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Abstract

In this paper, we introduce and study the class J’-f_r;{imn, ¢.pjof multivalent functions in the open unit disk

U ={z e C:|z| = 1} which are defined by the convolution (or Hadamard product). We give some properties, coefficient
inequality, closure theorems, neighborhoods of the class Myi{i.x.u {.p).partial sums, weighted mean theorem,
convolution, distortion and growth bounds.
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INTRODUCTION

Let M, be denote the class of all functions of the form:

=

flz)=z"+ Z anz™ (PEN ={L2..} (1.1)

n=p+1
which are analytic and multivalent in the open unit disk If = {z € C: |z = 1}.

Let M, be denote the subclass of M consisting of functions of the form:

flz)=zF - Z Gnz™s (@, =0,p EN. (1.2)

n=p+1

For the function f € M, given by (1.2) and g € M, defined by

gz) =z - Z bpz™ by = 0,p EN).
n=p+1
We define the convolution (or Hadamard product) of f and g by

=

Feq@=2"= ) enbpz"=(g=N.

n=p+1

Definition(1): Foro =i <2, -1=a<00=p<1land—><{ <0.p €N afunction f € My is said to be in the

class .'-f_,;{zl, e, i £, plif it satisfies the condition:

2((f = g) {zj:l" —pz((f = g) [zj].

Re -
j.z!r:{f =g) [zj:l —(ep + [(1— (1 - crj;‘]]z(l:fx gj[zj:]

Some authors studied multivalent functions for another classes, like, ([2], [3], [4],[5])-
2.Coefficient bounds:
Lemma(1)[1]: Letw = (u + irlis a complex number, then Re(w) = £ if and only if
[w—{p =5l < |w+(p+ 5l where 8= 0.

Theorem(1): Let f € M;Then f € Mj(4.a u. Z.2)if and only if

Z nfAln— 11— ap — [(1 — (1 —a)g]]asb, <p[p(di—a)—A—[01 —p)(1 —a)]].

n=p+i

where
1 1,
0=d<-~1Za<00=u<l—c<{=0andp el

The result is sharp for the function

plA-a) —2-((1 —)(1 - a) )] n
nfdtn —1) —ap — ((1— (1 - &)g)]b,

flz) ==z -

Proof: Suppose that the inequalities (2.1) holds and let |z| = 1.in view of

(1.5), we need to prove that Re{w) = f.where

rr

W= 2((f - 9(@)" ~pa((f - D)
23((f = g)(@)) ~ (ap + (1 — (1 - N2((F =) @)
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= i _E:=F'+1(”:+”':P —1))agb """
TP —a) -4 - [(1 (1 - @)D - TipeanfAn— 1) —ap - (1 - (1 —a){)]@nbyz"™?

_ 4 =z}
:-TE

By Lemma (1), it suffice to show that

|4(z) — (p+ B)B()| - |A(2) + (p— F)B(2)] 20,0 2§ < p).
Therefore, we obtain

[4(z) — (p + F)B(2)] - [A(z) + (p — B)B(2)]
= —(p+Mpfpl-a) -2 -((1- w1 -a)7)]

+(p+ £ z nfitn —1) —ap — ({1 — w)(1 - a)i)]apbyz"F

n=p+1

—(p—=Fp[A —e) —A—- (1 — )1 - a)7}]
+p—F z nfdtn —1) —ap — ((1 — @)(1 — a){)]apbpz™"

n=p+1
=-2p*pd —a) — A— ({1 — w1 — a))] + 2 z [An—1)—ap —((1 - w1 —a)¢)]anbp = 0.
n=p+1
by hypothesis. Then by maximum modulus theorem, we have | € M, (4 @ .. pl.

Conversely, assume
RE, 2((f = @) —p2((f = 9) @) ]
Az((f = g)(2)) —lap + [(1 - (1 - a){D=((f « g)()
—p — Fnepraln® + nlp — 1) Jaybpz""P

= Re [FJ = 2 P K = o — ]
(Ad—a) —A-[(1 -1 - )] — ErepeanAln — 1) —ap— (1 — )1 — &) {)]@nbnz"F
=1, (2.2)

We choose the value of z on the real axis letz — 1~ through real values, we can write (2.2) as

nfdln— 1) —ap —[(1 — @)1 —a)]]anb, = plp(i—a) — A — [(1 — (1 — 2){]].

