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Abstract:

This study introduces the concept of hyperZ-algebra and investigates its features. In addition, we establish and
prove a number of theorems about the relation between(R-hZ, ¢-hZ, D-hZ , T-hZ , V-hZ ). Moreover, we
explain the hyper subalgebra ,a weakhyper Z-ideal and a strong hyper V-ideal, as well as their relationship.
Finally, the hyper homomorphism Z-algebra is constructed and the isomorphism theorems are examined.
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1. Introduction

Marty's talk about hypergroups at the Eighth Congress of Scandinavian Mathematicians in [1] 1934 was the first
step in the study of hyperstructures. Since then, a lot of mathematicians and scientists have looked at the
hyperstructure idea from both an applied and a theoretical point of view and expanded it to a wide range of
fields. It has been applied in several fields, including Euclidian and non-Euclidian geometries, probability,
information sciences, etc. The book [2] has several intriguing uses of hyper-structures that are shown
throughout.
In the paper [3], Jun et al. They came up with the idea of a hyperBCK-algebra, that's also extension of a
BCK-algebra, and looked at the different properties it has. Borzooei et al. [4] presented and researched
hyperK-algebras. In 2006, Xin came up with the idea of hyperBCl-algebras, which are just an extension of
hyperBCK-algebras. He showed that any hyperBCK-algebra is also a hyperBCl-algebra [5].
Borzooei et al. have created the concept of hyperBCC-algebra as an extension of BCC-algebras and they have
specifically investigated and defined the various types of hyperBCC-ideals in [6]. ).C. Endam introduced the idea
of hyperB-algebra That is an extension of B-algebra and defined the subhyperB-algebras in [7]. A.L.OVicedo et
al,[8] Proposed and analyzed (weak, strong) hyperB-ideals. In addition, they investigated the relationships
between hyperB-ideals and subhyper B-algebras, as well as a few relationships between hyperB-algebras and
hypergroups. S.Niazian[9] introduced the idea of hyperstructure to Bl-algebras and he defined the types of
hyperBl-algebras.

Z-algebra is a unique algebraic structure based on logic that was first proposed in 2017 by
Chandramouleeswaran et al. [10].
This papers is structured following: in Part 2 We present some definitions and first observations regarding

Z-algebras that will be used in the next Part. Hyper Z-algebra is a concept that is introduced and some of its
characteristics are looked at in Part 3.

2.Preliminaries:
Denition 2.1: [8] The map ®:Z X Z—P(Z) named a hyperoperation on Z#¢ , where P(Z) is the powerset of Z.
And , Z with ® is called a hypergroupoid. If p#=K €Z, p£=F<SZ, then K®F means forany keK and teT:

K®T = UkEK, k@D, k®F = {K}®F = KOt = KO{}
Definition2.2: [10] let Z#¢ and * is a binary operation with constant O then the algebra (Z, *, 0) named Z-Algebra
if satisfying the following axiom:

Z1:TJ*0=O
ZZ:O*TJZTJ

Z3:T1*TJ=TJ
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Z4: T *3 =3 * T When B0 and 3+#0, V T, JEZ.

3. HyperZ-algebras:

Definition 3.1: The triple (Z, ®, 0) is named a hyperZ-algebra (briefly,hZ) where Z#d , ® hyperoperation and 0
is a constant if V T, €Z, the following conditions hold:
(HZ)T < 0

(HZ,) TE TOO
(HZ)) TETOT

(HZ,) O3 = W@T , VT, % €Z, T#0, %0

Where D « 3 if 0ET®.
V A, BSZ ,then A & B ©3 a€A,beB suchthat a«kb We signify A < {3}({T} < B)by 4 < (T « B)
Example 3.2: Let = {0, T, 3, 2}, the following table represents the hyperoperatic ® on Z.

