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ABSTRACT 

In this work we introduce the concept of rationally injective module, which is a proper generalization of (essentially)-
injective modules. Several properties and characterizations have been given. In part of this work, we find sufficient 
conditions for a direct sum of two rationally extending modules to be rationally extending. Finally we generalize some 
known results. 
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1 INTRODUCTION 

Throughout, 𝑅 represent an associative ring with identity and all R-modules are unitary right modules. Let 𝑀 be an 𝑅-
module, the singular submodule of 𝑀 will be denoted by 𝑍 𝑀  where, 

𝑍 𝑀 = {𝑥 ∈ 𝑀  𝑥𝐼 = 0 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑒𝑠𝑠𝑒𝑛𝑡𝑖𝑎𝑙 𝑟𝑖𝑔𝑕𝑡  𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅}. The module 𝑀 is called singular if𝑍 𝑀 = 𝑀and is 
nonsingular if 𝑍 𝑀 = 0  [5],[7] 

A submodule𝑁 of an 𝑅-module 𝑀 is called rational in 𝑀 (denoted by N ≤𝑟 𝑀)  if for each 𝑥, 𝑦 ∈ 𝑀 with 𝑥 ≠ 0 there exist 
𝑟 ∈ 𝑅 such that 𝑦𝑟 ∈ 𝑁 and 𝑥𝑟 ≠ 0 [5]. It is clear that every rational submodule is essential submodule, but the converse 
may not be true. However for nonsingular modules the tow concepts are equivalent [7].  An 𝑅-module M is called 
monoform (some times termed strongly uniform) if each non-zero submodule of 𝑀 is rational [1]. In this work, an essential 
submodule𝑁 of module 𝑀 will denoted by ≤𝑒 𝑀 . 

A submodule𝐾 of an 𝑅-module 𝑀 is called rationally closed in 𝑀 (denoted byN ≤𝑟𝑐 𝑀)  if 𝑁 has no proper rational 
extension in 𝑀 [1]. Clearly, every closed submodule is rationally closed submodule (and hence every direct summand is 
rationally closed), but the converse may not be true (see [1],[5],[7]).  

M. S. Abbas and M. A. Ahmed in [1] introduced the concept rationally extending R-module. An R-module M is called 
rationally extending (or RCS-module), if each submodule of M is rational in a direct summand. This is equivalent to saying 
that every rationally closed submodule of M is direct summand. It is clear that every rationally extending R-module is 
extending.  

N. V. Dung, D. V. Huynh, P. F. Smith, and R. Wisbauer in [4] introduced the concepts nearly 𝑀-injective and essentially 
𝑀-injective.Let 𝑀 and 𝑁 be 𝑅-modules. The 𝑅-module 𝑁 is called nearly 𝑀-injective (resp., essentially 𝑀-injective) if every 
𝑅-homomorphism 𝛼: 𝐴 → 𝑁 where 𝐴 is a submodule of  𝑀 and  ker 𝛼 ≠ 0(𝑟𝑒𝑠𝑝. , ker 𝛼 ≤𝑒 𝐴), can be extended to an 𝑅-
homomorphism 𝛽: 𝑀 → 𝑁. Obviously, if  𝑁 is nearly 𝑀-injective, then 𝑁 is essentially 𝑀-injective and, for a uniform 
modules the two notions coincide.  

In this paper, we introduce and study the concept of rationally injective as a proper generalization of (essentially)-injective 
modules.  

2Rationally InjectiveModules 

Definition2.1Let 𝑀 and 𝑁 be 𝑅-modules. The 𝑅-module 𝑁 is called rationally 𝑀-injective if every 𝑅-homomorphism 

𝛼: 𝐴 → 𝑁 (where 𝐴 is a submodule of  𝑀 and ker 𝛼 ≤𝑟 𝐴), can be extended to an 𝑅-homomorphism 𝛽: 𝑀 → 𝑁.  

An 𝑅-module 𝑀 is rationally injective if it is rationally 𝑁-injective, for every 𝑅-module 𝑁. 

Remarks and Examples2.2(1) For any 𝑅-modules 𝑀 and 𝑁. The 𝑅-module 𝑀 is rationally 𝑁-injective if 𝑁 has no 

proper rational submodules. 

(2) It is clear that, every essentially injective 𝑅-module is rationally injective, but the converse may not be true in general, 

(for example, let 𝑀 =  𝑍/𝑝𝑍 and  𝑁 = 𝑍/𝑝3𝑍  as 𝑍-modules. Since 𝑁 is only rational submodule of 𝑁 then by (1) 𝑀 is 
rationally 𝑁-injective. But 𝑀 is not essentially 𝑁-injective by[2, p26 ]. This shows that the rationally injective module is a 
proper generalization of essentially injective modules. 

(3) For a non-singular 𝑅-module𝑁. If 𝑀 is rationally 𝑁-injective 𝑅-module, then 𝑀 is essentially 𝑁-injective.  

 (4) Every injective 𝑅-module is rationally injective 𝑅-module, but the converse may not be true in general (for example, let 

𝑀 =  𝑍/𝑝𝑍 and  𝑁 = 𝑍/𝑝2𝑍 as 𝑍-modules. Then we can easily check that  𝑀 is rationally 𝑁-injective. Now, consider a 

submodule 𝐾 =< 𝑝𝑛 + 𝑝2𝑍 >  of 𝑁 and let  𝛼: 𝐾 → 𝑀 defined by 𝛼 𝑝𝑛 + 𝑝2𝑍 = 𝑛 + 𝑝𝑍 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑛 ∈ 𝑍. 𝛼 is well- defined 
non-zero 𝑅-homomorphism, but any 𝑅-homomorphism 𝑓: 𝑁 → 𝑀 satisfies 𝑓 ∘ 𝑖 = 0, where 𝑖: 𝐾 → 𝑁 be the inclusion map. 
Thus f cannot be extended to any non-zero 𝑅-homomorphism. Therefore, 𝑀 is not injective 𝑁-module.  

