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Abstract

In this paper, we introduce the notions of hesitant fuzzy primary ideal and completely primary ideal, hesitant
fuzzy semiprimary ideals of a I -ring, and discuss the relation between hesitant primary ideal, completely
primary and semiprimary.
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Introduction

N.Nobusawa [9 ] in troduces the notion of I'-ring as more general that a ring .W.E.Barnes [ 1] we akened the
conditis on of definition of I' -ring in the sence of Nobusawa Barnes ,K.Yuno and Luh[6 ] studied the structure
of I'-ring and obtained various generalizations .

In 1991the notions of primary ideal by D.Malik and Mordeson.J.N [ 7] introduced the concept of fuzzy ring .
Fairooze .A, Abbasi . M.Y and sabahat Ali [ 3] introduced the notions of hesitant fuzzy ideal .

In 1982 S Kyuno ,[4 ] , study the concept of prime ideal in I'-rings . Mohammad and other [8 ] in 2018
introduced the concepts hesitant fuzzy ideal , hesitant fuzzy primary ideal in ring and some other concepts .In
this paper , we introduce the notions of hesitant fuzzy primary ideal and completely primary ideal , hesitant
fuzzy semiprimary ideals of a I' -ring , and discuss the relation between hesitant primary ideal ,completely
primary and semiprimary.

2. HESITANT FUZZY PRIMARY IDEAL IN I' — RING.
Proposition 2.1
Let M be a I'-ring and Let h; € HFI(M) , then forany X e M, a €T
1- h(x) € h(0)
2- h(-x) € h(x)
Proof .
Assume that heHFI(M).
1. Since 0=x-x , hence h(0)=h(x-x) =h(x)nh(x)=h(x).thus h(x) = h(0).
2. h(-x)=h(0-x) = h(0) n h(x), so by condition (1), we have h(0) n h(x)=h(x) .
Thus h(-x) = h(x) ....... (1.
Also h(x) =h(0-(-x)) = h(0) nh(-x) ,so by condition (1) , we have h(0)nh(-x) =h(-x).
So that h(x) =h(-x) ....... (2).

From (1),(2) we get h (-x)=(x).
Theorem 2.2

Let M be a I'-ring and Let h be a hesitant fuzzy ideal of M, then
1- The t-lower bound hy € HFI(M).
2-The t-upper bound h¢* € HFI(M).
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Proof .
suppose that heHFI(M),let x,y eM,and aerl .
We have h; (x-y)={keh(x-y): k<t}2{keh(x)Akeh(y):k<t}
={keh(x):k<trkeh(y):k<t}

={keh(x).k<t}n{keh(y):k<t} =h;(x)nh; (y).
Thus h7 (x-y)2 hy (X)NhZ (Y)........ 1.

Now, h; (xay)={keh(xay):k<t} 2{keh(x)Uh(y):k<t}
={keh(x)kveh(y):k<t}={keh(x):k<t}U {keh(y)k<t}
=hy () U he (y).
Hence h; (xay) 2 hy (X) U Az (y)....... 2).
Frome (1) and (2) , we get hy eHFI(M).
by the same way,we can prove (2).
Definition 2.3
Let M be a I'-ring and Let h;, h; are two hesitant fuzzy set of M, S > 0 if Sis constant, then
1- h*(X) = Uy encotkd = (k1 k € h(x) }
2-5h () = Upeneol1 - (1-0F = {1-(1-k*: k€ h}
Proposition 2.4

Let M be a I'-ring and Let h be a hesitant fuzzy ideal of M, then h® is a hesitant fuzzy ideal ,where s > 0, s is
constant.

Proof: Suppos that h is ahesitant fuzzy ideal of M and x,ye M and aer,then
h*(x-y)={k?: keh(x-y) }2{k* 'kehex) N h(y) }
={k*:keh(x)A keh(y)}
={k%keh(x)} n {k*:keh(y)}
=h%(x) N h(y).
Thus h%(x-y)2h*(X) N h5(y)......... @)
and h*(xay)={k® : keh(xay)} 2 {k*: keh(x) U h(y)}
={k*.keh(x)vkeh(x)}
={k® . keh(x)}U{k®. keh(y)}
=hS(x) U hS(y).
Thus ,h*(xay)2h%(x) U A°(y)........ 2).
From (1)and(2) we get h® is a hesitant fuzzy ideal of M.
Definition 2.5°

