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ABSTRACT

In this paper we find the complete solution of some kinds of linear third order partial differential equations of variable
coefficients with three independent variables which have the general form

Ay +BZyy +Cliyyt +DZyyy +EZyyq +F Loy +GZyg +H Zyyt + 1 2y +3 Zygp +
KZyx +LZy +M Zyy + NZyy +0Z2y +PZyy +QZy +RZy +S 24 +TZ =0,

Where A,B,...,T are variable coefficients . By use the some assumptions will transform the above equation to the
nonlinear second order ordinary differential equations
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INTRODUCTION

The differential equations are very importance in the plenty of the fields of the science as Physics, Chemistry and other
sciences, therefore plenty of the scientists are studied this subject. Hani [6], and by the assumed

Z(x, y.t) = &) YOI V() dy+fw(t)dt

independent variables and of the form

found the solution to the linear second order partial differential equations with

AZ + BZ +CZ  +DzZ +EZ +FZ +GZ +HZ +1Z +JZ=0
XX Xy xt vy yt tt X y t

Where A,B,C,...,l and J are arbitrary constants .

Hanoon [7], and by the assumptions

Ju(x) dX+ILYY) dy jgxﬁdx+jﬂy¥)dy

u(x)
|7 dx+ [v(y) dy Zxy)=e and  Z(xy)=e

Z(xy)=e
found the solution to the linear second order partial differential equations with coefficients variable and of

the form

A%, y)ZXX + B(X, y)ZXy + C(X, y)Zyy + D(X, y)ZX + E(X, y)Zy +F(xy)Z =0

Where some of A(X,y),B(X,y),C(x,y),D(x,y) ,E(x,y) and F(x,y) are functions of x or y orboth xandy.

Dzurina , Thandapani and Tamilvanan [ 5 ], studied the oscillation of solutions to the third-order neutral differential
equations

a(t) ([x(®) = p()x(S(tN1)*)" +a®x* (z(t)) =0

Sufficient conditions are established so that every solution is either oscillatory or converges to zero.
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Ketap [8],studied the linear third order partial differential equations, with constant coefficients which have the form

Azxxx+Bzyyy+szxy+Dnyy+EZxx+FZyy+Gny+H ZX+IZy+JZ:O,

eju(x)dx+jv(y)dy

Where A, ... | and J are arbitrary constants , and used the assumption Z(X, y) = to find the

complete solution of it.
Liu, Ume, Anderson and Kang [9], studied singular nonlinear third-order differential equation

Ademola , Ogundiran , Arawomo and Adesina [1], studied boundedness of solutions of the third nonlinear differential
equation

P+ f(x) +g0E) + hix) = plt, x, £,%), or its equivalent system of differential equations
=y y=z, t=pltx.yz) —Flz) —gly) — hix)

where f.g.h € C(R,R),

peC(R* xR xR xR R),R* =[0,c0)

ond R = {—wo, o)

Clarkson , Mansfield and Priestley [3], studies symmetry reductions of a class of nonlinear third-order partial differential
equations

Up — EUpyr + 2hU, = Ul + oun, + fu,u,,
where €.,k ,x and f are arbitrary constants.

This paper is devoted to solve the linear third order partial differential equations with three independent variables of the
general form

AZXXX +BZyyy +CZttt+DZXXy +EZXXt +FZny +GZyyt +HZXtt+IZytt+JZth +
KZyx +LZy +M Ziy +NZyy +0Zy +PZyy +QZy +RZy +SZy +T Z =0,

where A, B,..., T are variable coefficients.

By using the assumptions

jmdxﬂmdyﬂmdt jmdxﬂmdyﬂw(t)dt
Z(xy,t)=e * y oz yty=e X y
14V v (y)ay+ Wt fu)dxv(y)dy+f Qe
JZ(xyt)y=e X U and Z(x,y,t)=e t

The Complete Solution of linear Third Order partial Differential Equations with Three
independent variables

My aim in this section is to solve the linear third order of partial differential equations, with three independent variables
which have the general form

AZXXX +BZyyy +CZttt+DZXXy +EZXXt +szyy +GZyyt +HZXn+IZytt+JZth +
KZyx +LZy +M Zyy +NZyy +0Zy +PZyy +QZy +RZy +SZ4 +TZ =0,

where A, B,..., T are variable coefficients.