® 0 T & 2

0 {0} 0,8} | (33 O}

G | {0,5} | (T} {0} {G 1}
R {0} {0} B3 | A
2 {03 {T,2} | 3,2} | {T,3,2}

Then (Z, ®,0) is (hZ)
Example 3.3: A Z-algebra (Z, *, 0) with a hyperoperation ® defined on Z as
T®3 ={T * B}V T, EZ then (Z, ®,0) is (hZ).
Proposition3.4: Let (Z, ®, 0) be a(hZ), then V T,3€Z .V (4, B,C,D)+d, (A, B,C,D) S Z the following axioms
hold:
MGEEV)[RET)H(T®V)] = 3®T, T+0,3*0

(2)0®A = A
(3)4 « {0}
(HA®O ={0}

(5) A B=>AKB
(6)A € B and AKC=B«KC
(7)A € B and CSD = A®C=>B®D

Definition3.5:
NIf 0®T = {T},V T €EZ then (Z, ®, 0) is named Row hyperZ-algebra (briefly R-hZ).

2) If T®O ={0},V T EZthen (Z, ®,0) is named Column hyperZ-algebra ( briefly ¢-hZ) .

3)If TOT = {T},V T EZ then (Z, ®, 0) is named Diagonal hyperZ-algebra (briefly D-hZ).

4) If (Z, ®, 0) is satisfies (1and 2) then (Z, ®, 0) is named Thin hyperZ-algebra (briefly T-hZ).

5)If (Z, ®, 0) is satisfies (1, 2 and 3) then (Z, ®, 0) is named Verythin hyperZ-algebra . (briefly V-hZ).
Example3.6: (1) Let Z = {0, T, 3y, A}, the following table represents the hyperoperatic ® on Z.

® 0 T BV 2

{0} {T} 3 )

T | {07} | {0.T} | {T,3} | (T2}
B | {03} | (B3} | (0.3} | (32}
2 | 02 | T | | {0

(Z, ®,0)is an (R-hZ), it is obvious that (Z, ®, 0) isn’t a (C-hZ) and (D-hZ), since V T€Z, T®0=#{0},
TET#{T}.
(2) Let Z ={0,5, 3,2}, the following table represents the hyperoperatic ® on Z:
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0 T R 2
0y | {08} | {0,3) | {07}
0y | (0T} [ 3} {3}
{0} oy | 03} [ (T}
2 {0} 3} {t} | {03}

Then (Z, ®,0) is a (C-hZ) , it is obvious that (Z, ®, 0) isn’'t a(R-hZ) and(D-hZ) ,since V TEZ, 0®T#{T} ,
TET#{T}.
(3) Let Z ={0,T, 3y, A}, the following table represents the hyperoperatic ® on Z:
® 0 T BV 2

0 {0} {0,5} | {0,3} [ {02}
T | (0,8} | (5} | (0% | (0,3}
3 |0 ] | 3 | (01
2 | (03} | {03} | {05} | 2}

Then (Z, ®, 0) is a (D-hZ), it is obvious that (Z, ®, 0) isn't an (R-hZ) and (C-hZ) ,since V TEZ, 0®T#{T} ,
T®O0+{0}.
(4) Let Z = {0,0, 3,2}, the following table represents the hyperoperatic ® on Z:
® 0 T oY 2

0 {0} {G} {3} &
T {0} {0, 5} {2} {3}
Ry {0} {2} {0,3} {T}
A {0} {3} {T} {0,2}
Then (Z, ®, 0) is a (T-hZ), it is obvious that (Z, ®, 0) isn't a (V-hZ), since itisn't a

el d| o ®

(D-h2).

(5) Let Z ={0,T, 3y, 2}, the following table represents the hyperoperatic ® on Z:
® 0 T oY 2
0 {0} {T} {2} ™}
T {0} {T} {G.3} [ {T,>}

3 0}y | (3} | R} | R}
2 {0} {G2} | (2 {*}

Then (Z, ®, 0) is a V-hyper Z-algebra .

Definition3.7: A hyper subZ-algebra of Z is the set S#¢, SSZ, O€S, which (S, ®,0)is a (hZ)w.r.t hyperoperation
®.
Remark 3.8: Let S#¢, SCZ, If 2®TCES, Ve, T €S=0 €S.

Theorem3.9: Let S#¢, SSZ, then S is a hyper subZ-algebra of Z ifand only if If T®IESS, VT,V ES.
Proof:=Let Sis a hypersubZ-algebra of Z=(S, ®, 0) is a (hZ) w.r.t hyperoperation ® then T®3JCS, VT, €S.
&let TGES, VT, €S, then 0 €S.by (Remark3.8)

Then OET®O = (HZ) valid in S. So also, It is possible to show that the (HZ)),(HZ,) & (HZ ) are validin §,

= Sis a hypersubZ-algebra of Z.

