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Abstract 

In this paper, we introduce the notions of hesitant fuzzy primary ideal and completely primary ideal, hesitant 

fuzzy semiprimary ideals of a Γ -ring, and discuss the relation between hesitant primary ideal, completely 

primary and semiprimary.    
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Introduction  

N.Nobusawa [9 ] in troduces the notion of 𝛤-ring as more general that a ring .W.E.Barnes [ 1] we akened the 

conditis on of definition of  𝛤 -ring in the sence of Nobusawa Barnes ,K.Yuno and Luh[6 ] studied the structure 

of 𝛤-ring and obtained various generalizations .  

In 1991the notions of primary ideal by D.Malik and Mordeson.J.N [ 7] introduced the concept of fuzzy ring . 

 Fairooze .A, Abbasi . M.Y and sabahat Ali [ 3] introduced the notions of hesitant fuzzy ideal .  

In 1982 S Kyuno ,[4 ]  ,  study  the concept of prime ideal in 𝛤-rings  . Mohammad and other [8 ] in 2018 

introduced the concepts hesitant fuzzy ideal , hesitant fuzzy primary ideal in ring and some other concepts .In 

this paper , we introduce the notions of hesitant fuzzy primary ideal and completely primary ideal , hesitant 

fuzzy semiprimary ideals of a 𝛤 -ring , and discuss the relation between hesitant primary ideal ,completely 

primary and semiprimary.    

2. HESITANT FUZZY PRIMARY IDEAL IN 𝜞 − RING.    

Proposition 2.1 

   Let M be a 𝛤-ring and Let h1 ∈ HFI(M) , then for any X ∈ M , 𝛼 ∈ 𝛤 

    1- h(x) ⊆ h(0) 

    2- h(-x) ⊆ h(x)                                                                                                                      

 Proof ⁚ 

   Assume that   hϵHFI(M).                                                                                                          

   1. Since 0=x-x  , hence h(0)=h(x-x) =h(x)∩h(x)=h(x).thus h(x) = h(0).                                                                                

   2. h(-x)=h(0-x) = h(0) ∩ h(x), so by condition (1), we have h(0) ∩ h(x)=h(x) .   

   Thus h(-x) = h(x)  ……. (1) . 

    Also  h(x) =h(0-(-x)) = h(0) ∩h(-x)  ,so by condition (1) , we have  h(0)∩h(-x) =h(-x).                                                                                                                      

    So  that  h(x) =h(-x) …….(2). 

    From (1),(2)  we get  h (-x)=(x).                                                                                                                                                           

Theorem 2.2 

    Let M be a 𝛤-ring and Let h be a hesitant fuzzy ideal of M, then 

   1- The t-lower bound ht
- ∈ HFI(M). 

   2-The t-upper bound ht
+ ∈ HFI(M).                                                                                     
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Proof ⁚                                                                                          

       suppose that hϵHFI(M),let x,y ϵM,and αϵ𝛤.                                                                 

     We have  ℎ𝑡
−(x-y)={kϵh(x-y): k≤t}⊇{kϵh(x)˄kϵh(y):k≤t}                           

                               ={kϵh(x)⁚k≤t˄kϵh(y):k≤t}    

                               ={kϵh(x)⁚k≤t}∩{kϵh(y):k≤t}     =ℎ𝑡
−(x)∩ℎ𝑡

−(y).                                                                          

Thus ℎ𝑡
−(x-y)⊇ ℎ𝑡

−(x)∩ℎ𝑡
−(y)……..(1) . 

 Now, ℎ𝑡
−(xαy)={kϵh(xαy):k≤t} ⊇{kϵh(x)Սh(y):k≤t} 

                        ={kϵh(x)k∨ϵh(y):k≤t}={kϵh(x):k≤t}Ս {kϵh(y):k≤t} 

                         =ℎ𝑡
−(x) Ս ℎ𝑡

−(y).   

