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Abstract:  

The aim of the present paper is to introduce a certain families of holomorphic and Sălăgean type bi-univalent 

functions by making use (𝑝, 𝑞) −Lucas polynomials involving the modified sigmoid activation function 𝜙(𝛿) =
2

1+𝑒−𝛿
 , 

𝛿 ≥ 0 in the open unit disk 𝛥. For functions belonging to these subclasses, we obtain upper bounds for the second 
and third coefficients. Also, we debate Fekete-Szegö inequality for these families. Further, we point out several 
certain special cases for our results. 
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Introduction  

     Symbolized by 𝒜 the functions class of the form:  

𝑘(𝑠) = 𝑠 +∑𝑑𝑛𝑠
𝑛 ,                                                                                                (1)

∞

𝑛=2

 

which are holomorphic in the open unit disk  𝛥 = { 𝑠 ∶ 𝑠 ∈ ℂ 𝑎𝑛𝑑 |𝑠| < 1} and normalized under the conditions 

indicated by 𝑘(0) = 𝑘′(0) − 1 = 0. Furthermore, symbolized by 𝒮 the class of all functions in 𝒜 which are univalent 

in 𝛥 .   
   For each 𝑘 ∈ 𝒮, the Koebe one-quarter theorem [6] states that the image of the open unit disk 𝛥 under 𝑘 contains 

a disk of radius 1 4⁄ . Thus, every univalent function 𝑘 has an inverse 𝑘−1, which is defined by    
𝑘−1(𝑘(𝑠)) = 𝑠        (𝑠 ∈ 𝛥) 

and  

𝑘(𝑘−1(𝑟)) = 𝑟    (|𝑟| < 𝑟0 (𝑘); 𝑟0(𝑘) ≥
1

4
), 

where  

  𝑘−1(𝑟) = ℎ(𝑟) = 𝑟 − 𝑑2𝑟
2 + (2𝑑2

2 − 𝑑3)𝑟
3 − (5𝑑2

3 − 5𝑑2𝑑3 + 𝑑4)𝑟
4 +⋯.                                         (2) 

   Let 𝐷 be the class of function 𝐹 which is holomorphic in 𝛥 with  

𝐹(0) = 0        𝑎𝑛𝑑      |𝐹(𝑠)| < 1               ( 𝑠 ∈ 𝛥 ). 

Let 𝑘(𝑠) and 𝑦(𝑠) be holomorphic in 𝛥 then the function 𝑘(𝑠) is said to be subordinate to 𝑦(𝑠) in  𝛥 written by 

 𝑘(𝑠) ≺ 𝑦(𝑠)              (𝑠 ∈ 𝛥),                                                                                      (3)  

such that 𝑘(𝑠) = 𝑦(𝐹(𝑠)), (𝑠 ∈ 𝛥). From the definition of the subordination, it is easy to show that the subordination 

(3) implies that  
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    𝑘(0) = 𝑦(0) and  𝑘(𝛥) ⊂ 𝑦(𝛥).                                                                                           (4) 

In particular, if 𝑦(𝑠) is univalent in 𝛥, then the subordination (3) is equivalent to the condition (4). 

   The function 𝑘 ∈ 𝒜 is considered bi-univalent in 𝛥 if both 𝑘 and  𝑘−1 are univalent in 𝛥.  Indicated by the Taylor-

Maclaurin series expansion (1), the class of all bi-univalent function in 𝛥 can be symbolized by 𝛴. In the year 2010, 

Srivastava et al. [15] refreshed the study of various classes of bi-univalent functions. Moreover, many penmaus 

explored bounds for different subclasses of bi-univalent function (see, for examples [1, 2, 3, 4, 5, 8, 13, 14, 16, 17]). 

The coefficient estimate problem involving the bound of |𝑑𝑛| ( 𝑛 ∈ ℕ − {1,2}, ℕ = {1,2,3, … }) is still an open problem.  

   Let 𝑝(𝑥) and 𝑞(𝑥) be polynomials with real coefficients. The (𝑝, 𝑞) −polynomials 𝐿𝑝,𝑞,𝑛(𝑥), or briefly 𝐿𝑛(𝑥) are given 

by the following recurrence relation (see[9, 10]): 

𝐿𝑛(𝑥) = 𝑝(𝑥)𝐿𝑛−1(𝑥) + 𝑞(𝑥)𝐿𝑛−2(𝑥)          (𝑛 ∈ ℕ − {1}), 

with  

𝐿0(𝑥) = 2,                           

𝐿1(𝑥) = 𝑝(𝑥),                     

𝐿2(𝑥) = 𝑝
2(𝑥) + 2𝑞(𝑥), 

𝐿3(𝑥) = 𝑝3(𝑥) + 3𝑝(𝑥)𝑞(𝑥), …                                                                         (5) 

The generating function of the Lucas polynomials 𝐿𝑛(𝑥) (see [11]) is given by: 

𝐺𝐿𝑛(𝑥)(𝑠) = ∑𝐿𝑛(𝑥)𝑠
𝑛

∞

𝑛=0

=
2 − 𝑝(𝑥)𝑠

1 − 𝑝(𝑥)𝑠 − 𝑞(𝑥)𝑠2
 . 

   Note that for particular values of 𝑝 and 𝑞, the (𝑝, 𝑞) −polynomial 𝐿𝑛(𝑥) leads to various polynomials, among those, 

we list few cases here (see, [11] for more details, also [2]): 

1) For 𝑝(𝑥) = 𝑥 and 𝑞(𝑥) = 1, we obtain the Lucas polynomials 𝐿𝑛(𝑥). 

2) For 𝑝(𝑥) = 2𝑥 and 𝑞(𝑥) = 1, we attain the pell-Lucas polynomials 𝑄𝑛(𝑥).   

3) For 𝑝(𝑥) =1 and 𝑞(𝑥) = 2𝑥, we attain the Jacobsthal-Lucas polynomials 𝑗𝑛(𝑥).   

4) For 𝑝(𝑥) = 3𝑥 and 𝑞(𝑥) = −2, we obtain the Fermat-Lucas polynomials 𝑓𝑛(𝑥). 

5) For 𝑝(𝑥) = 2𝑥 and 𝑞(𝑥) = −1, we have the Chebyshev polynomials 𝑇𝑛(𝑥) of  the first kind. 

   Let 𝒜𝜙 denoted the class of functions of the form:  

𝑘𝜙(𝑠) = 𝑠 +∑
2

1 + 𝑒−𝛿
𝑑𝑛 𝑠

𝑛 = 𝑠 +∑𝜙(𝛿)𝑑𝑛  𝑠
𝑛 ,

∞

𝑛=2

∞

𝑛=2

                                                            (6) 

where 𝜙(𝛿) =
2

1+𝑒−𝛿
 is the sigmoid activation function and 𝛿 ≥ 0.  Also,  𝒜1 = 𝒜 (see[7]). 