So, for this purpose we will search functions U(X), V(Yy) and w(t) such that the assumptions

1UOY g YD gy W g 140 YO gy s eyt
Z(X,y,t)=e X Y ‘ 1Z(X1y1t):e X y ’

199 g puy)dy -+ Wt fudxfu(y)dy+] Vgt
Z(x,y,t)y=e X U and Z(x,y,t)=¢e t

6706 | Page
November 2016 www.cirworld.com



ISSN 2347-1921
Volume 12 Number 10
Journal of Advances in Mathematics

To give the complete solution to the above equation we need to consider many kinds :

Kind (1) :
AT +AZ  +AXCZy +AXZ =0
T 7% 727 T3 T Ty

Kind (2) :

2
AL AT AN

2 _
i +A4y Z +A xZX =0

t MooS

Kind (3) :

AZ +AXZ At +AXZ =0
1 yyy Xy t 4y
Kind (4) :

ALZ +A, tzzttx +AZ =0
oy 4 Where A; A, ,A3 ,A4and A5 are real constants.
kind (1): By using the assumption
u(x) v(y) w(t)

[ dx-+[ dy-+[ dt . 2 2
7 = , the equation _A,t"yZ A, txyZ AXx"Z AxtZz =0
e x y t a '1yytt+2nyyt+3 Ao

Transforms to the form
A, (W' (1) +W* (£) WOV(Y) + A, UOOV(YIWE) + A (U’ (X) +U? () —u(X)) + A, W(w(t) =0 - (1)
This equation can't separate the variables, so we suppose that W('[) = ﬂ.l where ﬂ.l is arbitrary constants , then
A2 = 2 W(Y) + Ag UOOV(Y) + Ag (0/()+ U2 (X) ~u(x) + Ay Agu(x) = 0

, 2
- A3(xu (x);u (x)=u(x)) - A4ﬁ1u(x) ) _/13 = (y)= —ﬂ,ﬁ

Py (2 = 1) + AgAqu(x)
Ag (XU'() + U2 (X) ~U() + Ag A4U(X) — A A5 (22 = 4) — Ag A5 Au(X) = 0

A4A1 B Azﬁé/ll - A3 )U(X)— Al;Lg (ﬂf _/11) -0
A, A,

xu'(x) +u®(x) + Bu(x)+ B, =0 -(2)

v(y)

xu'(x) +u? (x) +(

o AATASAA o ARG
A A

B2 B}
Xu'(x) +u(x)+—=)" +By ———=0
2 4
2 2
B du B
i)If Bz;«t—lweget | +jd—xzjo ;f12:|32__1
4 4

2 X
B
1 2
{u(x)+ Zj +f1
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B
u(x) + 1 B
f—tan' f—z =—In(cx) ;x>0 = u(x) = —fltan(flln(cx)) —?1

then the complete solution of equation (1), is given by:

B
—f,tan(f;In(cx))— 2
2y 2y
Z(xyt)=e

By 2
In(cos(f In(cx))—="Inx=A51Iny+4; Int+
—e 1 2 WAy HANtG 'ex>0,y>0 ,t>0

—Aﬁj +§2/12211:|+53

_ 32
Z(x, y,t)=kx 2A3 lztjl

y cos( fy In(cx));

2

2 2 2 2
:\/4A1A3‘2(/11 — )= (Aghy — Apdody — A7)
an3

k = ecl ,ex >0
Where K ,c , ﬂl and /12 are arbitrary constants.

Domain: Xx>0,-©<y<w, 6 -w<t<w

2
B du dx 1 B

i) If BZ=—1weget:j—+j—=jO:>u(x)= —— ;x>0
4 By .2 X In cx

(u+-—7)

then the complete solution of equation (1), is given by:

B,

HELCLdeﬂﬁdyﬂﬁdt
Z(x,y,t)=e

“Ady+ g+ Ay
2
- 2
Z(x,y,t) = ky 2t"x . Incx ;k =e®,cx >0
Where K ,c, ﬁ,l and 12 are arbitrary constants.
Domain: Xx>0,-0<y<ow -co<t<w
kind (2) : By using the assumption
u(x) v(y)

j—d +[—="dy+[w(t)dt

Z(X! ylt) - X y

2 2
ion AZ +AXZ +A VL +A VY7 AxZ =0
, the equation 1ttt+ 9 X th+ 7Y ytt+ 4y Wt+ 5y

Transforms to the form
AL (W) + 3w(E) W (E) + w3 () + Ay (U () +UZ () —UGNW() + Ag (W(E) + w2 OV(Y) +

A, V() + V2 () ~v(y)w(D) + A u(x) = 0 @)

This equation can't separate the variables, so we suppose that W(t) = /?1 , Where /11 is arbitrary constants , then
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=A; /li’ +A, Al(xu’(x) + u2(x) —u(x)) +A3/1$v(y)+A4ll(yv’(y) +v2(y) -v(y)) +A5u(x) =0

This equation is variable separable equation [4].