n=p+1
Finally, sharpness follows if we take

p[(A—a) — 1= ({1 -1 = @) ()]
a[d(n —1) —ap — (1 - £)(1 - &)7}]b,

Corollary(1):Let f € Mz (4 @ w.{.p).Then

e = 2. n=p+1. (23)

pl(A—a) -2 - (1 -1 —a)7)]
Gy, = - . P
aAn — 1) — ap — ((1 — )1 —a)Z)]by,

mzp+1. (2.4)

3.Extreme Points:
In the following theorem, we obtain extreme points for the class My (4. .. {.p).
Theorem(2): Let f,(z) =zF and

p[(A—a) — A—((1 - w)(1 - a){)]
Afitn— 1) —ap — (1 — @)1 —a){)] by

falz) =27 - nEp+ L

Then f € My (4 . w.2.p)if and only if it can be expressed in the form
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flz)= iﬂﬂfn (=),

where &, = 0 and

Proof: Assume that
FD)= ) Oufa@
n=p

hence we get

5 plia—a) -2 - (1 - W -a)g)]
. — - — z
iegha MM — 1) —ap— (1 —w)(1 - &) )b,

fla) =z - v

Now, f € Mz (4 @ ., p). since

o nfAn—D—ap —((1- W -a){)]by plA—a) — - ((1— w1 —a)i)]e,
it PlA-@) —A-(1-w-a))]  nfitn-1) —ap - (1= w1 - a){)]by,

= z g,=1—-06; =1.

n=p+1
Conversely, suppose that f € M7 (4 & w.£. #).Then we show that f can be written in the form E5_, 8./, (2).
Nowf € My (A o w. £, p) implies from Theorem (1)

pliA—a) -2 - (L -w)(1 —a){]]
Gy = 2 m .
n[Aln — 1) — ap - ((1 - (1 — a) 7},

MEp+1

Setting

_afAtn— 1)~ ap — ((1 — w)(1 —a){)]by
TTopli-a) - A- (1 - w1l - a)g)]

We obtain
F@ =) 6ufal2).

4. Closure Theorem:

Now, we shall prove the closure theorem of the functions in the class J'-f_,;[zL &, i L.y

Theorem(3):Let f, e My(Law {.p).r = 1.2..... £Then

£
h(z) = Z e.f, (2) € M(A e, {5,

r=1

For fr(z) = Encps18nr2" where Bi_,c, = 1.
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Proof:

{

hiz) = Z Cofr (Z)

r=1
== £ =
— =P _ n_ .p__ n
=z Z E CpllpneZ =2 E Eni
n=p+ir=1 n=p+1

where e, = Ti_, cray . Thus h(z) € My (A e, , p)if

= n[i(n— 1) —ap —[(1— (1 — )]k,
n=p+1 j.*J[‘pI:H —a) —A—[{1—wil- wjn;‘]]

gy = 1,

that is, if

=

£ ﬂ[ﬂ[ﬂ —1) —ap—[(1—p)(1—a) ﬂ]bﬂ
n=p+ir=1 P[’P[ﬂ —a) —A—[{1—-puil- tz]g‘]]

Crlinr

i” o nfA(n—1)—ap —[(1 —u)(1 — &) {]]b,
r=1 rr!=5:l+1_ p[p{ﬂ.—tﬂ —A-[l-wi- w:“ﬂ]

Gy oy = Cr = 1%

£
r=1
5. Convolution:

In the following theorem, we obtain the convolution result of functions belong to the class J'-f_u‘[l T )

Theorem (4): Let the functions £i(2).(j = 1.2) defined by

jl-:i{z-:l = er - z E_ﬂ.-i-zﬂ_l{}' = 1_,2:|

n=p+1

be in the classM; (A .. {.p).Then the function

T(z) = zF — Z (a2, +aiz)z"
n=p+1

also belong to the class My (4 &. & £.2).where

EE_,.
B

where
A=plpl-a)-A-[(1-w)(1-a) I;‘]]:[J'l{ﬂ —1)—ap] +n[An — 1) —ap - [(1 - ) (1 - w?l-;']]:bn[ﬂ —pld—al]

and B = [(1— p)(1— )] [’p[’p[ﬂ &) —A-[(1 -w(1 -] —rfitn—1)—ap —[(1 - @)(1—a) g‘]]:bﬂ]-

Proof: From Theorem (1), we have

— (n[ﬂ[n— 1 —ap —[(1 —@)(1 - .:z:.;-]]bﬂ~)‘ 2 o ( = nfAn—1)—ap —[(1— w1 - m:.g-]]bnﬁ ) <1
M. J =
n=p+1

plp(d—a) — A —[(1— w1 — a)]] i = S el —A- 11— w1 - a){]]