   We consider a differential operator 𝐷𝑡 , 𝑡 ∈ 𝑁 ∪ {0}, (see[12]) for 𝑘𝜙 belongs to 𝒜𝜙 ,  defined by  

𝐷0𝑘𝜙(𝑠) = 𝑘𝜙(𝑠);  𝐷
1𝑘𝜙(𝑠) = 𝐷𝑘𝜙(𝑠) = 𝑠𝑘𝜙

′ (𝑠);  𝐷𝑡𝑘𝜙(𝑠) = 𝐷 (𝐷
𝑡−1𝑘𝜙(𝑠)). 

We note that  

𝐷𝑡𝑘𝜙(𝑠) = 𝑠 +∑
2𝑛𝑡

1 + 𝑒−𝛿
𝑑𝑛 𝑠

𝑛

∞

𝑛=2

= 𝑠 +∑  𝑛𝑡𝜙(𝛿)𝑑𝑛 𝑠
𝑛.

∞

𝑛=2

                                                       (7) 

   In this paper, we introduce a certain families of bi-univalent functions defined through the (𝑝, 𝑞) −Lucas 

polynomials. Furthermore, we derive coefficient estimates and Fekete–Szegӧ inequality for functions defined in those 

classes. 

Cofficient bounds and Fekete–Szegӧ inequality for the class 𝓦𝚺(𝜶, 𝒕, 𝜙(𝜹); 𝒙) 
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Definition 1 A function 𝑘 ∈ 𝛴 is said to be in the class 𝒲Σ(𝛼, 𝑡, 𝜙(𝛿); 𝑥) for 0 ≤ 𝛼 ≤ 1 , 𝑡 ∈ 𝑁 ∪ {0} and 𝜙(𝛿) =
2

1+𝑒−𝛿
 , 

𝛿 ≥ 0, if the following conditions of subordination are satisfied: 

 
𝑠 (𝐷𝑡𝑘𝜙(𝑠))

′

+ (2𝛼2 − 𝛼) 𝑠2 (𝐷𝑡𝑘𝜙(𝑠))
′′

4(𝛼 − 𝛼2)𝑠 + (2𝛼2 − 𝛼)𝑠 (𝐷𝑡𝑘𝜙(𝑠))
′

+ (2𝛼2 − 3𝛼 + 1)𝐷𝑡𝑘𝜙(𝑠)
≺ 𝐺𝐿𝑛(𝑥)(𝑠) − 1                                    (8) 

and 

𝑟 (𝐷𝑡ℎ𝜙(𝑟))
′

+ (2𝛼2 − 𝛼) 𝑟2 (𝐷𝑡ℎ𝜙(𝑟))
′′

4(𝛼 − 𝛼2)𝑟 + (2𝛼2 − 𝛼)𝑟 (𝐷𝑡ℎ𝜙(𝑟))
′

+ (2𝛼2 − 3𝛼 + 1)𝐷𝑡ℎ𝜙(𝑟)
≺ 𝐺𝐿𝑛(𝑥)(𝑟) − 1,                                  (9) 

where the function ℎ = 𝑘−1 is indicated by (2).  

Remark 1 

1) For 𝛼 = 0, the function class 𝒲Σ(𝛼, 𝑡, 𝜙(𝛿); 𝑥) shortens to the function class 𝑆Σ
∗(𝜙(𝛿); 𝑥) presented and investigated 

by Swamy et al. [16]. 

2) For 𝛼 = 0, 𝑡 = 0 and 𝜙(𝛿) = 1, the function class 𝒲Σ(𝛼, 𝑡, 𝜙(𝛿); 𝑥) shortens to the function class 𝑆(𝑥) presented 

and investigated by Altinkaya [1]. 

3) For 𝛼 =
1

2
,  𝑡 = 0 and 𝜙(𝛿) = 1, the function class 𝒲Σ(𝛼, 𝑡, 𝜙(𝛿); 𝑥) shortens to the function class 𝒲Σ(𝜏 = 1; 𝑥) 

presented and investigated by Altinkaya and Yalçin [3]. 

Theorem 1 Let the function 𝑘 ∈ Σ indicated by (1) be in the class 𝒲Σ(𝛼, 𝑡, 𝜙(𝛿); 𝑥). Then  

|𝑑2| ≤
|𝑝𝑥|√|𝑝𝑥|

 2𝑡𝜙(𝛿) √|[(12𝛼4 − 28𝛼3 + 15𝛼2 + 2𝛼 + 1) − (1 + 3𝛼 − 2𝛼2)2]𝑝2(𝑥) − 2(1 + 3𝛼 − 2𝛼2)2𝑞(𝑥)|
               (10) 

and 

|𝑑3| ≤
|𝑝(𝑥)|

2(2𝛼2 + 1)3𝑡𝜙(𝛿)
+

𝑝2(𝑥)

(1 + 3𝛼 − 2𝛼2)3𝑡𝜙(𝛿)
,                                                                  (11) 

and for some 𝜇 ∈ ℝ, 

|𝑑3 − 𝜇𝑑2
2|

≤

{
 
 
 
 
 

 
 
 
 
 

|𝑝(𝑥)|

2(2𝛼2 + 1)3𝑡𝜙(𝛿)
   𝑖𝑓   

 |1 − 𝜇
3𝑡

22𝑡𝜙(𝛿)
| ≤

|[(12𝛼4 − 28𝛼3 + 15𝛼2 + 2𝛼 + 1) − (1 + 3𝛼 − 2𝛼2)2]𝑝2(𝑥) − 2(1 + 3𝛼 − 2𝛼2)2𝑞(𝑥)|

2(2𝛼2 + 1)𝑝2(𝑥)

                                             |𝑝(𝑥)|3 |1 − 𝜇
3𝑡

22𝑡𝜙(𝛿)
|                           

|[(12𝛼4 − 28𝛼3 + 15𝛼2 + 2𝛼 + 1) − (1 + 3𝛼 − 2𝛼2)2]𝑝2(𝑥) − 2(1 + 3𝛼 − 2𝛼2)2𝑞(𝑥)|3𝑡𝜙(𝛿)
    𝑖𝑓 

      |1 − 𝜇
3𝑡

22𝑡𝜙(𝛿)
| ≥

|[(12𝛼4 − 28𝛼3 + 15𝛼2 + 2𝛼 + 1) − (1 + 3𝛼 − 2𝛼2)2]𝑝2(𝑥) − 2(1 + 3𝛼 − 2𝛼2)2𝑞(𝑥)|

2(2𝛼2 + 1)𝑝2(𝑥)
.

        (12)  

Proof. Let  𝑘 ∈  𝒲Σ(𝛼, 𝑡, 𝜙(𝛿); 𝑥) be given by Taylor-Maclaurin expansion (1). Then, there are two holomorphic 

functions 𝑢 𝑎𝑛𝑑 𝑣 such that 

𝑢(0) = 0,          𝑣(0) = 0, 

|𝑢(𝑠)| = |𝑚1𝑠 + 𝑚2𝑠
2 +⋯ | < 1  ,  |𝑣(𝑟)| = |𝑛1𝑟 + 𝑛2𝑟

2 +⋯ | < 1              (∀ 𝑠, 𝑟 ∈ 𝛥). 