Definition 3.10: If T®S = S = S®T, V BES where Sis a hypersubZ-algebra of Z, in this case Sis named a
stronghyper subZ-algebra of Z.

Example 3.11:

(1) LetZ = {0, T,%,2} in (Example3.2) and let 51 = {O},S2 = {0, 5} and 53 = {0, 2}, then 51‘ 52 isa

stronghyper subZ-algebras of Z, but S,isn't a hyper subZ-algebra of Zsince A®? = {T, 3, AJES..
(2) Let Z in (Example 3.3) then every subZ-algebra of Z is a stronghyper sub Z-algebra of Z.
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(3) Let Z ={0, 5,3, 2}, the following table represents the hyperoperatic ® on Z:

® 0 it Ry 2

0 {0, 5,3, 3} {0} {3} >}
T {0} {t [ (B3} | {T,2}
R {0} {63} [ 33 | (B3
2 {0} G2} | (32 >}

Which is a Z, and S = {0} is not a stronghyper subZ-algebras of Z.

Remark 3.12: S = {0} is a stronghyper subZ-algebras of Z , if Z satisfied(5) in Definition3.5.
Definition 3.13: Let [#¢, ISZ, | is named a hyperZ-ideal of Z if

(HZI ) O€l

(HZI) T@3 < I & JEI>TEl,V T, €Z.

Definition 3.14: Let [#¢ ,ISZ, [ is named aweakhyper Z-ideal of Z if
(HZI ) O€l

(HZWI) T®3 € I & VEI>TEL,V T, % €Z.

Theorem 3.15: Every hyperZ-ideal of Z is a weakhyper Z-ideal of Z .
Definition 3.16: Let/#¢ , ICZ, I is named a stronghyper Z-ideal of Z if
(HZI ) O€l

(HZSL) (C@)NI # & VEISTEL,V T, % €7

Example 3.17:
(1) Let Z in (Example 3.3) then every ideal I of Z is a hyperZ-ideal(weakhyper Z-ideal, stronghyper Z-ideal) of Z.
(2 If Z ={0,T,31, the following table represents the hyperoperatic ® on Z:

® 0 T ey

0 0,7} 0,71} | {03}
T {0} 0,75} | {01}
e (0} 0,5} | {0,7,3}

Which is a Z, and I1 = {0, B} is a hyperZ-ideal(weakhyper Z-ideal) of Z ,and converse of (theorem3.15 ) isn't true,
let I, = {0, 2} is a weakhyper Z-ideal of Z but isn't hyperZ-ideal because
T®I ={0,T} K I, and QEL but Tl ,and I, = {0}, and I, = Zare only strong hyperZ — ideal of Z.

Theorem 3.18: Let I is a stronghyperZ — ideal of %, then
(1) IisaweakhyperZ — ideal of Z.

(2) IisahyperZ — ideal of Z.
And converse is not true.

Proof : from Theorem 3.15, it is sufficient to show (2)

Let T,3 €Zsuchthat T®3 K I and JEl,

Then V w€T® F4€l, suchthat wy & 9=20€m®I=0€w®INI + ¢,
Then by (HZSI,)

WEI>T® €1 andso T®I NI # ¢,
using (HZSIZ)::»T:EI ,=lisahyperZ — ideal of Z.

LetI = {0, B} in Example 3.17 (2) is a hyper Z-ideal (weakhyper Z-ideal) of Z but isn't a stronghyper Z-ideal of
because JI®TNI = {0, T} # ¢ and TBEI but J¢I.
Theorem 3.19: Let { Iy: YESt and Iyqt ¢ be a collection of subsets of a (hZ),such that OEIy, VYES.
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(D if Iya hyperZ — ideal of Z,VyeS = ﬂyesly a hyperZ — ideal of Z.
(2)if Iya weakhyperZ — ideal of Z,VYES =>ﬂy€51ya weakhyperZ — ideal of Z.