AN

it follows that

l(n[ﬂ[n —1)—ap—[(1—wil- :zjg‘]]bﬂ
plp(i—a) - A—[(1 - (1 -a)]]

) (ahi+ans) =1

2
n=p+1

But T € Mz (4 & i.£.p) if and only if
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— nfin—1)—ap —[(1-w)(1 —a)el]b

Sy plp(-a@) —A- [ - (1 - ae]] (@ratan <1 GO

the inequality (5.1) will be satisfied if

n[.-l[n —1)—ap—[(1—wil—a) E]]bﬂ - n:[.-ll[ﬂ,— ) —ap —[(1 —p)l —a) g']]:bi
plp(A—a) —A-[(1-A-ael] ~ pYp(d-a) —A—[(1-w)(1 - )]

dnzp+1)

so that

- A
E_E_.

where

A=p[ptl—a) — - [(1 - (1 -] TAn — 1) — ap] + nfitn — 1) — ap — [(1 - (1 — D] b - p(A— )],
and8 = [(1 - w1 — )] [plp(i— @) 21— [(1 —)(1 - @] — nfdtn — 1) — ap — [(1 — (1 - ) by

This completes the proof.

6. Neighborhoods:

Following the earlier works on neighborhoods of analytic functions by Goodman [6] and Ruscheweyh [7], we begin by
introducing here the 3-neighborhood of a function f J'-f_u'of the form (1.2) by means of the definition below:-

= =

J"-,'E{ﬂ:[g € M;:g(z) =27 - Z byz™ and z nla, — bl 28024 = 1}.

n=p+1 n=p+1
(6.1
Particularly for the identity function e{z) = =z".we have

Nglz) = [g E A !;:g[zj =z _ Z bz and Z nlb,| = 5}.

n=p+1 n=p+1

Definition(2): Afunction f € M (4 & 1.7, p) is said to be in the class My s(4.a. . {.p) if there exists function
g € M4 a...f.p) such that

@,

9 Zl1—-@#(zell0=d8=1)

Theorem(5): If g € M;(A, 2.1..2) and

B 8[(p+ 1)(p(d—a) = [(1 — @)1 — ali]M] ey,
(p+1)pM-a) - [1- w1 -ailay, —plpl-a) - 1-[1 -w(1 - @){]]

=1

(6.2)

Then Ng(g) © Mg oA a.i0. 3, p).

Proof: Let f € Nz(g).Then we find from (6.2) that

=

nla, — byl = 5.
n=p+1

which implies the coefficient inequality

=

Z lag— byl = 6. (m=p+ 1) (6.3
i’!=r.‘l+1.
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Since g € My{d.a.u.{.plthen by using Theorem (1)

=

plp(d—a) =2 = [(1 @)1 —a)g]]

A VT S ey 9

So that

o) 1| Emepdon = b _ Oty + D@0 - a) ~[(1 = 1)1 = &){Day.

9@ | T 1-Enaabs T (p+1m(A-a) —[(1-g)(1—a) {Day.s—plp(d —a) — A= [(1 - w)(1 - &)d]]
=1-4.

Hence by definition (2) f € & _,,'_5[;1, .. £, pifor & given by (6.2). This complete the proof.

Theorem (6)2 Let f(z) € My be given by (1.2) and define the partial sums

5,(z) and s,(z)by

5(z) =¥
p+r=1
sz =2+ anz, vEp+1 {6.5)
v ] s
nE;LL
suppose also that
dpiy = 1,
n=p+1
(n[A{n— 1)—ap—[(1 -l -a) ﬂ]bﬂ‘) .
== . 0
plp(d —a) — A — [(1— w)(1 — &)¢]] \
Thus, we have
fiz) 1 3
[_L[zu >1 T (6.7}
and
=02 d.
T il
Re [ﬂzj >1ea— o (6.8)

Each of the bounds in (6.7) and (6.8) is the best possibility for p £ .
Proof: For the coefficients d,, given by (6.6), it is difficult to verify that
poy>dy =1, nmEp+l

Therefore, by using the hypothesis (6.5), we have

pep-1
Z @y +dy Z Gp = Z dpi, = (6.2
i’!=r_‘|+]_ n=p+v n= I‘.'|+1
By setting
fiz) 1y’ dy Ene |:|+|,"""'i"zﬂ_!:I
[zl_d( 1——]=1+ 6.10)
. on %) 1+ IR :

and applying (6.9), we find that
d -l;;: o+ |::'i"‘

n+u—1
?Eiﬂ |:|+:|_ —d Er- n—uur-

|9.(2) -
|gl[21 +1

=1,
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This proves (6.7). Therefore, Re(g,(z)} =0 and we obtain that

fiz) 1
Re [SFI:_Z:I] =1- d—ﬂ.