Hence, we can write  

𝑠 (𝐷𝑡𝑘𝜙(𝑠))
′

+ (2𝛼2 − 𝛼) 𝑠2 (𝐷𝑡𝑘𝜙(𝑠))
′′

4(𝛼 − 𝛼2)𝑠 + (2𝛼2 − 𝛼)𝑠 (𝐷𝑡𝑘𝜙(𝑠))
′

+ (2𝛼2 − 3𝛼 + 1)𝐷𝑡𝑘𝜙(𝑠)
= 𝐺𝐿𝑛(𝑥)(𝑢(𝑠)) − 1  

and  
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𝑟 (𝐷𝑡ℎ𝜙(𝑟))
′

+ (2𝛼2 − 𝛼) 𝑟2 (𝐷𝑡ℎ𝜙(𝑟))
′′

4(𝛼 − 𝛼2)𝑟 + (2𝛼2 − 𝛼)𝑟 (𝐷𝑡ℎ𝜙(𝑟))
′

+ (2𝛼2 − 3𝛼 + 1)𝐷𝑡ℎ𝜙(𝑟)
= 𝐺𝐿𝑛(𝑥)(𝑣(𝑟)) − 1. 

Or, equivalently, 

𝑠 (𝐷𝑡𝑘𝜙(𝑠))
′

+ (2𝛼2 − 𝛼) 𝑠2 (𝐷𝑡𝑘𝜙(𝑠))
′′

4(𝛼 − 𝛼2)𝑠 + (2𝛼2 − 𝛼)𝑠 (𝐷𝑡𝑘𝜙(𝑠))
′

+ (2𝛼2 − 3𝛼 + 1)𝐷𝑡𝑘𝜙(𝑠)
= −1 + 𝐿0(𝑥) + 𝐿1(𝑥)𝑢(𝑠) + 𝐿2(𝑥)[𝑢(𝑠)]

2 +⋯ 

and 

𝑟 (𝐷𝑡ℎ𝜙(𝑟))
′

+ (2𝛼2 − 𝛼) 𝑟2 (𝐷𝑡ℎ𝜙(𝑟))
′′

4(𝛼 − 𝛼2)𝑟 + (2𝛼2 − 𝛼)𝑟 (𝐷𝑡ℎ𝜙(𝑟))
′

+ (2𝛼2 − 3𝛼 + 1)𝐷𝑡ℎ𝜙(𝑟)
= −1 + 𝐿0(𝑥) + 𝐿1(𝑥)𝑣(𝑟) + 𝐿2(𝑥)[𝑣(𝑟)]

2 +⋯. 

From the above equalities, we obtain  

𝑠 (𝐷𝑡𝑘𝜙(𝑠))
′

+ (2𝛼2 − 𝛼) 𝑠2 (𝐷𝑡𝑘𝜙(𝑠))
′′

4(𝛼 − 𝛼2)𝑠 + (2𝛼2 − 𝛼)𝑠 (𝐷𝑡𝑘𝜙(𝑠))
′

+ (2𝛼2 − 3𝛼 + 1)𝐷𝑡𝑘𝜙(𝑠)
= 1 + 𝐿1(𝑥)𝑚1𝑠 + [𝐿1(𝑥)𝑚2 + 𝐿2(𝑥)𝑚1

2]𝑠2 +⋯.    (13) 

and  

𝑟 (𝐷𝑡ℎ𝜙(𝑟))
′

+ (2𝛼2 − 𝛼) 𝑟2 (𝐷𝑡ℎ𝜙(𝑟))
′′

4(𝛼 − 𝛼2)𝑟 + (2𝛼2 − 𝛼)𝑟 (𝐷𝑡ℎ𝜙(𝑟))
′

+ (2𝛼2 − 3𝛼 + 1)𝐷𝑡ℎ𝜙(𝑟)
= 1 + 𝐿1(𝑥)𝑛1𝑟 + [𝐿1(𝑥)𝑛2 + 𝐿2(𝑥)𝑛1

2]𝑟2 +⋯.   (14) 

Additionally, it is fairly well known that 

|𝑚𝑖| ≤ 1  𝑎𝑛𝑑  |𝑛𝑖| ≤ 1     ( 𝑖 ∈ ℕ ).                                                                              (15) 

Thus upon comparing the corresponding coefficients in (13) and (14), we have 

                               (1 + 3𝛼 − 2𝛼2)2𝑡𝜙(𝛿)𝑑2 = 𝐿1(𝑥)𝑚1,                                                               (16) 

(12𝛼4 − 28𝛼3 + 11𝛼2 + 2𝛼 − 1)22𝑡  𝜙2(𝛿)𝑑2
2 + (4𝛼2 + 2)3𝑡𝜙(𝛿)𝑑3 = 𝐿1(𝑥)𝑚1 + 𝐿2(𝑥)𝑚1

2,                                         (17) 

                         −(1 + 3𝛼 − 2𝛼2)2𝑡𝜙(𝛿)𝑑2 = 𝐿1(𝑥)𝑛1                                                                 (18) 

and  

(12𝛼4 − 28𝛼3 + 19𝛼2 + 2𝛼 + 3)22𝑡  𝜙2(𝛿)𝑑2
2 − (4𝛼2 + 2)3𝑡𝜙(𝛿)𝑑3 = 𝐿1(𝑥)𝑛2 + 𝐿2(𝑥)𝑛1

2.                                           (19) 

From (16) and (18), we can easily see that  

                                                𝑚1 = −𝑛1                                                                                                  (20) 

and 

                   (1 + 3𝛼 − 2𝛼2)222𝑡+1𝜙2(𝛿)𝑑2
2 = 𝐿1

2(𝑥)(𝑚1
2 + 𝑛1

2).                                                                          (21) 

If we add (17) to (19), we get  

                    (24𝛼4 − 56𝛼3 + 30𝛼2 + 4𝛼 + 2)22𝑡  𝜙2(𝛿)𝑑2
2 = 𝐿1(𝑥)(𝑚2 + 𝑛2) + 𝐿2(𝑥)(𝑚1

2 + 𝑛1
2).                                      (22) 

By using (21) in equation (22), we have  

         𝑑2
2 =

𝐿1
3(𝑥)(𝑚2 + 𝑛2)

[(24𝛼4 − 56𝛼3 + 30𝛼2 + 4𝛼 + 2)𝐿1
2(𝑥) − 2(1 + 3𝛼 − 2𝛼2)2𝐿2(𝑥)] 2

2𝑡  𝜙2(𝛿)
,                                 (23) 

which yields 

|𝑑2| ≤
|𝑝𝑥|√|𝑝𝑥|

 2𝑡𝜙(𝛿) √|[(12𝛼4 − 28𝛼3 + 15𝛼2 + 2𝛼 + 1) − (1 + 3𝛼 − 2𝛼2)2]𝑝2(𝑥) − 2(1 + 3𝛼 − 2𝛼2)2𝑞(𝑥)|
 . 

