

But < f,, > is bounded sequence, and hence < x; > is bounded sequence, So < J,. > also bounded.
1% = Jen Xell = Nty (x) + (1 = OJin Ko) = Jen KO

= tllfy %) = Jm I 2 0ast—0

Since < x, > is bounded then there exists a subsequence < x, > of < x; > such that x,,, = X.

By lemma (1.4), we get ¥ € A"1(0)
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Now, sincex, — X = t(f,(x)) = %) + (1 — ) (Jrn (X¢) — %),
I, = K> =t < f(x) =% x =% >+(1—1) <Jpp (X) — &%, — & >
<t<f(x) —%x — %> +]|x, — |2
I — %|IZ << f(x) — &K, x — X >
<< fix) — R, % — &> +< X)) - X x, — X >
<allx — &|P+< £,(%) — %, x — X >;

a=sup{q;,i e N}Jsuchthat0 <a <1
o2 1 o o -
%, — %||* < o <f®)—-%x —%>
And hence,llxy, — &I < —= < f,(%) = %, x —% >
But x,, — X, then as n » « we get

<f,®) — % xym —X>->~andhence, ||x,—%|| -0

Now, to prove that X is unique solves of the variational inequality.

since, %, = thy(x) + (1 = O)mx, = (1 = £)x) = = (=) A= Jn)(x)

And for all z € A71(0)

<=6 —2>= — () < U= )3 — 2>

- (?) < (I _]m)(xt) - (I _]rn)(z);xt —-z>

< 0as (I —J,,) is monotone.
Therefore, X is a solution of variational inequality
<U—f)E),%—z><0 ,Vze€A(0)

To prove the uniqueness, suppose that
X — & € E = A71(0) and & is solution of variational inequality

<(I-f)X,x—%><0 3)
Interchange X and

<(I-f)FE),&g—%><0 4
Adding up (3) and (4) we have

<x-%(I-f)®,I-f)R® ><0

By lemma (1.5), we getX = %

corollary 2.4.Let A be a maximal multivalued mapping and < T, > be a sequence of firmly non expansive. If the
scheme < x, > is defined as:

Xn1 = Onfy () + B, To ™ (%) + (1 = v, ) (Xn)
Where < f, >, < a, >, <y, >and <f, > asin theorem (2.3) and
T ™ (%) = (1 = 0%, + 0y Ty (%)
Then < x, > converges strongly to an asymptotic common fixed point of T,%,vn € N.
ProofForany x,y € X
1T GO - T* @I < (1 —a)lix—yll + 0, [IT, ) = T, @)l
<@ -o)llx =yl +a,llx =yl

= lx—yll

Therefore, < T,% > is a sequence of nonexpansive. Then by theorem (2.3) we get the result.
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Theorem 2.5.Let A be a maximal monotone multivalued mapping, < f, > be a sequence of contraction mapping on C
and < T, > be a sequence of nonexpansive mapping on C,<f, > and < T, > lines in Fsuch that A=1(0) n (N F(f,) N
(N F(Ty)) # @..If the iterative scheme < x, > is defined as:

Xn+1 = unfn(Xn) + BnTn (xn) + (1 - Yn)]rn (Xn)
Where < a, > and < B, > are decreasing sequences in [0,1) converges to 0,such that
ne0Oy =« anda, +B +(1-vy, ) =1

1 w
5 < ay +B, < 1andZy_o(lIf, Gl + |
common fixed point of T,,Vn € N

I, (xn)”) < =, Then the iterative scheme < x, > converges strongly to an asymptotic

ProofLetp € A71(0) n (N F(T,)) n (N F(f,))
||Xn+1 - p“ = cxn”fn(xn) - P” + Bn“Tn (Xn) - p” + (1 - Yn)“]rn (Xn) - p”

< adylIx, = pll + B, lIx, = pll + (1 = v,)lIx, —pll
where a=supf{o;,ieN}and0<a<1
l%ar1 =PIl < (an +B, + (1 =y, DlIx, —pll
[I%y+1 — pll < lIx, — pll < x, > is bounded sequence, So < f, >, < T, >and <], > also bounded.
Now, since < f, > and < T, > lies in F.Therefore,
X1 = xnll < Apogllfnog Kn) = o1 (Rn-1)l
B, 1T (xn) = Too -l +
(1= (@, + By DI, &a) =i, G|
< Ay allxy = Xpqll + B, 1%y — xnll
+(1 = @,y + By e, () =T, G|
< (po1@+ By lIxn =% all + (1= (@, + By D, Gn) =T, Ga )|
+(1 = @,y + By e, ) =T, G|
< (Gno1@+ B, )lIxn — %ol +
(1= @,y + By DI, &) =T, G|