Now, in the same manner, we can prove the assertion (6.8), by setting

5,(z) d,
A - 17 _ n
g2(2) = (1 + dn) (f{zﬁl 1+ dﬂJ'

This complete the proof.

7. Weighted mean:
Definition(3):Let £ and g be in the classM; (4@ {.).Then, the weighted mean Eg of f and g is given by
F ) 1 7 3 7 3
...l.'.[z,l = E[{l —qif (=) + {1+ q1g(=]]. 0=g =1,

Theorem(7):Let fandgbe in the classMy (4. z. {.2).Then, the weighted mean of f and g is also in the class
Mp(doa.p L.p).

Proof: By definition (3), we have

Eylz) = %[{1 —q)f(z) + (1 + q)giz)]

l[l—q](ﬁzp— zx: uﬂzp)+[1+q](rzp— z:: bﬂz“)

3] =

n=p+1 1=p+1

L3

—zP_ Z

==
n=p+1

Ea| =

({1 —gla, + 1+ qflbﬂ:lzp.

Since f and g are in the class M;(4.a..¢.p)so by Theorem (1), we get

Z nfAtn—1)— ap —[(1 - WA — )¢l an < plptd—a) —4— [(1 = (1 — @21]

n=p+i

and

Z nfdtn— 1) —ap —[(1 — w1 —a){]] by =p[p(d— o) —A—[(1 — (1 —a)Z]]

n=p+1

Hence,

=

1 1 )
Z n[.-l[n— 1) —ap—[(1—p)l—a) g']] (E (1—glay,+ E[l + qjlbﬂf]

n=p+1i

= =

%[1 —qJ Z n[.-l[ﬂ, —1)—ap —[[1—wi(l— crjn;‘]]un +%[1 +q) Z n[.nll[n -1 —ap—[(1—w)il- nfjlg']]bﬂ

n=p+1i n=p+1

<301~ plp(i—a) ~2~ (1~ W)t~ @)]] +5 (1 + Pplp(— @) ~ A~ [(L ~ )(1 ~ )]

=p[p(A-a) -1 -[(1 - w1 -a){]].

This shows E; € My{d.a.i. I.p).

8. Distortion and growth bounds:

In the following theorems, we prove distortion and growth bounds.
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Theorem(8): Let the function f defined by (1.2) be in the class M (4. Z.). Then

o plpA—a) — A - [(1 — w1 — a){]|
[+ D(pte -2 + [(L— (L — DiD1bpa

plp(d—a) —A-[(1 - w1 —a){]] et

7+ DpA-a) [ -0 -ty
0<lzl=r<t. (8.1)

rP+i 2 If(I

7P+

the equality in (8.1) is attained by the function fgiven by

plp-a) —A-[1 @ -] .,
[p+ DEU-0 - [(1- - DDlbyy

flz)=2z" -

Proof: Since the function f defined by (1.2) in the class My (4.@.u {.p) we have from Theorem (1),

. pl-a) - - (1w -a)d]
"=+ DEd-a) — (- 01— a)Dlbg,

n=p+1i

Thus

= =

S n n_ .p P+l n P[P{"l —a) —A-[(1-p)(1- nf':lg_]] P+l
F@ISIalP+ D alal=rP 4 ) an <t S e DDpr

n=p+1 n=p+1
Similarly
. = = ple(d—a) =4 —[(1 —u)(1 — a)]]
= B _ n_ P p+l e p+1l
Ire] 28 aaldl? =7 —r"h ) a2 A (-G Dy

n=p+1 n=p+1
Theorem(9): Let the function f defined by (1.2) in the class M (4 &, . .70,
(p+ Lpld —a) — [(1 —@)(1 — &) Dby < nfdln —1) —ap — [(1 — (1 —a){]] by,
Then

por_ PP —a) —A- [0 - W:'E_]JT_,, zf' 2 prit+ rfill — o) —ACIE @S H:IE_]J?’-” 0=lzl=r

T = o - -0 =) byre [P0 — @) — 12— 101 — )i [opes
=1, (8.2)

the equality in (8.2is attained by the function f given by

G- Aol -wa -l .,
@+ DpG-o) - [1-Da-DiDlbyy

fijl o

Proof: Theorem (9) can be proved easily by the similar steps of Theorem (8).
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