) if Iya stronghyperZ — ideal of Z, VY€ES = ﬂyesly a stronghyperZ — ideal of Z.
Proof: We only prove (3). (1) and (2) are easy to prove.
Suppose that IY (VYES) is a strong hyperZ — ideal of Z,

since OEly, VYES = 0€ ﬂyesly, and so ﬂyesly#z .

suppose thatV'T,J€Z, (T®I) N ﬂyeslY * ¢ and %Eﬂyesly

since ﬂyesly c Iy,VyES. by (ANB # ¢ and BSC=ANC # ¢ )=
(G®)N IY * ¢ and "uely,VyES,

since Iy (VYES) is a strong hyperZ — ideal of Z

ﬁTyEIy,VyES=>TJ€ﬂy€SIy = ﬂyesly is a strong hyperZ — ideal of Z.

Theorem 3.20: Let { Iyz yES} and Iyi ¢ be a collection of subsets of a (hZ) ,such that Lele..
(D if IY a hyperZ — ideal of Z,Vy€ES=> UyESIy a hyperZ — ideal of Z.
2)if Iya weakhyperZ — ideal of Z,VY€ES = UyeslyaweakhyperZ — ideal of Z.

) if Iya stronghyperZ — ideal of Z,VY€ES = UyESIy a stronghyperZ — ideal of Z.
Proof: We only prove (3) ,(1) and (2) are easy to prove.
Suppose that Iy(for some YES) is a strong hyperZ — ideal of Z,

since OEIY , for some yeES = OEUyeSIy' and so Uyeslyi .

LetVT,% €Z,(G®)N UyESIy # ¢ and '3‘\JEUYGSIy

since Iy c UyESIy' VYES, and I1 c 129... =
(T®) N Iy * ¢ and %EIV, for some YES,

since Iy is a strong hyperZ — ideal of Z

=Tel ,VyeS=>TeU I,
Y YE

Sy

=>Uyeslyis a strong hyperZ — ideal of Z.
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Example 3.21: This example demonstrates that a hyper subZ-algebra and a hyper Z-ideal (weak hyper Z-ideal) of

Z are different concepts..

(M Let Z ={0,T,%},
® 0 T v
0 {0} {05} | {03}
T (0,5} 0,5} | {0,3}
2 {0} 0,3} | {0,3}

Whichisa Z, S = {0,3} is a hyper subZ-algebra , but S isn't a hyperZ-ideal(weakhyper Z-ideal) of Z because

T® ={0,3}SSand VESand TES.

(2) Let Z = {0, 5,3}, the following table represents the hyperoperatic ® on Z:

® 0 T v

0 {0} {0,T} | {0,3}
T {0, T} (5,3} | (5,3}
3 (0,0} TESEECES

https://rajpub.com/index.php/jam

Whichisa Z, and I = {0, 3} is a hyperZ-ideal(weakhyper Z-ideal) of Z,but I isn't a hyper subZ-algebra because
VO ={T, V1)L ].

Theorem 3.22: Let S a hyper subZ-algebra of Z then

(1) S is a weakhyper Z-ideal of Z © V GEZ — S, and VES we have TEILS.

(2) Sis a hyperz-ideal of Z & V GEZ — S, and JES we have (TOI)NS = o.
Proof:

(1) Suppose S be a weakhyper Z-ideal of Z, GEZ — S and ES.

Let T3 € S, by hypothesis we have TES which is contradictory. > T®IES.

Conversely, Suppose T3 € S and JES, let TES then by hypothesis T®IES. which is contradictory. =>TES
=S is a weakhyper Z-ideal of Z.

(2) If S a hyperZ-ideal of ZG€Z — S & R/€ES.

Let (T®)NS = ¢, since VES & Sis a hyperZ-ideal of Z, we have

TBES Which is contradictory= (T®I)NS = o.

Conversely, let forany T€Z — S, JES, and (GO)NS = o,

If (GER)NS #= =3 kE(T®R) and kES since S a hyper subZ-algebra of Z = (T®3)ES =TES which is

contradictory = S is a hyperZ-ideal of Z.

Definition 3.23: Let X+¢, X<Z is named a downset if T « 3 and J/€X = TEX,V T,V EZ.