+(an—1 + Bn—l)l ]r“ (Xn) - ]rn,1 (Xn—l)”

And hence, ||x,_1 =X,/ 20 as n-o 5)

lIxn = ToXn Il < l1%0 = X1l + X041 = Taxall
< xn1 = Xall + an llfy G+ 2B, I, )T+

(@ + B
But < f, > and < J,, > are bounded and by (5), we get
Ixy — Tyxpll >0 as n- e 6)
Since < x, > is bounded sequence then there exists as a subsequence < x, > of < x, > such that x,; — .
By equation (6) and by using lemma (1.6) we get X €n F(T,)
lxn -1 = &I < a1 (o) = R+ B I1Ta () = &I+ (1= v,) [, (o) = K|

<o llfy () = %I+ (1= (1 —,) +ay)llx, — %Il +

(@ + B, &) — %]
= (1 —ap)llx, — Xl + oy 1, (x4) — %I +
(@ + B[, ) =%
By lemma (1.5), we get, ||x, — %]l = 0 as n - «.And hence < x, > converges strongly to an asymptotic fixed point of
T,,Vn €N.
6848 |Page

January 2016 www.cirworld.com



ISSN 2347-1921
Volume 12 Numberil2
Journal of Advances in Mathematics

Corollary2.6.Let A be a maximal monotone multivalued mapping, f be a contraction self-mapping on CandT be a non-
expansive self- mapping on C such that A=(0) n (F(f) n (F(T)) # ¢ and f and T lines in F .If the iterative scheme < x,, >
is defined as:

Xn+1 = an(Xn) + BnT(Xn) + (1 - Yn)]rn (Xn)
Where < a, > and < B, > are decreasing sequences in [0,1) converges to 0,such that
1. o0, == anda, +B, +(1-v,)=1.

2. %S a, + B, <1 andX;_ollfGx)Il + ||Jr, (xa)|| < =.Then the iterative scheme < x, > converges strongly to an
asymptotic common fixed point of T,,Vn € N

Corollary2.7.Let A be a maximal monotone multivalued mapping, f be a contraction mapping on C and T be a non-
expansive mapping on C such that A=1(0) n (N F(f) n (N F(T)) # ¢ and f and T lines in F.If the scheme < x, > is defined
as:

Xpt1 = Opf(x,) + BnTnT (xn) + (1 - Vn)]rn (Xn)
Where < a, > and < B > are decreasing sequences in [0,1) converges to 0,such that
1. Yo Op = andan+Bn+(1—vn)=1.

1 0
25 <a, + Bn <1 and2n=0”f(xn)” + |
asymptotic fixed point of T,V n € N.

Jr, &n)|| < ©.Then the iterative scheme <x, > converges strongly to an

Corollary2.8.Let A be a maximal monotone multivalued mapping, fbe a sequence of contraction mapping on C and T
be a sequence of non-expansive mapping on C such that A=1(0) n (N F(f) n (N F(T)) # ¢ and fand T lines in F.If the
scheme < x, > is defined as:

Xp+1 = o, f(x,) + BnT(Xn) + (1 - Yn)]m (%)

Where < a, > and < B > are decreasing sequences in [0,1) converges to 0,such that

1Y 00, == anda, +B, +(1—Yn) =1.

2.% <a, +B, <1 andXy_ollfx )l + ||J;, %a)|| < =.Then the iterative scheme <x, > converges strongly to an

asymptotic fixed point of T,,,¥ n € N.

Corollary 2.9.Let A be a maximal multivalued mapping and < T, > be a sequence of nonexpansive. If the iterative
scheme < x, > is defined as:

Xni1 = O () + B, Ty ™ () + (1= v, )i, (%)
Where < f, >, < a, >and < B, > as in theorem (2.5) and
Tp® (%) = (1 = ap)x, + 0, Ty (%)
Then < x, > converges strongly to common asymptotic fixed point of T,,vn € N.
ProofForany x,y € X
IT,% ) = T, Il < (1 = a)llx = yll + o, 1T, ) = T, Wl
<A -o)lx =yl +ayllx—yll = lIx—yll
Therefore, < T,™ > is a sequence of nonexpansive. Then by theorem (2.5) we get the result.