(5) Every nearly injective 𝑅-module is rationally injective, but the converse may not be true in general. For example, the 𝑍-
module 𝑍 is rationally (𝑍⨁𝑍)–injective by (2.11), but Z is not nearly (𝑍⨁𝑍)-injective [2].  

Then we have the following implications for modules: 

Injective module  ⟹ nearly-injective module  ⟹ essentially-injective module  ⟹  rationally-injective module.    

In the following, we see that the above concepts are equivalents relative to monoform modules. 

 

Proposition2.3Let 𝑀 and 𝑁 be 𝑅-module with 𝑀 be monoform. The following conditions are equivalent: 

(i) 𝑁 is nearly 𝑀-injective.   

(ii) 𝑁 is essentially 𝑀-injective.   

(iii) 𝑁 is rationally 𝑀-injective.  

Proof:   (i) ⟹ (ii) ⟹ (iii): It is clear by the definitions.  

Let us prove that (iii) ⟹ (i). Suppose that 𝑁 is rationally  𝑀 -injective and let 𝐾 be a submodule of 𝑀 and 𝛼: 𝐾 → 𝑁 be any 
𝑅-homomorphism such that ker 𝛼 ≠ 0. Since 𝑀  is monoform 𝑅-module, then ker 𝛼  is rational submodule of 𝑀and 
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hence by [5, proposition (2.25)], ker 𝛼 ≤𝑟 𝐾. Thus by rational 𝑀 -injectivity of  𝑁 there exists 𝑅-homomorphism 𝛽: 𝑀 → 𝑁 
that extends 𝛼, and hence 𝑁 is nearly 𝑀 -injective.    □   

Recall that an 𝑅-module 𝑁 is pseudo 𝑀- injective if for every submodule 𝐴 of 𝑀, any 𝑅-monomorphism 𝑓: 𝐴 → 𝑁 can be 
extended to an 𝑅- homomorphism 𝛼: 𝑀 → 𝑁. From the definition, it is obvious that 𝑀- injective is pseudo 𝑀- injective. But 
the converse is not true [3].  

In the next result, we characterize injective modules in terms of rational injectivity. 

Proposition2.4Let 𝑀 be monoform 𝑅-module and 𝑁 be any 𝑅-module. The following conditions are equivalent: 

(i) 𝑁 is 𝑀-injective. 

(ii) 𝑁 is rationally 𝑀-injective and 𝑁 is pseudo-𝑀-injective.  

proof: (i) ⟹(ii): It is clear by definition.  

 (ii) ⟹ (i): Suppose that condition (ii) holds. Let 𝐾 be any submodule of 𝑀 and 𝛼: 𝐾 → 𝑁 be any 𝑅-homomorphism. Thus 
ker 𝛼 ≤ 𝐾 and hence we have two cases. 

Case 1: If  ker 𝛼 ≠ 0 .  Since 𝑀  is monoform 𝑅-module, then ker 𝛼 ≤𝑟 𝑀,  and hence by [5,proposition (2.25)] 
ker 𝛼 ≤𝑟 𝐾. Thus, by rational 𝑀 –injectivity of 𝑁, there exists 𝑅-homomorphism 𝑓: 𝑀 → 𝑁 that extends 𝛼.  

Case 2: If ker 𝛼 = 0. Then 𝛼 is 𝑅-monomorphism and hence by pseudo -𝑀-injectivity of 𝑁, there exists 𝑅-homomorphism 
𝑓: 𝑀 → 𝑁 that extends 𝛼. Therefore by two cases 𝑁 is 𝑀-injective.                      □                                                 

Let 𝒯𝑟(𝑅) be the set of all rational (or dense) right ideals of the ring 𝑅. Given any 𝑅-module 𝑀, we set 𝑇𝑟 𝑀 = {𝑥 ∈

𝑀 ׀ 𝑥𝐼 = 0, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝐼 ∈ 𝒯𝑟 𝑅 }. It is clear that𝑇𝑟 𝑀  is submodule of 𝑀. It is called the 𝑇𝑟-torsion submodule of 𝑀 [5].   

 Recall that, an R-module 𝑀 is 𝑇𝑟-torsion if 𝑇𝑟 𝑀 = 𝑀 and 𝑇𝑟-torsion free if 𝑇𝑟 𝑀 = 0 [5, p61]. It is easy to see that  
𝑇𝑟 𝑀 ≤ 𝑍 𝑀  and follows that every nonsingular 𝑅-module is 𝑇𝑟-torsion free, but the converse may not be true in general. 

For example, Set  𝑅 = 𝑍 4𝑍  , observe that  𝒵(𝑅 = {2𝑅, 𝑅} , where 𝒵 𝑅  is the set of all essential right ideal of 𝑅. It is not 
hard to show that  𝑍 𝑅𝑅 = 2𝑅. Let 0 ≠ (2 + 4𝑍), (1 + 4𝑍) ∈ 𝑅. For each  𝑟 ∈ 𝑅, if  1 + 4𝑍 𝑟 ∈ 2𝑅 then 𝑟 is even and hence 
 2 + 4𝑍 𝑟 = 0. This shows that 2𝑅 ≰𝑟 𝑅𝑅  and hence 𝑅 is only rational ideal of 𝑅, this implies that 𝒯𝑟 𝑅 = {𝑅} and hence 
𝑇𝑟 𝑅𝑅 = 0.                  

It is clear that Z-module Z is 𝑇𝑟-torsion free module. 

 Now we can give the following results.  

Proposition2.5 Every 𝑇𝑟-torsion free 𝑅-module is rationally injective module.  