Remark 3.24: If X is a hyperZ-ideal of Z= X is a downset. Because if T « 3rand J€X.Then € (TG)NX . Since

VEX. and X is a hyperZ-ideal of Z, we getTEX.

Definition 3.25: A mapping f: Z1 - Z2 where (Zl, ®,0) & (Zz’ ®, 0) be two (hZ),

is named a “hyperZ -homomorphism”if, V5,3 €Z, we have

WO =0 @f(0 ®¥)= (IR f(R),VT, €Z,

If fis 1-1and onto =f is named a hyper Z-isomorphism

kernel of f (briefly) Ker(f) = {Tx €Z:f(b)= 0} , image of f (briefly) Im (f) = {f(Ty): T 621} , inverse image of
. -1

f (briefly)im(f ) = {vez: f(B) € Z,}.

Example 3.26: Let Z1 ={0,7T,%}and Z2 = {0, b, 4}, define two the hyperoperatians "®, ®" on Z1 and Z2

respectively as the follows:

® 0 T Ry
{0} {G} 3}
T {0, T} {0} {T,3}
0,3} {63} {3}
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X o b q

0 {0} {b} {1}
b {0, b} {b} {b, 1}
q {0,9} {b, 9} {1}

Then (Z1' ®, 0) and (Z1’ ®, 0) are a hyper Z-algebras.
letf:Z —>Z, defineas f(0)= O0,/f(G)=b,fR)= 4

Then “f is a hyper Z -homomorphism”.

Lemma3.27:If f:Z — Z is a hyperZ -"homomorphism”
) if T =0,VT,3 € then f(D)Of(R) = 0.

(2) Ker(f), Im(f) is a hyperZ-ideal (weakhyper Z-ideal) of Z,Z, respectively.

Theorem 3.28: If f:Z — Z is a hyperZ-"homomorphism”, if T « 3sin Z, then
fFKfR)InZ,

Proof: LetT, 3 EZr i <K I=20€ETE.

And f(0) = 0" € f(T®3) = f(DIRf(R) = 0" € f(T)RSf(R)

= f(BKf(R). o ) ) )
Remark 3.29: Let f: Z, — Z_ is onto hyper Z ~homomorphism. If Z is a/an ((¢-hZ),(D-hZ), (T-hZ),(V-hZ) and (R

-hZ)) therefore Z,isas well .

Proof: We just proof (R-hZ), and the explanation in all other cases is same.
Let Z, be an (R-hZ) and bez =3 TeZ, = b = f(T),

0" ® b = f(O)®f(T) = fF(O®T) = {f(W): WEO®T} = {f(T)} = b
Then Z, is an(R-hZ).

Remark 3.30: Let f: Z — Z_ is 1-1 hyper Z-homomorphism. If Z_is a/an
((¢-h2),(D-hZ2), (T-hZ),(V-hZ) and (R-hZ)) therefore Z,is as well.

Proof: We just proof (R-hZ), and the explanation in all other cases is same.
Let Z, be an(R-hZ) and TEZ and f(T)=b.Then

{f(®): We0®T} = f(O®T) = f(O)Rf(T)= 0" ® b = {b} = {f(T)}
Since f is 1-1, we get that 0®T = {T} . Therefore, Z isan (R-h2).
Theorem 3.31: If f:Z — Z, is a hyperZ -"homomorphism”,

(1) If I a hyperZ-ideal of Z,= f_l(I) a hyperz-ideal of Z_.

(2) If I aweakhyper Z-ideal of Z,> f_l(l) a weakhyper Z-ideal of Z,.

(3) IfIastronghyperZ — ideal of Z,= f_l(l) a stronghyperZ — ideal of Z.