  Hence ℎ𝑡
−(xαy) ⊇ ℎ𝑡

−(x) Ս ℎ𝑡
−(y)…….(2).                                                            

  Frome (1) and (2) , we get ℎ𝑡
− ϵHFI(M).                                                                                    

   by the  same way,we can prove (2). 

 Definition 2.3 

   Let M be a 𝛤-ring and Let h1 , h2 are two hesitant fuzzy set of M , S > 0 if  S is constant , then  

   1- hs(x) = ∪𝑘 ∈ℎ(𝑥){k
s} ≅ { ks : k ∈ h(x) } 

   2- s.h (x) = ∪𝑘 ∈ℎ(𝑥){1 – (1 – k)s} ≅ { 1 – (1 – k)s : k ∈ h(x) } 

Proposition  2.4 

   Let M be a 𝛤-ring and Let h be a hesitant fuzzy ideal of M, then hs is a hesitant fuzzy ideal ,where s > 0,   s  is 

constant. 

Proof:  Suppos that h is ahesitant fuzzy ideal of M and x,yϵ M and α𝜖𝛤,then 

     ℎ𝑠(x-y)={𝑘𝑠: kϵh(x-y) }⊇{𝑘𝑠⁚𝑘𝜖ℎ𝜖𝑥) ∩ ℎ(𝑦) }                                            

                ={𝑘𝑠:kϵh(x)˄ kϵh(y)} 

                ={𝑘𝑠:kϵh(x)} ∩ {𝑘𝑠:kϵh(y)} 

                =ℎ𝑠(x) ∩ ℎ𝑠(y).                                        

     Thus  ℎ𝑠(x-y)⊇ℎ𝑠(x) ∩ ℎ𝑠(y)………(1)                                                                                               

     and   ℎ𝑠(xαy)={𝑘𝑠  : kϵh(xαy)} ⊇ {𝑘𝑠⁚ kϵh(x) Ս h(y)} 

                      ={𝑘𝑠⁚kϵh(x)˅kϵh(x)} 

                      ={𝑘𝑠 ⁚ kϵh(x)}∪{𝑘𝑠⁚ kϵh(y)} 

                      =ℎ𝑠(x) ∪ ℎ𝑠(𝑦).                                                           

    Thus ,ℎ𝑠(xαy)⊇ℎ𝑠(x) ∪ ℎ𝑠(y)……..(2).                                                                       .                                                                                                           

    From (1)and(2) we get ℎ𝑠 is a hesitant fuzzy ideal of M. 

Definition 2.5` 

  Let M be a 𝛤-ring. A hesitant fuzzy ideal h of M is said to be a hesitant fuzzy Primary ideal (in Short , HFYI) if 

for any x,y ∈ M, 𝛼 ∈ 𝛤,   

            h(x 𝛼 y) ⊆ h(x) ∪ h((y 𝛼)n-1y) , for some n ∈ N . 

We will denote the set of all hesitant fuzzy Primary ideals in M as HFYI (M). 
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Example 2.6 

   let (Z2, +2) , (Z , +) are additive abelion groups then (Z2, +2) is Z-ring where   𝑍2 = {0 , 1 } and h:Z2 → P[0, 1], 

define as following : h = {[0.2 , 0.7] 𝑖𝑓 𝑥 = 1 [0.2 , 0.5] 𝑖𝑓 𝑥 = 0  

then we easily wee that h ∈ HFI(Z2) , for any  m ∈ N                                                         h(0 .2 0 .2 0) ⊆ h(0) ∪ 

h(0m)=h(0)Ս h(0) 

h(0 .2 1 .2 0) ⊆ h(0) ∪ h(0m)=h(0)Ս h(0) 

h(1 .2 2 .2 1) = h(0) ⊆ h(1) ∪ h(1m)=h(1)Ս  h(1) 

h(1 .2 3 .2 1) = h(1) ⊆ h(1) ∪ h(1m)=h(1) Ս h(1) 