By subtracting (19) from (17) and in view of (20), we obtain  

4(2𝛼2 + 1)[3𝑡𝜙(𝛿)𝑑3 − 2
2𝑡  𝜙2(𝛿)𝑑2

2] = 𝐿1(𝑥)(𝑚2 − 𝑛2) + 𝐿2(𝑥)(𝑚1
2 − 𝑛1

2)     



Journal of Advances in Mathematics Vol 21 (2022) ISSN: 2347-1921                 https://rajpub.com/index.php/jam 

100  

 𝑑3 =
𝐿1(𝑥)(𝑚2 − 𝑛2)

4(2𝛼2 + 1)3𝑡𝜙(𝛿)
+
22𝑡  𝜙(𝛿)

3𝑡
𝑑2
2.                                                                                  (24) 

Then, in view of (21), (24) becomes  

𝑑3 =
𝐿1(𝑥)(𝑚2 − 𝑛2)

4(2𝛼2 + 1)3𝑡𝜙(𝛿)
+

𝐿1
2(𝑥)(𝑚1

2 + 𝑛1
2) 

2(1 + 3𝛼 − 2𝛼2)23𝑡𝜙(𝛿)
. 

Applying (5), we deduce that  

|𝑑3| ≤
|𝑝(𝑥)|

2(2𝛼2 + 1)3𝑡𝜙(𝛿)
+

𝑝2(𝑥)

(1 + 3𝛼 − 2𝛼2)3𝑡𝜙(𝛿)
.  

From (24), for 𝜇 ∈ ℝ, we write  

𝑑3 − 𝜇𝑑2
2 =

𝐿1(𝑥)(𝑚2 − 𝑛2)

4(2𝛼2 + 1)3𝑡𝜙(𝛿)
+ (

22𝑡  𝜙(𝛿)

3𝑡
− 𝜇)𝑑2

2.                                                         (25) 

By substituting (23) in (25), we get 

𝑑3 − 𝜇𝑑2
2 =

𝐿1(𝑥)(𝑚2 − 𝑛2)

4(2𝛼2 + 1)3𝑡𝜙(𝛿)
+ (

22𝑡 𝜙(𝛿)

3𝑡
− 𝜇)

𝐿1
3(𝑥)(𝑚2 + 𝑛2)

[(24𝛼4 − 56𝛼3 + 30𝛼2 + 4𝛼 + 2)𝐿1
2(𝑥) − 2(1 + 3𝛼 − 2𝛼2)2𝐿2(𝑥)]2

2𝑡 𝜙2(𝛿)
 

  

                  =
𝐿1(𝑥)

2
[(𝛺(𝜇, 𝑥) +

1

2(2𝛼2+1)3𝑡𝜙(𝛿)
)𝑚2 + (𝛺(𝜇, 𝑥) −

1

2(2𝛼2+1)3𝑡𝜙(𝛿)
) 𝑛2], 

where 

𝛺(𝜇, 𝑥) =
𝐿1
2(𝑥) (

22𝑡𝜙(𝛿)
3𝑡

− 𝜇)

[(12𝛼4 − 28𝛼3 + 15𝛼2 + 2𝛼 + 1)𝐿1
2(𝑥) − (1 + 3𝛼 − 2𝛼2)2𝐿2(𝑥)] 2

2𝑡  𝜙2(𝛿)
 . 

Hence, in view of (15), we conclude that   

|𝑑3 − 𝜇𝑑2
2| ≤

{
 
 

 
 |𝐿1(𝑥)|

2(2𝛼2 + 1)3𝑡𝜙(𝛿)
   𝑖𝑓  |𝛺(𝜇, 𝑥)|  ≤  

1

2(2𝛼2 + 1)3𝑡𝜙(𝛿)
   

 |𝐿1(𝑥)||𝛺(𝜇, 𝑥)|    𝑖𝑓  |𝛺(𝜇, 𝑥)| ≥
1

2(2𝛼2 + 1)3𝑡𝜙(𝛿)
,

 

which evidently completes the proof of Theorem 1. 

Remark 2 

1) If we put 𝛼 = 0 in Theorem 1, we get the outcomes which were indicated by Swamy et al.[16]. 

2) If we put 𝛼 = 0 ,  𝑡 = 0 and 𝜙(𝛿) = 1 in Theorem 1, we get the outcomes which were indicated by Altinkaya  [1]. 

3) If we put 𝛼 =
1

2
 ,  𝑡 = 0 and 𝜙(𝛿) = 1 in Theorem 1, we get the outcomes which were indicated by Altinkaya and 

Yalçin [3]. 

Cofficient bounds and Fekete–Szegӧ inequality for the class 𝓚𝚺(𝜶, 𝒕, 𝜙(𝜹); 𝒙) 

Definition 2 A function 𝑘 ∈ 𝛴 is said to be in the class 𝒦Σ(𝛼, 𝑡, 𝜙(𝛿); 𝑥) for 0 ≤ 𝛼 ≤ 1, 𝑡 ∈ 𝑁 ∪ {0}  and  𝜙(𝛿) =
2

1+𝑒−𝛿
 ,  

𝛿 ≥ 0, if the following conditions of subordination are satisfied: 

 (1 − 𝛼) (𝐷𝑡𝑘𝜙(𝑠))
′

+ 𝛼(1 +
𝑠 (𝐷𝑡𝑘𝜙(𝑠))

′′

(𝐷𝑡𝑘𝜙(𝑠))
′ ) ≺ 𝐺𝐿𝑛(𝑥)(𝑠) − 1                                                          (26) 

and 

(1 − 𝛼) (𝐷𝑡ℎ𝜙(𝑟))
′

+ 𝛼 (1 +
𝑟 (𝐷𝑡ℎ𝜙(𝑟))

′′

(𝐷𝑡ℎ𝜙(𝑟))
′ ) ≺ 𝐺𝐿𝑛(𝑥)(𝑟) − 1,                                                        (27) 

where the function  ℎ = 𝑘−1 is indicated by (2).  
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 Remark 3 

1) For 𝛼 = 1, 𝑡 = 0 and 𝜙(𝛿) = 1, the function class 𝒦Σ(𝛼, 𝑡, 𝜙(𝛿); 𝑥) shortens to the function class 𝐶(𝑥) presented 

and investigated by Altinkaya [1]. 

2) For 𝛼 = 0,  𝑡 = 0 and 𝜙(𝛿) = 1, the function class 𝒦Σ(𝛼, 𝑡, 𝜙(𝛿); 𝑥) shortens to the function class 𝒲Σ(𝜏 = 1; 𝑥) 

presented and investigated by Altinkaya  and Yalçin [3]. 