Proof:

(1) Since 0° € Iand f(0)= 0" = 0€f ()
Let s, VEZ, and T @ « f (1), W€f (1), then f(1) € I and

VYET®I I FEf (I)> Y K t20eY®t , then

0=fOE(YOD =N f(DE f(TOI)Q I =F(HHRfR) X I.
So that f(T)Qf () < I since I a hyperZ-ideal of zZ,=

f(WeI=Tef ()= f '()ahyperZ — ideal of Z,
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(2) Since 0’ € Tand f(0)= 0" =0 €f ()
Let T, VEZ, and TO € f (1), WEf (1),
=f(?) € I ( by Proposition 3.4 (5))

TOV K f ()Y YET OV =>3Itef (1)
Then Y < t=0€Y®T .then

0=fOE(YOD =M f(DE F(TOIQ I = f(DIRf(R) X I.
So that f(T)®f () € I since I a weakhyper Z-ideal of zZ,=

F(BYEI STEF (1), hence forth f~ (I )aweakhyper Z — ideal Z,.
(3)Since 0° € Iand f(0)= 0=0€f (1)

Let T,%€Z,, and (G@) N f (1) # ¢, VEF (1), then f() € I

Since (G®V)N f (1) % b

b = F@#F[(C@) N f (D]SFTOVNF( UNEFBIRFR) N I
2f(T)fR)N T #

Since %Ef_1(1)=>f(%) € I,1a stronghyperZ — ideal of Zz,

= f(D)el TEF (1), = f (I )a stronghyperZ — ideal of z.
Theorem 3.32: If f: Z, = Z,bean onto hyper Z -homomorphism,

(1) If I a hyperZ-ideal of Z containing ker(f )= f(I) a hyperZ-ideal of Z,

(2) If I a weakhyper Z-ideal of Z containing ker(f) = f(I) a weakhyper Z-ideal of Z,
(3) If I a stronghyperZ — ideal of Z containing ker(f) = f(I) a stronghyperZ — ideal of Z,
Proof:
(1) LetIahyperZ — ideal of Z containing ker(f ) = O€ker(f) € I
0" =fO)e f),
Let'D, "\;EZ2 suchthat &t @ JKf(I), and BESf(I),
since f isonto=>3 1, ) € Z, f(H=Tf(®W) = 3.Thus

f®W) = f(DRf(W) =T & JKf()
then Vb € t1®®,3 q € I, f(b)Kf(q) =

0ef(b) ® f(a) = f(b®q), then

b®q € ker(f) € I, by Proposition3.4(5) =2 (b ® ) K I
Used (HZIZ) = b €1, then

t®W € 210 K L,andw € I

Used (HZIZ) =>tel

then f(1) = Tef() = f(I) a hyperZ-ideal of Z,
(2) Let I aweakhyper Z-ideal of Z containing ker(f )

= Ocker(f)<S 1,0" = f(O)€ f(I),
Let T, BE€Z, andT @ B € f(I), VEf(I),

since fisonto=3 () € Iand t € Z1’ f(HO=TfW="3,

TR =fMNOF(W)=f(T®KW) & fU)
> 1t®0 < I, since I aweakhyper Z-ideal of Z

And® el=t €l , f(Def)= Tef()
f() is aweakhyper Z-ideal of Z,.

(3) Let!a strong hyperZ — ideal of Z containing ker(f )
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= Oekerker (f) € 1,0 € f(),
Leth,%EZ2 suchthat (T ® )N f) = §, and BES(I),

since fisonto=>3@) € [ and T € Zl,f(fl‘) =T, f(W)=3, =20 €1

¢ # (T )N fD)=DORIF@)N fD)= f(t®W)N f(H=3> € Z,
suchthat? € f(t®W)and> € f(I)=3b € T®W and q € 1, such that
A= f(b)and> = f(q), since

e fO® f(g9=f(b®y= (b®q) containsan element say Q such that f(Q) = 0
=>Q€ker(f) S land thus (b®q)N I = §,

Since I a strong hyperZ — ideal of Z1’ and q € [=>h € I, sinceb € T®W

=2(t®W) N () # $,since I astrong hyperZ — ideal on1 ,and @) € 1

=>t €1, ther fore© = f() € f(I),thenf(l) is a strong hyperZ — ideal of Z,
Conclusions

This work introduces a new hyper algebra This is an extension of Z-algebra ,and defined hyper(subalgebras,
weakhyper Z — ideal, strong hyperZ — ideal,Z-homomorphism), and particular hyperZ-algebra types were
studied. isomorphism theorems were finally studied. In future publications, we will study Z-superhyperalgebra
and several forms of ideals in Z-superhyperalgebra.
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