= Azll(xu’(x) +u 2 (xX) —u(x)) + A5u(x) = —A4/11(yv’(y) +v2 (y)—v(y)) — Asljz_v(y) - A1/13 =-1

2
A A
S xU'(X) + U2 (X) + (—2— —D)u(x) + i ~0
2°1 21
A5 /12 2
Let B, =——-1 and B, =—=—=xu'(X)+u~(x)+B,u(x)+B, =0 -+ (4)
1 A 2 A A
2°1 2°1
2 3
A/ A -1
, 2
W) +vE () + (2 —1)v(y)+%=o
41 41
A3’112 Al’lf_’lz 2
Let B,=—"—-1 and B, =————== W/ (y)+Vv (y)+B_v(y)+B, =0 - (5),
3 A4/11 4 A4/11 3 4

The equation (4), is similar to equation (2), then the same method the solution of it is given by :

B2 2

. 1. By .2 By
i) If B, # T ; we get = u(x) = —fltan(flln(cx)) —? ; f1 =By, ——

B

;x>0
In cx 2

2

. B]_

i) If B, = —= we get = u(x) =
4

Now the equation(5), is similar to equation (2), then the same method the solution of it is given by :

2
. Bs B 2 B3
i) If B4¢T; we get:>v(y)=—f2tan(f2In(cly))—— ; f2 =B4_T , cly>0
- B3 1 B,
i) If By =—=weget = v(y) = —— ;cy>0
4 Incy 2 1
1
Then the complete solution of the equation (3), is given by :
B12 B3
i)If By # — and By #— ,weget
4 4
Bs
—f _tan(f _In(c_y)) - —
7fltan(flln(cx))7%‘ | 2 2 1 dy + [ 4 dt
de y 1
:Z(va!t):e X X e
B
1 B 2
Z(x,y,t)=Kx 2 y_Teﬂ:Lt cos(f,In(cx)) cos(f,In(c y))'K:eC2 B :i—l B :M—l
P 1 277 1A '3 A A
2°1 41
3 2 2
A A AL -2, (ALAS—-A 4)
’ffJﬁ‘(ﬁ‘?z B o N
2°1 2°1 471 4A4/1:L
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Where K ,c ,c1, ﬂl and ﬂ,z are arbitrary constants.

Domain: x>0, y>0, -o<t<w

82 B

ii)if By»—1 and By=—  weget
4 4

B B

1 __3 2

) 2 ) 2 Mt ‘2 A5 Azt
Z(x,y,1) =Kx e cos(fIn(cx)) In(c K=e“* B =——-1 ,B.=——-1
(x,y,1) y (f;In(cx)) In(cy y) 1 ) 3 )

P e B S
’ 1_
Az/ll 2A2ﬂ,1 2

, cx>0andcly>0

Where K ,c ,c1, /11 and 12 are arbitrary constants.

Domain: x>0, y>0, -o<t<w
1B

B _Bs
I N 2 dx+j fotan(f,In(c,y))
Z(x,y,t)=¢" x

2 dy+J'z1 dt

B B

1 3 2

2 2 At ‘s A5 Agt

Z(x,y,t) = Kx e In(cx) cos(f 5 In(c K=e“ B =——-1, B, =—-1
(%, y.t) y (cx) cos(f »In(c, y)) s v

82 B
i) if By,=—1 and By x—>  weget
4 4

3 2
AL +A A —A
f oo |11 MM h 21 x>0 ,c,y>0 Where K ,c ,c1, /11 and 12 are arbitrary constants.

2
A4/11

Domain: x>0, y>0, -o<t<w

82 B

iv) If 52:_1 and 84:—3 , We get
4 4

1 B 1 Bs

j'”cxx 2 dx+jm°1yy 2 dy+[ 4 dt

Z(x,y,t) = e

B B

-+ -2 A A2
t c

2y 2eﬂl In(cx) In(cyy); K =e 2 ,B -5 4 ,BB:i—l,cx>0,cly>0

Z(x,y,t) =Kx
1
Azﬂl A4)“1

Where K ,c ,c1 and A1 are arbitrary constants.