Theorem 2 Let the function 𝑘 ∈ Σ indicated by (1) be in the class 𝒦Σ(𝛼, 𝑡, 𝜙(𝛿); 𝑥). Then  

|𝑑2| ≤
|𝑝𝑥|√|𝑝𝑥|

 2𝑡𝜙(𝛿) √|(1 + 𝛼)𝑝2(𝑥) + 8𝑞(𝑥)|
                                                                            (28) 

and 

|𝑑3| ≤
|𝑝(𝑥)|

(1 + 𝛼)3𝑡+1𝜙(𝛿)
+

𝑝2(𝑥)

4 𝜙(𝛿) 3𝑡
,                                                                                  (29) 

and for some 𝜇 ∈ ℝ, 

|𝑑3 − 𝜇𝑑2
2| ≤

{
 
 

 
 

|𝑝(𝑥)|

(1 + 𝛼)3𝑡+1𝜙(𝛿)
   𝑖𝑓  |1 − 𝜇

3𝑡

22𝑡𝜙(𝛿)
| ≤

|(1 + 𝛼)𝑝2(𝑥) + 8𝑞(𝑥)|

3(1 + 𝛼)𝑝2(𝑥)

|𝑝(𝑥)|3 |1 − 𝜇
3𝑡

22𝑡𝜙(𝛿)
|

|(1 + 𝛼)𝑝2(𝑥) + 8𝑞(𝑥)|3𝑡𝜙(𝛿)
    𝑖𝑓  |1 − 𝜇

3𝑡

22𝑡𝜙(𝛿)
| ≥

|(1 + 𝛼)𝑝2(𝑥) + 8𝑞(𝑥)|

3(1 + 𝛼)𝑝2(𝑥)
 .          

               (30) 

Proof. Let 𝑘 ∈  𝒦Σ(𝛼, 𝑡, 𝜙(𝛿); 𝑥) be given by Taylor-Maclaurin expansion (1). Then, there are two holomorphic 

functions 𝑢 𝑎𝑛𝑑 𝑣 such that 

𝑢(0) = 0, 𝑣(0) = 0, 

|𝑢(𝑠)| = |𝑚1𝑠 + 𝑚2𝑠
2 +⋯ | < 1,        |𝑣(𝑟)| = |𝑛1𝑟 + 𝑛2𝑟

2 +⋯ | < 1                 (∀𝑠, 𝑟 ∈ 𝛥). 

Hence, we can write  

 (1 − 𝛼) (𝐷𝑡𝑘𝜙(𝑠))
′

+ 𝛼(1 +
𝑠 (𝐷𝑡𝑘𝜙(𝑠))

′′

(𝐷𝑡𝑘𝜙(𝑠))
′ ) = 𝐺𝐿𝑛(𝑥)(𝑢(𝑠)) − 1   

and  

(1 − 𝛼) (𝐷𝑡ℎ𝜙(𝑟))
′

+ 𝛼 (1 +
𝑟 (𝐷𝑡ℎ𝜙(𝑟))

′′

(𝐷𝑡ℎ𝜙(𝑟))
′ ) = 𝐺𝐿𝑛(𝑥)(𝑣(𝑟)) − 1. 

Or, equivalently, 

 (1 − 𝛼) (𝐷𝑡𝑘𝜙(𝑠))
′

+ 𝛼(1 +
𝑠 (𝐷𝑡𝑘𝜙(𝑠))

′′

(𝐷𝑡𝑘𝜙(𝑠))
′ ) = −1 + 𝐿0(𝑥) + 𝐿1(𝑥)𝑢(𝑠) + 𝐿2(𝑥)[𝑢(𝑠)]

2 +⋯ 

and 

  (1 − 𝛼) (𝐷𝑡ℎ𝜙(𝑟))
′

+ 𝛼(1 +
𝑟 (𝐷𝑡ℎ𝜙(𝑟))

′′

(𝐷𝑡ℎ𝜙(𝑟))
′ ) = −1 + 𝐿0(𝑥) + 𝐿1(𝑥)𝑣(𝑟) + 𝐿2(𝑥)[𝑣(𝑟)]

2 +⋯. 

From the above equalities, we obtain  

(1 − 𝛼) (𝐷𝑡𝑘𝜙(𝑠))
′

+ 𝛼(1 +
𝑠 (𝐷𝑡𝑘𝜙(𝑠))

′′

(𝐷𝑡𝑘𝜙(𝑠))
′ ) = 1 + 𝐿1(𝑥)𝑚1𝑠 + [𝐿1(𝑥)𝑚2 + 𝐿2(𝑥)𝑚1

2]𝑠2 +⋯                            (31) 

and  
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(1 − 𝛼) (𝐷𝑡ℎ𝜙(𝑟))
′

+ 𝛼(1 +
𝑟 (𝐷𝑡ℎ𝜙(𝑟))

′′

(𝐷𝑡ℎ𝜙(𝑟))
′ ) = 1 + 𝐿1(𝑥)𝑛1𝑟 + [𝐿1(𝑥)𝑛2 + 𝐿2(𝑥)𝑛1

2]𝑟2 +⋯.                              (32) 

Additionally, it is fairly well known that 

|𝑚𝑖| ≤ 1   𝑎𝑛𝑑   |𝑛𝑖| ≤ 1     ( 𝑖 ∈ ℕ ).                                                                              (33) 

Thus upon comparing the corresponding coefficients in (31) and (32), we have 

                                                  2𝑡+1𝜙(𝛿)𝑑2 = 𝐿1(𝑥)𝑚1,                                                                                        (34) 

            (1 + 𝛼)3𝑡+1𝜙(𝛿)𝑑3 − 𝛼 2
2(𝑡+1) 𝜙2(𝛿)𝑑2

2 = 𝐿1(𝑥)𝑚1 + 𝐿2(𝑥)𝑚1
2,                                                                  (35) 

                                               − 2𝑡+1𝜙(𝛿)𝑑2 = 𝐿1(𝑥)𝑛1                                                                                          (36) 

and  

        − (1 + 𝛼)3𝑡+1𝜙(𝛿)𝑑3 + (𝛼 + 3)2
2𝑡+1 𝜙2(𝛿)𝑑2

2 = 𝐿1(𝑥)𝑛2 + 𝐿2(𝑥)𝑛1
2.                                                                    (37) 

From (34) and (36), we can easily see that  

 𝑚1 = −𝑛1                                                                                                 (38) 

and 

 22𝑡+3𝜙2(𝛿)𝑑2
2 = 𝐿1

2(𝑥)(𝑚1
2 + 𝑛1

2).                                                                          (39) 

If we add (35) to (37), we get  

(3 − 𝛼)22𝑡+1 𝜙2(𝛿)𝑑2
2 = 𝐿1(𝑥)(𝑚2 + 𝑛2) + 𝐿2(𝑥)(𝑚1

2 + 𝑛1
2).                                     (40) 

By using (39) in equation (40), we have  

𝑑2
2 =

𝐿1
3(𝑥)(𝑚2 + 𝑛2)

[(3 − 𝛼)𝐿1
2(𝑥) − 4𝐿2(𝑥)] 2

2𝑡+1 𝜙2(𝛿)
,                                                                (41) 

which yields 

|𝑑2| ≤
|𝑝𝑥|√|𝑝𝑥|

 2𝑡𝜙(𝛿) √|(1 + 𝛼)𝑝2(𝑥) + 8𝑞(𝑥)|
 . 