Corollary2.10.Let A be a maximal multivalued mapping and < T, > be a sequence of strongly nonexpansive. If the
scheme < x, > is defined as:

Xn+1 = Onfa (xa) + B, Ta® () + (1 = v, )Jr, (%)
Where < f, >,<a, >and < > asintheorem (2.5) and
Tp® () = (1 = ap)x, + 0, Ty (%)
Then < x, > converges strongly to common asymptotic fixed point of T,%,v¥n € N

COI’OIIaI‘y 2.11.Let A be a maximal multivalued mapping and < T, > be a sequence of firmly nonexpansive. If the
iterative scheme < x, > is defined as:

Xn+1 = ann(xn) + BnTnan (Xn) + (1 - Vn)]rn (Xn)
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Where < f, >, < a, >and <, > asintheorem (2. 5) and
To® (xn) = (1 = @y)xy + @, Ty (%)

Then < x, > converges strongly to common asymptotic fixedpoint of T,%,vn € N.

Corollary2.12.Let A be a maximal multivalued mapping and T:C —» C be a nonexpansive mapping . If the iterative
scheme < x, > is defined as:

Xn+1 = anf(xn) + BnTan (Xn) + (1 - Yn)]rn (Xn)
Where < f, >, < a, >and < B, > as in theorem (2. 5) and
T% (xy) = (1 = 0y)xy + @, T(x,)

Then < x, > converges strongly to asymptotic fixed point of T%,vn € N

Corollary2.13.Let A be a maximal multivalued mapping and T:C — C be a strongly nonexpansive. If the iterative
scheme < x,, > is defined as:

Xn+1 = a, f(x,) + BnTa" (xn) + (1 - Vn)]rn (Xn)
Where < f, >, < a, >and <, > asin theorem (2. 5) and
T (x,) = (1 —ay)x, + a, T(x,)

Then < x, > converges strongly to asymptotic fixed point of T%,vn € N

Corollary2.14.Let A be a maximal multivalued mapping and T:C — C be a firmly nonexpansive. If the iterative
scheme < x, > is defined as:

Xn+1 = a, f(x,) + BnTa" (xn) + (1 - Vn)]rn (Xn)
Where < f, >, < a, >and <, > asin theorem (2. 5) and
T (x,) = (1 —ay)x, + a, T(x,)

Then < x, > converges strongly to asymptotic fixed point of T%,vn € N

3.APPLICATIONS

Let X be a real Hilbert space and C be a nonempty closed convex of X. If f be a proper lower semi continuous
convex mapping of X into (—e, =] then the sub differential of of f is:

ofx) = {z e X;f(y) = f(x) + (z,y — x), ¥y € X}, ¥x € X.

Rockefeller [11] proved that df is maximal monotone multivalued mapping .we recall the normal cone N (x) of C
at x is define as:

N.(X) ={z € X;(zy—x) <0,vy e C}
And the indicator mapping of C is define as:

0 ifxeC

ic: X = (—=,«] suchthat ic(x) = {oo e G

ic is proper lower semicontinuous convex mapping, dic is maximal monotone and di.(x) = N.(x).Now,we
introduced application for the results presented in this paper

Corollary 3.1.if f be a proper lower semicontinuous convex mapping of X into (—«,«] , <f, > be a sequence of
bounded and contraction mappings on C and (8f)~! # @. Then < x, > converges strongly to the point X, where X =
pE(fn(i)) or X is the unique solution of variation of variational inequality.

<(-f)xx—%x>=0 , xe€£=@H™"

Corollary3.2.1f f be a proper lower semi continuous convex mapping of X into (—«,«] , <f, > be a sequence of
contraction mapping on C and < T, > be a sequence of firmly nonexpansive mapping on C such that ()~ n (n F(f,) N
(NFT)) =

1.

< f,>and < T, > lines in F.If the scheme < x,, > is defined as:
Xnt1 = Onfn(Xn) + BnTn(Xn) + (1 - Yn)Jm(Xn)

Where < a, > and < 8, > are decreasing sequences in [0,1) converges to 0, such that

Yoo = anda,+B, +(1-v,) =1.
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%S an + B, <1 andX_ollfa(x)Il + ||3r,(%a)|| < <.Then the iterative scheme < x, > converges strongly to an
asymptotic common fixed point of T,, ¥ n € N. Then the iterative scheme < x, > converges strongly

to common asymptotic fixed point of T,,, ¥ n € N.
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