Domain: x>0, y>0, -o<t<w

u(x) w(t)
kind (3) : By using the assumption Z = ej < dxr[v(y)dy+] ¢ a , the equation

2
AlzyW+A2XZXW+A3t Zn+A4XZXy =0
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Transforms to the form

AL((Y) + 3N V() + V5 (1) + Ap UOIWV(Y) +V2 (1) + Ag (W) +w? (1) - w(D) +
AUV =0 - (6)

This equation can't separate the variables, so we suppose that v(y) = /7.1 , Where 2,1 is arbitrary constants , then

A + Ay A2U() + Ag (WD) +w’ () —W(D) + A, A,U() =0

This equation is variable separable equation [4].

AL

A+ A, ifu(x) +A, 2 U() = —Ag (WD) + w2 (1) = w(t) = -4

2

3 2 _(Allf t4)
Alﬂl +A, ﬂlu(x)+A4 ﬂlu(x)+/12 =0 uX)=—"""—

2
Azﬂl +A4/1l
2 /12
And  twW(t)+w"(t)—w(lt)-——=0
A
3
22 2
LethA—:tW'(t)+w t)—w(t)-B=0
3

This equation is variable separable equation [4], we can solve it as follows :

dw dt
- +—=0 ;d2=B+l
2 A 4
d™ —| w(t) ——
2
1
1 W - 1
i)ifB;t—Z , We get = —Etanh' TZ =—In(ct) = w()=dtanh(dIn(ct)) +— ;ct >0
2
. 1 dw dt 1
iifB=-— ,weget= ———+—=0 = wit)= — et >0
4 1 In(ct) 2
w(t) -
2
Then the complete solution of the equation (6), is given by :
- 1
i)if B=—— ,we get
4
% dtanh(d In(ct))+%
Z(X, y,t) _ ej.ix dx+J./11dy+J‘ -
3
“ (A + )
5 1
A_2E+A 2 Ay Ay 1 ¢
Z(x,y,t)=K x 21 41 o1 t2 cosh(( [—45+=)In(ct)) ;K=e* , ct>0
A 4
3
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Where K ,c, ﬂl and 12 are arbitrary constants.

Domain: -o<x<o -o<y<ew  t>0.

~(Ai+5) 11
2
J~A22.1+A4/'lldx+.'~ﬂidy+.]‘ Inct) 2 dt
= X t

ii)if B =—% , We get = Z(x,y,t)

- (A4
A /12+A A Ay c
Z(x,y,t)=kx 21 41 o142 In(ct) ;K=e" ,ct>0

3+A)
1 2
1

Where K ,c, ﬂl and /12 are arbitrary constants.

Domain: - <x<ew , -co<y<eo >0,

kind (4) : By using the assumption

w(t)
Z(x,y,t) = eju(x)dx+jv(y)dy+jT dt , the equation A1 Zxxy + A2 tzzttx + A3 ny =0
Transforms to the form
A, (U'(x)+u 2 (XDv(y) +A, (tw'(t) + W2 (t) —w(t))u(x) + Asu(x)v(y) =0 - (D)

This equation can't separate the variables, so we suppose that W(t) = /11 , Where 2.1 is arbitrary constants ,

then A, (U'(x) +uZ ())NV(y) + A, (,1% — 2)U() + A _u(x)v(y) =0

This equation is variable separable equation [4].

W PG
A, 2-2)+AMY) A WMP() 2 APyl

And u'(x)+u2(x)— u(x)=0

A
12

This equation is similar to Bernoulli equation [2], then the solution of it is given by :

J‘X

Ak
e
=
Ie A dx

Then the complete solution of the equation (7), is given by:

1,
M2 A )
Z(x,y,t):eI 1, A Y
jeAlﬂZ dx

5 Ay dp Uy i)
In(jeAl 2 dx+ D y+Ant

2A3-1

2

L EC 1 )y
4 AL, AoAg-1 c
=Kt ~e K= Al/lze

=€
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Where K , /11 and 12 are arbitrary constant.

Domain: -o<x<w  -w<y<ow  -wo<t<o,
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