By subtracting (37) from (35) and in view of (38), we obtain 

(1 + 𝛼)[2𝜙(𝛿)3𝑡+1𝑑3 − 3𝜙
2(𝛿)22𝑡+1𝑑2

2] = 𝐿1(𝑥)(𝑚2 − 𝑛2) + 𝐿2(𝑥)(𝑚1
2 − 𝑛1

2) 

𝑑3 =
𝐿1(𝑥)(𝑚2 − 𝑛2)

2(1 + 𝛼)3𝑡+1𝜙(𝛿)
+
22𝑡  𝜙(𝛿)

3𝑡
𝑑2
2.                                                                             (42) 

Then, in view of (39), (42) becomes  

𝑑3 =
𝐿1(𝑥)(𝑚2 − 𝑛2)

2(1 + 𝛼)3𝑡+1𝜙(𝛿)
+
𝐿1
2(𝑥)(𝑚1

2 + 𝑛1
2) 

8 𝜙(𝛿) 3𝑡
.  

Applying (5), we deduce that  

 |𝑑3| ≤
|𝑝(𝑥)|

(1 + 𝛼)3𝑡+1𝜙(𝛿)
+

𝑝2(𝑥)

4 𝜙(𝛿) 3𝑡
. 

From (42), for 𝜇 ∈ ℝ, we write 

𝑑3 − 𝜇𝑑2
2 =

𝐿1(𝑥)(𝑚2 − 𝑛2)

2(1 + 𝛼)3𝑡+1𝜙(𝛿)
+ (

22𝑡  𝜙(𝛿)

3𝑡
− 𝜇)𝑑2

2.                                                                                           (43) 

By substituting (41) in (43), we get  

𝑑3 − 𝜇𝑑2
2 =

𝐿1(𝑥)(𝑚2 − 𝑛2)

2(1 + 𝛼)𝜙(𝛿)3𝑡+1
+ (

22𝑡  𝜙(𝛿)

3𝑡
− 𝜇)

𝐿1
3(𝑥)(𝑚2 + 𝑛2)

[(3 − 𝛼)𝐿1
2(𝑥) − 4𝐿2(𝑥)] 2

2𝑡+1 𝜙2(𝛿)
, 
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                                                  =
𝐿1(𝑥)

2
[(𝛺(𝜇, 𝑥) +

1

(1+𝛼)3𝑡+1𝜙(𝛿)
)𝑚2 + (𝛺(𝜇, 𝑥) −

1

(1+𝛼)3𝑡+1𝜙(𝛿)
) 𝑛2], 

where 

𝛺(𝜇, 𝑥) =
𝐿1
2(𝑥) (

22𝑡𝜙(𝛿)
3𝑡

− 𝜇)

[(3 − 𝛼)𝐿1
2(𝑥) − 4𝐿2(𝑥)] 2

2𝑡  𝜙2(𝛿)
 . 

Hence, in view of (33), we conclude that   

|𝑑3 − 𝜇𝑑2
2| ≤

{
 
 

 
 |𝐿1(𝑥)|

(1 + 𝛼)3𝑡+1𝜙(𝛿)
   𝑖𝑓       |𝛺(𝜇, 𝑥)|  ≤  

1

(1 + 𝛼)3𝑡+1𝜙(𝛿)

 |𝐿1(𝑥)||𝛺(𝜇, 𝑥)|      𝑖𝑓      |𝛺(𝜇, 𝑥)| ≥
1

(1 + 𝛼)3𝑡+1𝜙(𝛿)
,

 

which evidently completes the proof of Theorem 2. 

Remark 4 

1) If we put 𝛼 = 1, 𝑡 = 0 and 𝜙(𝛿) = 1  in Theorem 2, we get the outcomes which were indicated by Altinkaya [1]. 
2) If we put 𝛼 = 0, 𝑡 = 0 and 𝜙(𝛿) = 1  in Theorem 2, we get the outcomes which were  indicated by Altinkaya and 

Yalçin [3]. 

Cofficient bounds and Fekete–Szegӧ inequality for the class  𝓣𝚺(𝜷, 𝒕, 𝝓(𝜹); 𝒙) 

Definition 3 A function 𝑘 ∈ 𝛴 is said to be in the class 𝒯Σ(𝛽, 𝑡, 𝜙(𝛿); 𝑥) for 𝛽 ≥ 0 , 𝑡 ∈ 𝑁 ∪ {0}  and  𝜙(𝛿) =
2

1+𝑒−𝛿
 , 𝛿 ≥

0, if the following conditions of subordination are satisfied: 

(𝑠 (𝐷𝑡𝑘𝜙(𝑠))
′

+ 𝛽 (𝑆2 (𝐷𝑡𝑘𝜙(𝑠))
′′

))

′

(𝐷𝑡𝑘𝜙(𝑠))
′ ≺ 𝐺𝐿𝑛(𝑥)(𝑠) − 1                                                             (44) 

and 

  

(𝑟 (𝐷𝑡ℎ𝜙(𝑟))
′

+ 𝛽 (𝑟2 (𝐷𝑡ℎ𝜙(𝑟))
′′

))

′

(𝐷𝑡ℎ𝜙(𝑟))
′ ≺ 𝐺𝐿𝑛(𝑥)(𝑟) − 1,                                                           (45) 

where the function  ℎ = 𝑘−1 is indicated by (2).  

 Remark 5 For 𝛽 = 0, 𝑡 = 0 and 𝜙(𝛿) = 1, the function class 𝒯Σ(𝛽, 𝑡, 𝜙(𝑠); 𝑥) shortens to the function class 𝐶(𝑥) 

presented and investigated by Altinkaya [1]. 

Theorem 3 Let the function 𝑘 ∈ Σ indicated by (1) be in the class 𝒯Σ(𝛽, 𝑡, 𝜙(𝛿); 𝑥). Then  

 |𝑑2| ≤
|𝑝𝑥|√|𝑝𝑥|

 2𝑡𝜙(𝛿) √|2(1 + 3𝛽 + 8𝛽2)𝑝2(𝑥) + 8(1 + 2𝛽)2𝑞(𝑥)|
                                                             (46)  

and 

|𝑑3| ≤
|𝑝(𝑥)|

2(1 + 3𝛽)3𝑡+1𝜙(𝛿)
+

𝑝2(𝑥)

4(1 + 2𝛽)2 3𝑡𝜙(𝛿)
,                                                                                  (47) 

and for some 𝜇 ∈ ℝ, 
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|𝑑3 − 𝜇𝑑2
2| ≤

{
 
 
 
 
 

 
 
 
 
 

|𝑝(𝑥)|

2(1 + 3𝛽)3𝑡+1𝜙(𝛿)
   𝑖𝑓   

 |1 − 𝜇
3𝑡

22𝑡𝜙(𝛿)
| ≤

|(1 + 3𝛽 + 8𝛽2)𝑝2(𝑥) + 4(1 + 2𝛽)2𝑞(𝑥)|

3(1 + 3𝛽)𝑝2(𝑥)

|𝑝(𝑥)|3 |1 − 𝜇
3𝑡

22𝑡𝜙(𝛿)
|

2|(1 + 3𝛽 + 8𝛽2)𝑝2(𝑥) + 4(1 + 2𝛽)2𝑞(𝑥)|3𝑡𝜙(𝛿)
    𝑖𝑓 

      |1 − 𝜇
3𝑡

22𝑡𝜙(𝛿)
| ≥

|(1 + 3𝛽 + 8𝛽2)𝑝2(𝑥) + 4(1 + 2𝛽)2𝑞(𝑥)|

3(1 + 3𝛽)𝑝2(𝑥)
.