Thus h is  hesitant fuzzy semi primary ideal of Z-ring 

Remark 2.7 

Let M be a 𝛤-ring. If h ∈ HFYI (M), then h(x 𝛼 y) = h(x) ∪ h((y 𝛼 )n-1y)    for any x , y ∈ M and 𝛼 ∈ 𝛤 

 

3- Main Results 

Proposition 3.1 

Let M be a 𝛤-ring, A hesitant fuzzy ideal of M is acalled hesitant fuzzy Primary ideal, if h(x 𝛼 y) = h(0) 

implies h(x)=h(o) or h((y 𝛼 )n-1y) = h(0), for some   m ∈ N. 

Poof⁚                                                                                                                              

 Assume that the condition is hold. 

since h(x) ⊆ h(0) , for all x ∈ M by proposition  2.1 

so h(x 𝛼 y) = h(0) = h(0) ∪ h(0) = h(x) ∪ h(0) = h(0) ∪ h((y 𝛼 )n-1y)   

 = h(x) ∪ h((y 𝛼 )n-1y)  

Thus h(x 𝛼 y) = h(x) ∪ h((y 𝛼 )n-1y) , where h(x)=h(0) or h((y 𝛼 )n-1y) = h(0)   

for some n ∈ N. 

Proposition 3.2 

Let M be a 𝛤-ring. Every hesitant fuzzy Prime ideal is a hesitant Primary ideal of M. 

 The proof is directly from definition 2.5. 

Definition3.3[2;10]                                                                                                                     

  Let ℎ1 ,ℎ2  be two hesitant fuzzy sets on X and S˃0 (costant),then  

1. (ℎ1⨁ ℎ2)(𝑥) =∪𝑘1∈ℎ1,𝑘2∈ℎ2
{𝑘1 + 𝑘2 − 𝑘1𝑘2} ≅ {𝑘1 + 𝑘2 − 𝑘1𝑘2| 𝑘1 ∈ ℎ1,𝑘2 ∈ ℎ2} 

2.   (ℎ1 ⊗ ℎ2)(𝑥) =∪𝑘1∈ℎ1,𝑘2∈ℎ2  {𝑘1𝑘2} ≅ {𝑘1𝑘2⁚𝑘1 ∈ ℎ1, 𝑘2 ∈ ℎ2}.   

3. . (ℎ1 ⊖ ℎ2)(𝑥) = {𝑡⁚  𝑘1  ∈ ℎ1(𝑥), 𝑘2  ∈ ℎ2    ∈ ℎ2 (𝑥)} 

𝑤ℎ𝑒𝑟𝑒 𝑡 = {
0                      𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝑘1−𝑘2
1−𝑘2

 𝑖𝑓 𝑘1≥𝑘2,  𝑘2≠0
                                   

4. (ℎ1 ⦸ ℎ2) (𝑥) = {𝑡⁚𝑘1 ∈ ℎ1(𝑥), 𝑘2 ∈ ℎ2(𝑥)} . 𝑤ℎ𝑒𝑟𝑒 𝑡 = {
1 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝑘1           

𝑘2
     𝑖𝑓 𝑘1≤𝑘2 ,𝑘2≠0

 

 

Proposition 3.4 

Let M be a 𝛤-ring and let ℎ  be a hesitant fuzzy Primary ideal of M if s is constant. Then 

1- hs is a hesitant fuzzy Primary ideal of M, where S˃0. 

2- s.h is a hesitant fuzzy Primary ideal of M. 
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3- (hs)s is a hesitant fuzzy Primary ideal of M. 