Proof. For any 𝑅-modules 𝑀 and 𝑁 such that 𝑁 is 𝑇𝑟-torsion free. Let 𝛼: 𝐻 → 𝑁 be 𝑅-homomorphism with ker 𝛼 ≤𝑟 𝐻 ( 
where 𝐻 be a submodule of 𝑀) thus 𝐻 𝑘𝑒𝑟𝛼  is 𝑇𝑟-torsion[5, p61] , and therefore 𝛼 𝐻 ≤ 𝑇𝑟 𝑁 = 0, hence 𝛼  is the zero 
homomorphism, therefore trivially there exists 𝑓 ∈ 𝐻𝑜𝑚(𝑀, 𝑁) that extends 𝛼, thus 𝑁 is rationally  𝑀-injective for every R-
module 𝑀. This shows that 𝑁 is rationally injective.     □ 

The 𝑍-module 𝑍 is rationally 𝑍–injective, by proposition (2.5). But, it easy to check that 𝑍 is not 𝑍-injective, this shows that 
rationally injective modules is a proper generalization of injective.      

The following corollary immediate from proposition(2.5).  

Corollary 2.6Every nonsingular 𝑅-module is rationally injective module. 

In the next proposition we will give the characterization of rationally injectivity. But, first we need the following lemma which 
is using along our work. 

Lemma2.7let 𝐴 be a submodule of an 𝑅-module 𝑀 and 𝐵 a complement of 𝐴 in 𝑀. Then  

(1)  𝐴⨁𝐵 ≤𝑟 𝑀. 

(2)  𝐵 ≤𝑟𝑐 𝑀.  

Proof. (1) It is well known that 𝐴⨁𝐵 ≤𝑒 𝑀[4, 1.5(1)]. Suppose that 𝐴⨁𝐵 is not rational submodule of M follows that for 
each 𝑟 ∈ 𝑅 there exist  0 ≠ 𝑥,𝑦 ∈ 𝑀 such that either 𝑦𝑟 ∉ 𝐴⨁𝐵 or  𝑥𝑟 = 0. Hence in both cases we have that 𝐴⨁𝐵 is not 
essential submodule of M which is contradiction. Therefore,  𝐴⨁𝐵 ≤𝑟 𝑀.  

 (2) It is clear that B is closed submodule of M [4, 1.5(2)]. Since every closed submodule is rationally closedsubmoduleof 
𝑀 [1, 2.6]. Then𝐵 ≤𝑟𝑐 𝑀.□ 

Proposition2.8Let 𝑀1 and 𝑀2 be 𝑅-modules and = 𝑀1⨁𝑀2 . The following conditions are equivalent. 

(i) 𝑀1 is rationally 𝑀2-injective. 

(ii) 𝑀1  is (𝑀2 𝑁) -injective, for every rational submodule 𝑁 of 𝑀2 .   

(iii) For every submodule𝐻 of 𝑀 such that 𝐻 ∩ 𝑀2 ≤𝑟 𝑀2 and  𝐻 ∩ 𝑀1 = 0, there exists a submodule 𝐻′ of  𝑀 such that 
𝐻 ≤ 𝐻′ and  𝑀 = 𝑀1⨁𝐻′.  
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(iv) For every (rationally closed) submodule𝐻 of 𝑀 such that  𝐻 ∩ 𝑀2 ≤𝑟 𝐻, there exists a submodule 𝐻′ of  𝑀 such that 
𝐻 ≤ 𝐻′ and  𝑀 = 𝑀1⨁𝐻′.  

Proof. (i) ⟹ (ii). Suppose that 𝑀1 is rationally  𝑀2 –injective, let 𝑁 be a rational  submodule of 𝑀2, so 𝐾 𝑁  is a submodule 
of 𝑀2 𝑁 , where 𝐾 be a submodule 𝑀2 and 𝑓: 𝐾 𝑁 → 𝑀1 be any 𝑅-homomorphism . Let 𝜋: 𝑀2 → 𝑀2 𝑁  is natural 𝑅-

homomorphism and 𝜋 ′ = 𝜋׀k, then 𝑓 ∘ 𝜋′: 𝐾 → 𝑀1 is 𝑅-homomorphism, since  𝑁 ≤𝑟 𝑀, then 𝑋 ≤𝑟 𝐾 . Now, 𝑓 ∘ 𝜋 ′ 𝑋 =
𝑓 0 = 0, hence 𝑋 ≤ ker⁡(𝑓 ∘ 𝜋 ′ ) ≤ 𝐾, this implies that  ker⁡(𝑓 ∘ 𝜋 ′ ) ≤𝑟 𝐾 by[5, 2.25(a)]. Thus by hypothesis, there exists 𝑅-
homomorphism 𝜑: 𝑀2 → 𝑀1 such that 𝜑 ∘ 𝜄𝑘 = 𝑓 ∘ 𝜋 ′. Now, 𝜑 𝑋 = 𝑓 ∘ 𝜋 ′(𝑋) = 𝑓 0 = 0, hence ker𝜋 ≤ ker𝜑, and 

consequently there exists 𝑔: 𝑀2 𝑁 → 𝑀1 such that  𝜑 = 𝑔 ∘ 𝜋. For every 𝑘 ∈ 𝐾, 𝑔 𝑘 + 𝑁 = 𝑔 𝜋 𝑘  = 𝜑 𝑘 = 𝑓𝜋 ′  𝑘 =
𝑓(𝑘 + 𝑁). Thus 𝑔 extends 𝑓, and therefore 𝑀1  is (𝑀2 𝑁) –injective. 