                                          (48) 

Proof. Let 𝑘 ∈  𝒯Σ(𝛽, 𝑡, 𝜙(𝛿); 𝑥) be given by Taylor-Maclaurin expansion (1). Then, there are two holomorphic functions 

𝑢 𝑎𝑛𝑑 𝑣 such that 

𝑢(0) = 0, 𝑣(0) = 0, 

|𝑢(𝑠)| = |𝑚1𝑠 + 𝑚2𝑠
2 +⋯ | < 1,       |𝑣(𝑟)| = |𝑛1𝑟 + 𝑛2𝑟

2 +⋯ | < 1                (∀𝑠, 𝑟 ∈ 𝛥). 

Hence, we can write  

 

(𝑠 (𝐷𝑡𝑘𝜙(𝑠))
′

+ 𝛽 (𝑆2 (𝐷𝑡𝑘𝜙(𝑠))
′′

))

′

(𝐷𝑡𝑘𝜙(𝑠))
′ = 𝐺𝐿𝑛(𝑥)(𝑢(𝑠)) − 1  

and  

  

(𝑟 (𝐷𝑡ℎ𝜙(𝑟))
′

+ 𝛽 (𝑟2 (𝐷𝑡ℎ𝜙(𝑟))
′′

))

′

(𝐷𝑡ℎ𝜙(𝑟))
′ = 𝐺𝐿𝑛(𝑥)(𝑣(𝑟)) − 1. 

Or, equivalently, 

 

(𝑠 (𝐷𝑡𝑘𝜙(𝑠))
′

+ 𝛽 (𝑆2 (𝐷𝑡𝑘𝜙(𝑠))
′′

))

′

(𝐷𝑡𝑘𝜙(𝑠))
′ = −1 + 𝐿0(𝑥) + 𝐿1(𝑥)𝑢(𝑠) + 𝐿2(𝑥)[𝑢(𝑠)]

2 +⋯ 

and 

(𝑟 (𝐷𝑡ℎ𝜙(𝑟))
′

+ 𝛽 (𝑟2 (𝐷𝑡ℎ𝜙(𝑟))
′′

))

′

(𝐷𝑡ℎ𝜙(𝑟))
′ = −1 + 𝐿0(𝑥) + 𝐿1(𝑥)𝑣(𝑟) + 𝐿2(𝑥)[𝑣(𝑟)]

2 +⋯. 

From the above equalities, we obtain  

(𝑠 (𝐷𝑡𝑘𝜙(𝑠))
′

+ 𝛽 (𝑆2 (𝐷𝑡𝑘𝜙(𝑠))
′′

))

′

(𝐷𝑡𝑘𝜙(𝑠))
′ = 1 + 𝐿1(𝑥)𝑚1𝑠 + [𝐿1(𝑥)𝑚2 + 𝐿2(𝑥)𝑚1

2]𝑠2 +⋯                                (49) 

and  

(𝑟 (𝐷𝑡ℎ𝜙(𝑟))
′

+ 𝛽 (𝑟2 (𝐷𝑡ℎ𝜙(𝑟))
′′

))

′

(𝐷𝑡ℎ𝜙(𝑟))
′ = 1 + 𝐿1(𝑥)𝑛1𝑟 + [𝐿1(𝑥)𝑛2 + 𝐿2(𝑥)𝑛1

2]𝑟2 +⋯.                                 (50) 

Additionally, it is fairly well known that 

|𝑚𝑖| ≤ 1 , |𝑛𝑖| ≤ 1        ( 𝑖 ∈ ℕ ).                                                                                (51) 

Thus upon comparing the corresponding coefficients in (49) and (50), we have 

                                (1 + 2𝛽) 2𝑡+1𝜙(𝛿)𝑑2 = 𝐿1(𝑥)𝑚1,                                                                                       (52) 
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2(1 + 3𝛽)3𝑡+1𝜙(𝛿)𝑑3 − (1 + 2𝛽) 2
2(𝑡+1) 𝜙2(𝛿)𝑑2

2 = 𝐿1(𝑥)𝑚1 + 𝐿2(𝑥)𝑚1
2,                                                                 (53) 

              − (1 + 2𝛽)2𝑡+1𝜙(𝛿)𝑑2 = 𝐿1(𝑥)𝑛1                                                                                         (54) 

and  

(2 + 7𝛽)22(𝑡+1) 𝜙2(𝛿)𝑑2
2 − 2(1 + 3𝛽)3𝑡+1𝜙(𝛿)𝑑3 = 𝐿1(𝑥)𝑛1 + 𝐿2(𝑥)𝑛1

2.                                                                   (55) 

From (52) and (54), we can easily see that  

 𝑚1 = −𝑛1                                                                                                 (56) 

and 

   (1 + 2𝛽)2 22𝑡+3𝜙2(𝛿)𝑑2
2 = 𝐿1

2(𝑥)(𝑚1
2 + 𝑛1

2).                                                                         (57) 

If we add (53) to (55), we get  

(1 + 5𝛽)22(𝑡+1) 𝜙2(𝛿)𝑑2
2 = 𝐿1(𝑥)(𝑚2 + 𝑛2) + 𝐿2(𝑥)(𝑚1

2 + 𝑛1
2).                                    (58) 

By using (57) in equation (58), we have  

 𝑑2
2 =

𝐿1
3(𝑥)(𝑚2 + 𝑛2)

[(1 + 5𝛽)𝐿1
2(𝑥) − 2(1 + 2𝛽)2𝐿2(𝑥)] 2

2(𝑡+1) 𝜙2(𝛿)
,                                                     (59) 

which yields 

 |𝑑2| ≤
|𝑝𝑥|√|𝑝𝑥|

 2𝑡𝜙(𝛿) √|2(1 + 3𝛽 + 8𝛽2)𝑝2(𝑥) + 8(1 + 2𝛽)2𝑞(𝑥)|
 .  