Proof ⁚ 

1.Assume that h is a hesitant fuzzy Primary ideal of M. 

it is clear that hs is a hesitant fuzzy ideal of M , By Definition 2.5 and proposition2.4 

Thus, hs(x 𝛼 y) ={ks : k ∈ h(x 𝛼 y)}={ ks :k ∈ h(x) ∪ h((y 𝛼 )n-1y)},for some n ∈ N 

 ={ ks :k ∈ h(x) ∨ h((y 𝛼 )n-1y)} 

={ ks :k ∈ h(x)} ∪ { ks :k ∈ h((y 𝛼 )n-1y)} 

= hs(x) ∪ hs((y 𝛼 )n-1y)  

This hs(x 𝛼 y)  = hs(x) ∪ hs((y 𝛼 )n-1y) for some n ∈ N 

Thus hs is a hesitant fuzzy primary ideal of M. 

 

2.Assume that h is a hesitant fuzzy Primary ideal of M 

it is clear that s.h is a hesitant fuzzy ideal of M, By Definition 2.5  and Definition 3.3 

Thus, s.h(x 𝛼 y) = {1-(1-k)s : k ∈ h(x 𝛼 y)} = {1-(1-k)s : k ∈ h(x) ∪ h((y 𝛼 )n-1y)}  for same n ∈ N 

 = {1-(1-k)s : k ∈ h(x) ∨ k ∈h((y 𝛼 )n-1y)}   

= {1-(1-k)s : k ∈ h(x)} ∪ {1-(1-k)s  : k ∈h((y 𝛼 )n-1y)}   

= s.h(x) ∪ s.h((y 𝛼 )n-1y)  

This s.h(x 𝛼 y)  = s.h(x) ∪ s.h((y 𝛼 )n-1y) for some n ∈ N 

Thus s.h is a hesitant fuzzy primary ideal of M. 

 

4.Assume that h is a hesitant fuzzy Primary ideal of M 

.By condition(1) , hs is a hesitant fuzzy primary ideal of M 

Thus, (hs)s
 (x 𝛼 y) = {(ks)s : k ∈ hs(x 𝛼 y)} = {(ks)s: k ∈ hs (x 𝛼 y)} let  t = s.s 

 = { kt : k ∈ hs (x) ∪ k ∈ hs ((y 𝛼 )n-1y)}  

= { kt : k ∈ hs (x) ∨ k ∈ hs ((y 𝛼 )n-1y)}   

= { kt : k ∈ hs (x)} ∪ { kt : k ∈ hs ((y 𝛼 )n-1y)}   

= (hs)s
 (x) ∪ (hs)s

 ((y 𝛼 )n-1y)  

This (hs)s
 (x 𝛼 y)  = (hs)s

 (x) ∪ (hs)s
 ((y 𝛼 )n-1y)  

Thus (hs)s is a hesitant fuzzy primary ideal of M. 

Proposition 3.5 

  if  hesitant fuzzy ideal h:M → P[0,l] , such that M is 𝛤 -ring  is hesitant fuzzy Primary ideal of M  where   t 

∈ [0 , l]. Then 

1- ht
- (lower bounded) is a hesitant fuzzy Primary ideal of M 

2- ht
+ (upper bounded) is a hesitant furzy Primary ideal of M 

Proof⁚  
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1. Assume that h is a hesitant fuzzy Primary ideal of M 

so ht
- is a hesitant fuzzy ideal of M, from definition 2.5  and Proposition 2.2 

since ht
- (x 𝛼 y) = { k ∈ h(x 𝛼 y) : K ≤ t} = {k ∈ h(x) ∪ h((y 𝛼 )n-1y) : K ≤ t } 

                        = {k ∈ h(x) ∨ h((y 𝛼 )n-1y) : K ≤ t } 

                        = { k ∈ h(x) : K ≤ t } ∪ { k ∈ h ((y 𝛼 )n-1y) : K ≤ t }   

                        = ht
- (x) ∪ ht

- ((y 𝛼 )n-1y)  

Thus ht
- (x 𝛼 y)  = ht

- (x) ∪ ht
- ((y 𝛼 )n-1y)  

Thus ht
- is a hesitant fuzzy primary ideal of M, 

By the same way, we can  prove (2). 