 (ii) ⟹ (i): Suppose that condition (ii) holds, let let 𝐵 be a submodule of 𝑀2, and 𝛼: 𝐵 → 𝑀1 be any 𝑅-homomorphism such 
that  ker 𝛼 ≤𝑟 𝐵 and consider the 𝑅-homomorphism 𝜃: 𝐵 𝑘𝑒𝑟𝛼 → 𝑀1 such that  𝜃 𝑏 + 𝑘𝑒𝑟𝛼 = 𝛼(𝑏) for 𝑏 ∈ 𝐵. Let 𝐾 be a 
complement of 𝐵 in 𝑀2 and 𝑁 = 𝑘𝑒𝑟𝛼⨁𝐾 such that 𝑁 ≤𝑟 𝑀2. Consider an 𝑅-homomorphism 𝜑: 𝐵 𝑘𝑒𝑟𝛼 → 𝑀2 𝑁 , which 
define by 𝜑 𝑏 + 𝑘𝑒𝑟𝛼 = 𝑏 + 𝑁  for 𝑏 ∈ 𝐵. Since  𝐵 ∩ 𝑁 = 𝑘𝑒𝑟𝛼, 𝜑 is an 𝑅-monomorphism. By hypothesis we have that,  
𝑀1  is (𝑀2 𝑁)  -injective. Then, there exists a map  𝜎: 𝑀2 𝑁 → 𝑀1 such that 𝜃 𝑏 + 𝑘𝑒𝑟𝛼 = 𝜎𝜑 𝑏 + 𝑘𝑒𝑟𝛼 = 𝜎(𝑏 + 𝑁), for 
every  𝑏 ∈ 𝐵 . Let 𝛽: 𝑀2 → 𝑀1 , 𝛽(𝑏) = 𝜎(𝑏 + 𝑁). Then, 𝛽(𝑏) = 𝛼(𝑏), for every 𝑏 ∈ 𝐵. This show that, 𝑀1 is rationally  𝑀2 -
injective.  

[2, lemma (2.1.1)] gives the equivalence of (ii) and (iii).  

(iii) ⟹ (iv). Suppose that condition (iii) holds and let 𝐻 be submodule of 𝑀 such that 𝐻 ∩ 𝑀2 ≤𝑟 𝐻. Let 𝐴 be complement of 

𝐻 ∩ 𝑀2 in 𝑀2. Then,  𝐻 ∩ 𝑀2 ⨁𝐴 = (𝐻⨁𝐴)⋂𝑀2 ≤𝑟 𝑀2. Also,  𝐻 ∩ 𝑀2 ∩ [𝐻 ∩  𝐴⨁𝑀1 ] = 𝐻⋂[𝐴⨁(𝑀2⋂𝑀1)] = 𝐻⋂𝐴 = 0. 
Since 𝐻 ∩ 𝑀2 ≤𝑟 𝐻 then 𝐻 ∩ 𝑀2 ≤𝑒 𝐻 by[5, proposition, 2.24(a)], 𝐻 ∩  𝐴⨁𝑀1 = 0 and consequently  𝐻⨁𝐴 ⋂𝑀1 = 0 . By 
hypothesis, there exists a submodule 𝐻′ of  𝑀 such that 𝐻⨁𝐴 ≤ 𝐻′ and  𝑀 = 𝑀1⨁𝐻′. 

To complete the proof, we must show that (iv) ⟹ (iii). Suppose that condition (iv) holds and let 𝐿 be submodule of 𝑀 such 
that 𝐿 ∩ 𝑀2 ≤𝑟 𝑀2 and 𝐿 ∩ 𝑀1 = 0. Let 𝐴 be complement of 𝐿 ∩ 𝑀2 in 𝐿. Then by modular law and lemma (2.7) we obtain, 

𝐴⨁ 𝐿 ∩ 𝑀2 = 𝐿⋂ 𝐴⨁𝑀2 ≤𝑟 𝐿. Since [𝐿⋂ 𝐴⨁𝑀2 ] ∩ 𝑀 ≤𝑟 𝐿 and   𝐿⋂ 𝐴⨁𝑀2  ∩ 𝑀2 ⊕   𝐿⋂ 𝐴⨁𝑀2  ∩ 𝑀1 =  𝐿 ∩ 𝑀2, 

then 𝐿 ∩ 𝑀2 ≤𝑟 𝐿. Thus, by hypothesis, there exists a submodule 𝐿′ of  𝑀 such that 𝐿 ≤ 𝐿′ and  𝑀 = 𝑀1⨁𝐿′.  □ 

In the following results, we will introduce some basic properties of rational injectivity.    

Proposition2.9Let 𝑁 be rationally 𝑀-injective 𝑅-module, if 𝐵 is submodule of 𝑀, then 𝑁 is rationally 𝐵-injective.  

Proof.  Let 𝐾 be a submodule of 𝐵 and 𝛼: 𝐾 → 𝑁 be any 𝑅-homomorphism with ker 𝛼 ≤𝑟 𝐾 . Then by rationally 𝑀-
injectivity of 𝑁, there exists an 𝑅-homomorphism 𝑓: 𝑀 → 𝑁 such that  𝑓 ∘ 𝑖𝐵 ∘ 𝑖𝐾 = 𝛼, where 𝑖𝐾 : 𝐾 → 𝑀 and 𝑖𝐵 : 𝐵 → 𝑀 are 
inclusion maps. Choose  𝛽 = 𝑓 ∘ 𝑖𝐾, clearly 𝛽 is 𝑅-homomorphism from 𝐵 to 𝑁, and hence 𝛽 is extend 𝛼. Therefore, 𝑁 is 
rationally 𝐵-injective.  □ 

Proposition 2.10Let 𝑀and 𝑁𝑖(𝑖 ∈ 𝐼) be 𝑅-modules. Then  𝑁𝑖𝑖∈𝐼  is rationally 𝑀-injective if and only if 𝑁𝑖 is rationally 

𝑀-injective, for every 𝑖 ∈ 𝐼.  