By subtracting (55) from (53) and in view of (56), we obtain  

 (1 + 3𝛽)[4𝜙(𝛿)3𝑡+1𝑑3 − 3𝜙
2(𝛿)22(𝑡+1)𝑑2

2] = 𝐿1(𝑥)(𝑚2 − 𝑛2) + 𝐿2(𝑥)(𝑚1
2 − 𝑛1

2) 

 𝑑3 =
𝐿1(𝑥)(𝑚2 − 𝑛2)

4(1 + 3𝛽)3𝑡+1𝜙(𝛿)
+
22𝑡  𝜙(𝛿)

3𝑡
𝑑2
2.                                                                             (60) 

Then, in view of (57), (60) becomes  

 𝑑3 =
𝐿1(𝑥)(𝑚2 − 𝑛2)

4(1 + 3𝛽)3𝑡+1𝜙(𝛿)
+

𝐿1
2(𝑥)(𝑚1

2 + 𝑛1
2) 

8(1 + 2𝛽)2 𝜙(𝛿) 3𝑡
. 

Applying (5), we deduce that  

 |𝑑3| ≤
|𝑝(𝑥)|

2(1 + 3𝛽)3𝑡+1𝜙(𝛿)
+

𝑝2(𝑥)

4(1 + 2𝛽)2 3𝑡  𝜙(𝛿) 
.  

From (60), for 𝜇 ∈ ℝ, we write 

𝑑3 − 𝜇𝑑2
2 =

𝐿1(𝑥)(𝑚2 − 𝑛2)

4(1 + 3𝛽)3𝑡+1𝜙(𝛿)
+ (

22𝑡  𝜙(𝛿)

3𝑡
− 𝜇)𝑑2

2.                                                                 

                            𝑑3 − 𝜇𝑑2
2 =

𝐿1(𝑥)(𝑚2 − 𝑛2)

4(1 + 3𝛽)3𝑡+1 𝜙(𝛿)
+ (

22𝑡  𝜙(𝛿)

3𝑡
− 𝜇)

𝐿1
3(𝑥)(𝑚2 + 𝑛2)

[(1 + 5𝛽)𝐿1
2(𝑥) − 2(1 + 2𝛽)2𝐿2(𝑥)] 2

2(𝑡+1) 𝜙2(𝛿)
, 

                                                   =
𝐿1(𝑥)

2
[(𝛺(𝜇, 𝑥) +

1

2(1+3𝛽)3𝑡+1𝜙(𝛿)
)𝑚2 + (𝛺(𝜇, 𝑥) −

1

2(1+3𝛽)3𝑡+1𝜙(𝛿)
) 𝑛2], 

where 

𝛺(𝜇, 𝑥) =
𝐿1
2(𝑥) (

22𝑡𝜙(𝛿)
3𝑡

− 𝜇)

[(1 + 5𝛽)𝐿1
2(𝑥) − 2(1 + 2𝛽)2𝐿2(𝑥)] 2

2𝑡+1 𝜙2(𝛿)
 . 

Hence, in view of (51), we conclude that   

 |𝑑3 − 𝜇𝑑2
2| ≤

{
 
 

 
 |𝐿1(𝑥)|

2(1 + 3𝛽)3𝑡+1𝜙(𝛿)
   𝑖𝑓   |𝛺(𝜇, 𝑥)|  ≤  

1

2(1 + 3𝛽)3𝑡+1𝜙(𝛿) 

 |𝐿1(𝑥)||𝛺(𝜇, 𝑥)|   𝑖𝑓  |𝛺(𝜇, 𝑥)| ≥
1

2(1 + 3𝛽)3𝑡+1𝜙(𝛿)
,
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which evidently completes the proof of Theorem 3. 

Remark 6 If we put 𝛽 = 0, 𝑡 = 0 and 𝜙(𝛿) = 1  in Theorem 3, we get the outcomes which were  indicated by Altinkaya 

[1]. 

References 

1. Ş. Altinkaya, Inclusion properties of  Lucas polynomials for bi-univalent functions introduced through the q-

analogue of the Noor integral operator, Turkish J. Math., 43(2019), 620-629.  

2. Ş. Altinkaya and S. Yalçin, On the (𝑝, 𝑞) −Lucas polynomial coefficient  bounds of the bi-univalent functions 

class 𝜎, Boletin dela Sociedad Matematica Mexicana, (2018), 1-9.  

3. Ş. Altinkaya and S. Yalçin, (𝑝, 𝑞) −Lucas polynomials and their applications to bi-univalent functions, 

Proyecciones, 39(5)(2019), 1093-1105.  

4. N. A. J. Al-Ziadi and A. K. Wanas, Coefficient bounds and Fekete-Szegӧ inequality for a certain families of bi-

prestarlike functions defined by (M,N)-Lucas polynomials, Journal of Advances in Mathematics, 20(2021), 121-

134.  

5. S. Bulut, Faber polynomial coefficient estimates for a comprehensive subclass of analytic bi-univalent 

functions, C. R. Acad. Paris. Ser. I., 352(6)(2014), 479-484.  

6. P. L. Duren, Univalent Functions, Vol. 259 of Grundlehren der Mathematischen Wissenschaften, Springer, New    

York, NY, USA, (1983).  

7. O. A. Fadipe-Joseph, B. B. Kadir, S. E. Akinwumi and E. O. Adeniran, Polynomial bounds for a class of univalent 

function involving Sigmoid function, Khayyam J. Math. 4(1)(2018). 7-20.  

8. B. A. Frasin, M. K. Aouf, New subclasses of bi-univalent functions. Appl. Math. Lett., 24(2011), 1569-1573.  

9. A. F. Horadam and J. M. Mahon, Pell and Pell-Lucas polynomials, Fibonacci Quart., 23(1985), 7-20.  

10. T. Horzum and E. Gӧkçen  Koçer, On some properties of Horadam polynomials, Int. Math. Forum, 4(2009), 

1243-1252.  

11. A. Lupas, A guide of Fibonacci and Lucas polynomials, Octogon Math. Mag., 7(1999), 3-12.  

12. G. Ş. Sǎlǎgean, Subclasses of univalent functions, Lecture Notesin Math., Springer,  Berlin, 1013(1983), 362-

372.  

13. T. G. Shaba and A. K. Wanas, Coefficient bounds for a new family of bi-univalent functions associated with 

(U,V )-Lucas polynomials, Int. J. Nonlinear Anal. Appl. 13(1) (2022), 615-626.  

14. H. M. Srivastava, S. Gaboury and F. Ghanim, Coefficient estimates for some subclasses of m-fold symmetric 

bi-univalent functions, Acta Universitatis Apulensis, 41(2015), 153-164.  

15. H. M. Srivastava, A. K. Mishra and P. Gochhayat, Certain subclasses of analytic and bi-univalent functions, 

Appl. Math. Lett., 23(2010), 1188–1192.  

16. S. R. Swamy, P. K. Mamatha, N. Magesh and J. Yamini, Certain subclasses of bi-univalent functions defined by 

Sǎlǎgean operator with the  (p, q) −Lucas polynomial, Advances in Mathematics: Scientific Journal, 9(8)(2020), 

6017-6025.  

17. S. R. Swamy, A. K. Wanas and Y. Sailaja, Some special families of holomorphic and Sălăgean type bi-univalent 

functions associated with (m,n)-Lucas polynomials, Communications in Mathematics and Applications, 

11(4)(2020), 563-574.  

 