Definition 3.6 

Let M be a 𝛤-ring. A hesitant fuzzy ideal h of M is said a hesitant fuzzy completely Primary ideal of M (in 

short, HFCYI) if for any two hesitant fuzzy paints Xt ,Yq ∈ HFP(M), xt ∘ yq ∈ h and xt ∉ h this implies that, there 

exists n ∈ N such that ((yq 𝛼 )n-1𝑦𝑞) ∈ h , for some n ∈ N  

Proposition 3.7 

Let M be a 𝛤-ring every hesitant Fuzzy completely Primary ideal is a hesitant fuzzy Primary ideal of M. 

Proof ⁚ 

Assume that h ∈ HFCYI(M) 

let h(x) ∪ h((y 𝛼 )n-1y) ⊂ h(x 𝛼 y) , for some x , y ∈ M and 𝛼 ∈ 𝛤, n ∈ N 

Put t = h(x 𝛼 y), then h(x) ∪ h((y 𝛼 )n-1y) ⊂ t and (x 𝛼 y)t ∈ h. 

so h(x) ⊂ t this implies (x)t ∉ h and h((y 𝛼 )n-1y) ⊂ t 

this implies ((y 𝛼 )n-1y)t ∉ h 

This is a Contradiction. 

Therefore for all x , y ∈ M , 𝛼 ∈ 𝛤, h(x) ∪ h((y 𝛼 )n-1y) ⊇ h(x 𝛼 y) 

so h ∈ HFCYI(M) 

Definition 3.8 

Let M be a 𝛤-ring an ideal I of M is called semi primary if for 𝛼 ∈ 𝛤, n ∈ N    x 𝛼 y ∈ I implies that either a 

Power of x or a power of y belongs to I . 

Definition 3.9 

Let M be a 𝛤-ring A hesitant fuzzy ideal of M is said to be a hesitant fuzzy Semi Primary ideal of M if for 

all a , b ∈ M, 𝛼 ∈ 𝛤 , either h(a 𝛼 b) ⊆ h((a 𝛼 )n-1a) or h(a 𝛼 b) ⊆ h((b 𝛼 )m-1b) for som  n , m ∈ N.   

Example 3.10 

         let (Z2, +2) and (Z , +) are  additive   abelian  groups  then (Z2, +2) is  Z-ring  where  Z2 = {0 , 1 , 2 }   and  h 

:Z2 → P[0, 1] , define as the following: 

h = {[0.1 , 0.9] 𝑖𝑓 𝑥 = 1 [0.1 , 0.7] 𝑖𝑓 𝑥 = 0  

then we easily wee that h ∈ HFI(Z2) , for any 0 , 1 ∈ Z2 

h(0 .2 0 .2 0) ⊆ h(0n) or h(0m) 

h(0 .2 1 .2 0) ⊆ h(0n) or h(0m) 

h(1 .2 2 .2 1) = h(0) or h(1n) or h(1m) 

h(1 .2 3 .2 1) = h(1) or h(1n) or h(1m) 
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h(1 .2 2 .2 0) = h(0) or h(1n) or h(0m) 

Thus h is  hesitant t fuzzy semi primary 

Proposition 3.11 

   Let M be 𝛤-ring. Every hesitant fuzzy Semi Primary ideal is a hesitant fuzzy completely Primary ideal of M . 

Proof⁚ 

Assume that h is a hesitant fuzzy Semi Primary ideal of M and  𝑥𝑡 ,𝑦𝑞 ∈ HFP(M), 

 xt ∘ yq ∈ h then (𝑥 𝛼 𝑦) 𝑡 ∩ 𝑞 ∈ h , 

 put k = t ∩ q   , so (𝑥 𝛼 𝑦)𝑘 ∈ h then k ⊆ h(x 𝛼 y) 

since h a hesitant fuzzy semi primary ideal of M. 