Proof.  Set  𝑁 =  𝑁𝑖𝑖∈𝐼 , suppose that 𝑁 is rationally 𝑀-injective. Let 𝐴 be a submodule of 𝑀 and  𝛼: 𝐴 → 𝑁𝑖  be any 𝑅-
homomorphism for each 𝑖 ∈ 𝐼 such that ker 𝛼 ≤𝑟 𝐴. Define 𝑓: 𝐴 → 𝑁 such that 𝑓 = 𝑗𝑖 ∘ 𝛼 where 𝑗𝑖 :𝑁𝑖 → 𝑁 is injection 
mapping. Thus 𝑓 is 𝑅-homomorphism,  ker𝑓 = ker⁡(𝑗𝑖 ∘ 𝛼) and hence  ker𝑓 ≤𝑟 𝐴 [5, proposition 2.25(1)] therefore by 
rationally 𝑀-injectivity of 𝑁, there exists an 𝑅-homomorphism 𝑔: 𝑀 → 𝑁 such that 𝑔|𝐴 = 𝑓 . Define 𝑔′: 𝑀 → 𝑁𝑖  by 𝑔′  𝑚 =
𝜋𝑖 ∘ 𝑔(𝑚), for each 𝑚 ∈ 𝑀, where 𝜋𝑖 :𝑁 → 𝑁𝑖 is projection mapping, 𝑖 ∈ 𝐼. Then 𝑔′ is an 𝑅-homomorphism and for each  
𝑎 ∈ 𝐴, 𝑔′  𝑎 = 𝛼(𝑎) . This shows that 𝑔′  is an extension of 𝛼, and so 𝑁𝑖 is rationally 𝑀-injective, for each 𝑖 ∈ 𝐼  .  

Conversely, suppose that, 𝑁𝑖 is rationally 𝑀-injective, for each  𝑖 ∈ 𝐼. Let 𝐴 be a submodule of 𝑀 and 𝛼: 𝐴 → 𝑁 be any 𝑅-
homomorphism with ker 𝛼 ≤𝑟 𝐴. Define 𝑓: 𝐴 → 𝑁𝑖   such that  𝑓 = 𝜋𝑖 ∘ 𝛼, where 𝜋𝑖 : 𝑁 → 𝑁𝑖 is projection mapping, 𝑖 ∈ 𝐼. 
Thus 𝑓 is 𝑅-homomorphism and hence ker𝑓 ≤𝑟 𝐴 [5, proposition 2.25(1)] therefore by hypothesis, there exists an 𝑅-
homomorphism 𝑕: 𝑀 → 𝑁𝑖  such that 𝑕 ∘ 𝑖𝐴 = 𝑓 (where 𝑖𝐴: 𝐴 → 𝑀 is inclusion map). Now, define 𝑕′: 𝑀 → 𝑁  by 𝑕′  𝑚 = 𝑗𝑖 ∘
𝑔(𝑚), for each 𝑚 ∈ 𝑀, where 𝑗𝑖 :𝑁𝑖 → 𝑁 is injection mapping, 𝑖 ∈ 𝐼. Then 𝑕′ is an 𝑅-homomorphism and for each 𝑎 ∈ 𝐴, 
𝑕′  𝑎 = 𝛼(𝑎) and hence  , 𝑕′  is extends 𝛼. Therefore, 𝑁 is rationally 𝑀-injective. □ 

The following corollary is immediately from proposition (2.10).   

Corollary 2.11Let 𝑀and 𝑁𝑖(𝑖 ∈ 𝐼) be 𝑅-modules ( where 𝐼 is finite index set). Then, (⨁𝑖∈𝐼𝑁𝑖)  is rationally 𝑀-injective if 

and only if 𝑁𝑖 is rationally 𝑀-injective, for every  𝑖 ∈ 𝐼. □ 

In particular every direct summand of rationally injective 𝑅-module is rationally injective.   

Proposition2.12Let 𝑀𝑖( 𝑖 ∈ 𝐼) and 𝑁 be 𝑅-modules. Then 𝑁 is rationally (⨁𝑖∈𝐼𝑀𝑖)-injective if and only if  𝑁 is rationally 

𝑀𝑖-injective, for every 𝑖 ∈ 𝐼.  

Proof . The necessity follows from proposition(2.9). 

Conversely, suppose that 𝑁 is rationally 𝑀𝑖-injective, for every  𝑖 ∈ 𝐼, and let 𝐻 ≤𝑟 ⨁𝑖∈𝐼𝑀𝑖 . Then, for every 𝑖 ∈ 𝐼, 𝐻 ∩
𝑀𝑖 ≤𝑟 𝑀𝑖  and, by hypothesis and proposition(2.8), 𝑁 is [𝑀𝑖 (𝐻 ∩ 𝑀𝑖)] -injective. From [8, proposition (1.5)], we can 
conclude that 𝑁 is [⨁𝑖∈𝐼[𝑀𝑖 (𝐻 ∩ 𝑀𝑖)] ]-injective. So that 𝑁 is also [[⨁𝑖∈𝐼 𝑀𝑖] [⨁𝑖∈𝐼(𝐻 ∩ 𝑀𝑖)] ]-injective. By [8, proposition 
(1.4)], N is  [(⨁𝑖∈𝐼 𝑀𝑖) 𝐻 ]-injective. Again  by proposition (2.8), we can conclude that 𝑁 is rationally (⨁𝑖∈𝐼𝑀𝑖)-injective. □ 
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By (2.5) we have the 𝑍-module 𝑍 is rationally 𝑍-injective, so that, by above proposition we get that 𝑍 is (𝑍⨁𝑍)-injective.  

Two 𝑅-modules 𝑀1 and 𝑀2 are called mutually (or relatively) rationally injective if 𝑀𝑖  is rationally 𝑀𝑗 -injective, for every, 𝑗 ∈

{1,2}, 𝑖 ≠ 𝑗 [3].   

The following result gives characterization of mutually rational injectivity.  

Proposition2.13Let 𝑀1 and 𝑀2 be 𝑅-modules and 𝑀 = 𝑀1⨁𝑀2. Then 𝑀1 and 𝑀2 are mutually rationally injective if and 

only if, for all (rationally closed) submodules 𝐴 and 𝐵 of 𝑀 such that 𝐴 ∩ 𝑀1 ≤𝑟 𝐴 and 𝐵 ∩ 𝑀2 ≤𝑟 𝐵, there exist submodules 
𝐴′ and 𝐵′ of 𝑀 such that 𝐴 ≤ 𝐴′ , 𝐵 ≤ 𝐵′ and 𝑀 = 𝐴′⨁𝐵′.  

Proof.  Firstly, to prove that 𝑀1 and 𝑀2 are mutually rationally injective. Let 𝐵 be any submodule of 𝑀 such that 𝐵 ∩
𝑀2 ≤𝑟 𝐵 and let 𝐴 ∶= 𝑀1. By hypothesis, there exist submodules 𝐴′ and 𝐵′ of 𝑀 such that ≤ 𝐴′ , 𝐵 ≤ 𝐵′  and 𝑀 = 𝐴′⨁𝐵′. 
Then 𝐴′ =  𝑀1⨁𝑀2 ∩ 𝐴′ = 𝑀1⨁(𝑀2 ∩ 𝐴′ ) and 𝑀 = [𝑀1⨁(𝑀2 ∩ 𝐴′ )] ⨁𝐵′. By proposition, (2.8(iv)), we can conclude that 𝑀1 
is rationally𝑀2 -injective. Similarly, we can prove that 𝑀2 is rationally𝑀1 -injective.   

Conversely, suppose that 𝑀1 and 𝑀2 are mutually rationally injective and let 𝐴 and 𝐵 be (rationally closed) submodules of 
𝑀 such that 𝐴 ∩ 𝑀1 ≤𝑟 𝐴 and 𝐵 ∩ 𝑀2 ≤𝑟 𝐵. If 𝑀1 is rationally𝑀2 –injective, then, by proposition (2.8) (iv), there exists a 
submodule𝐵′ of 𝑀 such that 𝐵 ≤ 𝐵′ and 𝑀 = 𝑀1⨁𝐵′. Then 𝑀2 and 𝐵′ are isomorphic and, therefore, 𝐵′ is rationally𝑀1 -
injective.  Since 𝐴 ∩ 𝑀1 ≤𝑟 𝐴 and again by proposition (2.8) (iv), there exists a submodule𝐴′ of 𝑀 such that 𝐴 ≤ 𝐴′ and 
𝑀 = 𝐴′⨁𝐵′.  □ 

The following proposition shows that rational injectivity relative to a module can be reduced to a cyclic submodule. 

Proposition 2.14Let 𝑀1 and 𝑀2 be 𝑅-modules. Then 𝑀1 is rationally𝑀2 –injective if and only if 𝑀1 is rationally𝑥𝑅 –

injective, for every 𝑥 ∈ 𝑀2.  

Proof. Suppose that 𝑀1 is rationally𝑥𝑅 –injective, for each 𝑥 ∈ 𝑀2, and let 𝐾 ≤𝑟 𝑀2. For 𝑥 ∈ 𝑀2, 𝑥𝑅 ∩ 𝐾 ≤𝑟 𝑥𝑅. Since the 

submodules [𝑥𝑅 + 𝐾 𝐾]  and [𝑥𝑅 𝐾 ∩ 𝑥𝑅]  are isomorphism, then by hypothesis and proposition (2.8), we can conclude 
that 𝑀1  is [𝑥𝑅 + 𝐾 𝐾] -injective for each ∈ 𝑀2 . It follows, by [8, (1.4)], that 𝑀1  is [𝑀2 𝐾] -injective. Thus, by proposition 
(2.8)(ii), 𝑀1 is rationally𝑀2 –injective. □ 

Conversely, clear, by proposition (2.9).  

3 Direct sum of rationally extending modules  

M. S. Abbas and M. A. Ahmed in [1] prove that, a summand of rationally extending module is rationally extending. 
However a direct sum of rationally extending modules need not be rationally extending. This is illustrated by the following: 

Example 3.1Let 𝑀1 =  𝑍/𝑝𝑍 and  𝑀2 = 𝑍  as 𝑍-modules.It is clear that 𝑀 and 𝑁 are rationally extending as 𝑍-modules 

(in fact 𝑀1 is semi simple and 𝑀2 is monform). However  𝑀 = 𝑀1⨁𝑀2 is not rationally extending. Since if 𝑀 is rationally 
extending then 𝑀 is extending [1]. But, 𝑀 is not extending[6], a contradiction.   

In following results, we give a necessary and sufficient conditions for a direct sum of two rationally extending modules to 
be rationally extending.  For this work, we will need the following lemma and its proof is not hard.  

Lemma 3.2If 𝐾 is rationally closed submodule in 𝐿 and 𝐿 is rationally closed submodule in 𝑀 then 𝐾 is rationally closed 

submodule in 𝑀.□ 

Proposition 3.3Let 𝑀1and 𝑀2be rationally extending modules and  𝑀 = 𝑀1⨁𝑀2 . The following statements are 

equivalent. 

i) 𝑀 is rationally extending 𝑅-module. 

ii) Every rationally closed submodule𝑁 of 𝑀 such that 𝑁 ∩ 𝑀1 = 0 or 𝑁 ∩ 𝑀2 = 0  is a direct summand of 𝑀. 

iii) Every rationally closed submodule𝑁 of 𝑀 such that𝑁 ∩ 𝑀1 ≤𝑟 𝑁 , 𝑁 ∩ 𝑀2 ≤𝑟 𝑁 or 𝑁 ∩ 𝑀1 =  𝑁 ∩ 𝑀2 = 0is a direct 
summand of 𝑀. 