So k ⊆ h(x 𝛼 y) ⊆ h((x 𝛼 )n-1x)  hence k ⊆ h((x 𝛼 )n-1x) ,then ((xk 𝛼 )n-1x) ∈ h 

or k ⊆ h(x 𝛼 y) ⊆ h((x 𝛼 )n-1x)  hence k ⊆ h((y 𝛼 )m-1y) ,then ((yk 𝛼 )m-1y) ∈ h 

so we get (x 𝛼 y)k ∈ h implies ((xk 𝛼 )n-1x) ∈ h or ((yk 𝛼 )m-1y) ∈ h 

Thus h is hesitant fuzzy completely primary ideal of M .                                            

proposition 3.12                                                                                                     

   Let M be 𝛤-ring and let h1,h2 are two hesitant fuzzy semi primary ideal of M. then  

1- h1⨁h2 is a hesitant fuzzy Semi primary ideal of M.                                                       

2-  h1⨂h2 is a hesitant fuzzy Semi primary ideal of M. 

3-  h1⊘h2 is a hesitant fuzzy Semi primary ideal of M. 

4-  h1⊝h2 is a hesitant fuzzy Semi primary ideal of M. 

Proof: we proof the point (3)  and (4) the others are  similarly  

3. Assume h1 , h2 be hesitant fuzzy Semi primary ideal , imply h1 , h2 be hesitant fuzzy ideal. then h1 ⊘ h2 is 

hesitant fuzzy ideal since (h1⊘h2)(x) = {t: k1 ∈ h1(x) , k2 ∈ h2(x) } ∀ x ∈ X 

Where  t= {
0        𝑜𝑡ℎ𝑒𝑟 𝑤𝑖𝑠𝑒

𝑘1
𝑘2

  𝑖𝑓  𝑘1 ≤ 𝑘2 ,𝑘2≠0
 

 Now ,we must prove  

(h1⊘h2) (x 𝛼 y)  = { t : k1 ∈ h1(x 𝛼 y) , k2 ∈ h2(x 𝛼 y) } 

            ⊆ { t : k1 ∈ h1((x 𝛼)n-1x) , k2 ∈ h2((x 𝛼)n-1x)} 

= (h1⊘h2)((x 𝛼)n-1x) 

Thus (h1⊘h2) (x 𝛼 y) ⊆ (h1⊘h2)((x 𝛼)n-1x) 

Similarly , we get (h1⊘h2) (x 𝛼 y) ⊆ (h1⊘h2)((y 𝛼)n-1y)  

Thus (h1⊘h2) is a hesitant fuzzy semi primary ideal of M.  

  

4.Assume that h1 , h2 be hesitant fuzzy Semi Primary ideal imply h1 , h2 be hesitant fuzzy ideal imply h1⊝h2 is 

hesitant fuzzy ideal since (h1⊝h2)(x) = {t: k1 ∈ h1(x) , k2 ∈ h2(x) } ∀ x ∈ M 

Where t = {
𝑘1−𝑘2

1− 𝑘2
  𝑖𝑓  𝑘1  ≤  𝑘2 , 𝑘2  ≠ 1 0     𝑖𝑓             𝑜𝑡ℎ𝑒𝑟 𝑤𝑖𝑠𝑒  

Now ,we must prove  

(h1⊖ h2) (x 𝛼 y)  = { t : k1 ∈ h1(x 𝛼 y) , k2 ∈ h2(x 𝛼 y) } 
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            ⊆ { t : k1 ∈ h1((x 𝛼)n-1x) , k2 ∈ h2((x 𝛼)nx)} 

= (h1⊖h2)((x 𝛼)n-1x) 

Thus (h1⊖h2) (x 𝛼 y) ⊆ (h1⊝h2)((x 𝛼)n-1x) 

Similarly , we get (h1⊝h2) (x 𝛼 y) ⊆ (h1⊝h2)((y 𝛼)n-1y)  

Thus (h1⊖h2) is a hesitant fuzzy semi primary ideal of M.  

We can prove the rest of the points by the same way  
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