Proof. 𝑖 ⟹  𝑖𝑖   follows from [1, proposition(3.2)]. 

 (𝑖𝑖) ⟹ (𝑖)Suppose that every rationally closed submodule𝑁 of 𝑀 such that 𝑁 ∩ 𝑀1 = 0 or 𝑁 ∩ 𝑀2 = 0  is a direct summand 
of 𝑀. Let  𝐾 be a rationally closed submodule of 𝑀. By [1,corollary(2.2)], there exists  a submodule𝐿 in 𝐾such that K ∩ M2 
is a rational submodule in 𝐿 and 𝐿 is  rationally closed submodulein 𝐾. By lemma 3.2,𝐿 is rationally closed submodule of 
𝑀. Clearly,  𝐿 ∩ 𝑀1 = 0. By hypothesis,  𝑀 = 𝐿 ⨁𝐿′  , for some submodule 𝐿′  of  𝑀. Now by modular law, 𝐾 = 𝐿⨁(𝐾 ∩ 𝐿′ ). It 
follows that by lemma 3.2,𝐾 ∩ 𝐿′ is rationally closed submodule in 𝑀.  Also, clearly  𝐿 ∩ 𝐻′  ∩ M2 = 0. By hypothesis 
 𝐾 ∩ 𝐿′   is a direct summand of 𝑀, and hence also  𝐾 ∩ 𝐿′  is a direct summand of 𝐿′  . It follows that 𝐾 is a direct in 𝑀 thus 
𝑀 is rationally extending.  

It is obvious that (𝑖𝑖) ⟹ (𝑖𝑖𝑖)  

 𝑖𝑖𝑖 ⟹  𝑖𝑖  Suppose that condition (iii) holds and let  𝐾 be a rationally closed submodule of M such that K ∩ M1 = 0, the 
case K ∩ M2 = 0 being analogous. By [1,corollary(2.2)], there exists  a submodule𝐻 in 𝐾such that K ∩ M2 is a rational 
submodule in 𝐻 and 𝐻 is  rationally closed submoduleof 𝐾. By lemma 3.2,𝐻 is rationally closed submodule of 𝑀. Clearly, 
𝐻 ∩ 𝑀2 = K ∩ M2 ≤𝑟 𝐻 and then, by hypothesis 𝐻is a direct summand of 𝑀. 
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Suppose that 𝑀 = 𝐻 ⨁𝐻′. Then = 𝐾 ∩ (𝐻 ⨁𝐻′) = 𝐻⨁(𝐾 ∩ 𝐻′) ,  𝐾 ∩ 𝐻′  ∩ 𝑀2 =  𝐾 ∩ 𝑀2 ∩ 𝐻′ ≤ 𝐻 ∩ 𝐻′ = 0 and 
 𝐾 ∩ 𝐻′  ∩ 𝑀1 ≤ K ∩ M1 = 0. It follows that 𝐾 ∩ 𝐻′ ≤𝑟𝑐 𝐾 and hence by lemma (3.2),𝐾 ∩ 𝐻′ ≤𝑟𝑐 𝑀. Thus, by assumption, 
𝐾 ∩ 𝐻′ is a direct summand of 𝑀 and by [9, lemma (2.4.3)], is also a direct summand of 𝐻′ . Therefore, 𝐾 is a direct 
summand of 𝐻 ⨁𝐻′ = 𝑀.□ 

Theorem 3.4 Let 𝑀1and 𝑀2 be rationally extending 𝑅-modules and 𝑀 = 𝑀1⨁𝑀2. If  𝑀1and 𝑀2 are mutually injective 

then 𝑀 is rationally extending. 

Proof.Let 𝑁 be a rationally closed submodule of 𝑀 such that N ∩ M2 = 0. By [4, Lemma 7.5], there exists submudule 𝑁 ′  of 
M such that 𝑀 = 𝑁 ′⨁𝑀2 and 𝑁 is submodule of 𝑁 ′ . Clearly 𝑁 ′  is isomorphic to 𝑀1, and hence 𝑁 ′   is rationally extending. 
Obvious 𝑁 is rationally closed submodule of 𝑁 ′and hence 𝑁 is a direct summand of 𝑁 ′ . Thus, 𝑁 is also a direct summand 
of 𝑀. □ 

Similarly any rationally closed submodul𝐾 of 𝑀 with K ∩ M1 = 0 is a direct summand. Therefore, by proposition3.3, 𝑀 is 
rationally extending. 

The following corollary is an immediate. 

Corollary 3.5 Let {M1 ,… , M𝑛 } be a finite family of rationally extending 𝑅-modules. If 𝑀𝑖  is mutually 𝑀𝑗  -injective, for each 

𝑖, 𝑗 ∈ {1, … , 𝑛} then 𝑀 = M1⨁…⨁M𝑛  is rationally extending.□ 

It is will known that every semisimple𝑅-module is rationally extending [1] and also, every 𝑅-module is injective over a 
semisimple 𝑅-module [5]. Then the following result is immediately from theorem 3.4. 

Corollary 3.6 Let 𝑀1be semisimple 𝑅-module and 𝑀2 be rationally extending 𝑅-module. If  𝑀1is 𝑀2–injective then 

𝑀1⨁𝑀2 is rationally extending. □ 

The proof of the following theorem follows from Proposition (2.4) and Theorem (3.4).   

Theorem 3.7Let 𝑀1be monoform 𝑅-module and let 𝑀2 be rationally extending 𝑅-module and 𝑀2is pseudo 𝑀1-injective. 

If  𝑀1is 𝑀2 –injective and 𝑀2is rationally 𝑀1-injective then  𝑀1⨁𝑀2 is rationally extending. □ 

The next corollary follows from Proposition (2.6) and Theorem (3.7)   

Corollary 3.8Let 𝑀1be monoform 𝑅-module and let 𝑀2 be rationally extending𝑅-module and 𝑀2is pseudo 𝑀1-injective. 

If  𝑀1is 𝑀2-injective and 𝑀2is 𝑇𝑟-torsion free then  𝑀1⨁𝑀2 is rationally extending. □ 

An 𝑅-module is said to have the (finite) exchange property if, every (finite) index set I, whenever 𝑀⨁𝑁 = ⨁𝑖∈𝐼𝐴𝑖 for 
modules 𝑁 and 𝐴𝑖 , 𝑖 ∈ 𝐼, then 𝑀⨁𝑁 = 𝑀⨁(⨁𝑖∈𝐼𝐵𝑖) for submodules 𝐵𝑖  of 𝐴𝑖 , 𝑖 ∈ 𝐼 (see,[4],[8]). 

In the next proposition trying to get characterize for rationally injective over a rationally extending 𝑅-modules.  

For this purpose we need the following lemmas.  

Lemma 3.9 Let 𝑀1and 𝑀2 be modules, let 𝑀 = 𝑀1⨁𝑀2 and let 𝑁 be a direct summand of 𝑀 such that 𝑁 ∩ 𝑀1 ≤𝑟 𝑁. If  

𝑁 has the finite exchange property, then 𝑀 = 𝑁⨁𝐻⨁𝑀2, for some 𝐻 ≤ 𝑀1.  

Proof. Let 𝑁 be a direct summand of 𝑀. Since 𝑁 has the finite exchange property, 𝑀 = 𝑁⨁𝐻⨁𝐵, for some 𝐻 ≤ 𝑀1 and 
𝐵 ≤ 𝑀2. As 𝑁 ∩ 𝑀1 ≤𝑟 𝑁 and 𝑁 ∩ 𝑀1 ∩  𝐻⨁𝑀2 = 𝑁 ∩  𝐻⨁ 𝑀1 ∩ 𝑀2  = 𝑁 ∩ 𝐻 = 0, it easy to show that 𝑁 ∩  𝐻⨁𝑀2 = 0. 
Therefore,  𝑁⨁𝐻 ∩ 𝑀2 = 0 and consequently, 𝑀 = 𝑁⨁𝐻⨁𝑀2. □ 

Lemma 3.10 [2, lemma (2.3.2)] Let  𝐾 and 𝐾 ′ be 𝑅-modules, let 𝑀 = 𝐾⨁𝐾 ′ and  𝐿 be a sub module of 𝑀 with the finite 

exchange property. If  𝑀 = 𝑁 ′⨁𝐿, for some 𝑁 ′ ≤ 𝐾 ′, then  𝐾 has the finite exchange property.  

Now, we can prove the following proposition. 

Proposition 3.11 Let 𝑀1be any 𝑅-module and let 𝑀2be a module with the finite exchange property. If 𝑀1⨁𝑀2 is 

rationally extending, then 𝑀1 is rationally 𝑀2-injective. 

Proof. Suppose that 𝑀 = 𝑀1⨁𝑀2is rationally extending and let 𝑁 be a rationally closed submodule of 𝑀 such that  
𝑁 ∩ 𝑀2 ≤𝑟 𝑁. As 𝑀 is rationally extending, then 𝑁 is a direct summand of  𝑀 . Suppose that  𝑀 = 𝑁⨁𝑁 ′  . Thus, since 
𝑀2has the finite exchange property, 𝑀 = 𝐾⨁𝐾 ′⨁𝑀2, fore some 𝐾 ≤ 𝑁 and 𝐾 ′ ≤ 𝑁 ′ .Since  𝑁 ∩ 𝑀2 ∩ 𝐾 = 𝐾 ∩ 𝑀2, so 
𝐾 = 0 and hence 𝑀 = 𝐾 ′⨁𝑀2. Therefore, by lemma (3.10), 𝑁 has the finite exchange property and by lemma (3.8) , 
𝑀 = 𝑁⨁𝑀1⨁𝐻, for some 𝐻 ≤ 𝑀2. By proposition (2.8), 𝑀1 is rationally 𝑀2-injective. □ 

By the following theorem we will end this section. 

Theorem 3.12Let 𝑀1be rationally extending  𝑅-module, 𝑀1is pseudo 𝑀2-injective and let 𝑀2 be monoform injective 𝑅-

module. Then the following statements are equivalents: 

1) 𝑀1is essentially 𝑀2-injective module. 

2) 𝑀1is rationally 𝑀2-injective module. 

3) 𝑀 = 𝑀1⨁𝑀2 is rationally extending. 

4) 𝑀 = 𝑀1⨁𝑀2 is extending. 
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Proof.(1) ⟺ (2): follows from proposition (2.3). 

(2) ⟹ (3) Suppose that 𝑀1is rationally 𝑀2-injective module. Then by hypothesis and proposition (2.4), 𝑀1is 𝑀2-injective 
module. Again by hypothesis, 𝑀2 is rationally extending and 𝑀2is 𝑀1-injective module. Therefore, by theorem (3.3), 
𝑀 = 𝑀1⨁𝑀2 is rationally extending. 

(3) ⟹ (4)It is clear. 

(4) ⟹ (1): By hypothesis, and [2, proposition (2.3.4)]. 
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