Let M be a I'-ring. A hesitant fuzzy ideal h of M is said to be a hesitant fuzzy Primary ideal (in Short , HFYI) if
foranyxy e M, a €T,

h(x @ y) € h(x) U h((y a)"'y), forsomen € N .
We will denote the set of all hesitant fuzzy Primary ideals in M as HFYI (M).
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Example 2.6

let (Zo, +2), (Z, +) are additive abelion groups then (Z, +) is Z-ring where Z, = {0, 1} and h:Z, - P[0, 1],
define as following : h = {[0.2,0.7] if x =1[0.2,0.5] if x =0
then we easily wee that h € HFI(Z,) , forany m € N h(0 ..0.,0) € h(0) U
h(0™=h(0)U h(0)
h(0 .2 1.20) € h(0) U h(0™=h(0)U h(0)
h(1.22.21) =h(0) € h(1) U h(1™M=h(1)U h(1)
h(1 23 21) = h(1) € h(1) u h(1™)=h(1) U h(1)
Thus h is hesitant fuzzy semi primary ideal of Z-ring

Remark 2.7
Let M be a I'-ring. If h € HFYI (M), then h(x @ y) = h(x) U h((y a)™'y) foranyx,y€Manda €r

3- Main Results

Proposition 3.1

Let M be a I'-ring, A hesitant fuzzy ideal of M is acalled hesitant fuzzy Primary ideal, if h(x a y) = h(0)
implies h(x)=h(o) or h((y a)™"y) = h(0), for some m € N.

Poof:.

Assume that the condition is hold.

since h(x) € h(0), for all x € M by proposition 2.1

so h(x a y) = h(0) = h(0) U h(0) = h(x) U h(0) = h(0) U h(ly a)™y)
= h(x) U h(ly a)™y)

Thus h(x @ y) = h(x) U h((y @)™"y), where h(x)=h(0) or h((y @ )""y) = h(0)
for some n € N.

Proposition 3.2

Let M be a I'-ring. Every hesitant fuzzy Prime ideal is a hesitant Primary ideal of M.
The proof is directly from definition 2.5.

Definition3.3[2;10]

Let hy ,h, be two hesitant fuzzy sets on X and S>0 (costant),then

—_

(® hy)(x) =Ugk,ehy kyeh, {ke + ky — kqky} = {k1 + ky — kyky| ky € hyk; € hz}
(hy ® hy)(X) =Ugienikzenz (k1ka} = {kiky kq € hy, ky € By}
(h © hy)(x) ={t." ky € hy(x),k, €Eh, € hy (x)}

ki—k2 .
112 if k12ky, ky*0

0 otherwise
k
1

w N

where t = {

1T if ki<k2 ,k2%0

otherwise

4. (hy Qhy) (x) = {tky € hy(x), ky € hy(x)} . where t = {

Proposition 3.4
Let M be a I'-ring and let h be a hesitant fuzzy Primary ideal of M if s is constant. Then
1- h® is a hesitant fuzzy Primary ideal of M, where S>0.

2- s.h is a hesitant fuzzy Primary ideal of M.
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3- (h%)* is a hesitant fuzzy Primary ideal of M.
Proof .
1.Assume that h is a hesitant fuzzy Primary ideal of M.
it is clear that h® is a hesitant fuzzy ideal of M, By Definition 2.5 and proposition2.4
Thus, h(x a y) ={k*: k € h(x a y)}={ k* :k € h(x) U h((y a)""y)},for some n € N
={k*:k € h(x) v h((y @)""y)}
={ks:k € h(x)} U {k* :k € h((y a)""y)}
= h*(x) U h*((y @)™y)
This h*(x a y) = h5(x) U h5((y «)"y) for some n € N

Thus h® is a hesitant fuzzy primary ideal of M.

2 Assume that h is a hesitant fuzzy Primary ideal of M

it is clear that s.h is a hesitant fuzzy ideal of M, By Definition 2.5 and Definition 3.3

Thus, s.hix a y) = {1-(1-k)*: k € h(x a@ y)} = {1-(1-k)*: k € h(x) U h((y @ )"'y)} for samen € N
= {1-(1-k): k € h(x) v k €h((y a)™y)}

= {1-(1-k)*: k € h(x)} U {1-(1-k)* : k eh((y a)™y)}

= s.h(x) U s.h((y a)™y)

This sh(xay) =s.h(x) Us.h((y a)™'y) forsomen € N

Thus s.h is a hesitant fuzzy primary ideal of M.

4.Assume that h is a hesitant fuzzy Primary ideal of M

.By condition(1), h® is a hesitant fuzzy primary ideal of M

Thus, () (xay) = {(k):kehxay)} ={k):keh (xay)}let t=ss
={kt:kehs(x)ukehs(ya)y)}

={kt:kehs(x Vvkehs(ya)'y)}
={kt:kehs(x)}u{ki:kehs(ya)y)}

= (h9°* () U (h°)* ((y @)™y)

This (h)* (xa'y) = (h*)° () U (h9)*((y @)™ y)

Thus (h®)* is a hesitant fuzzy primary ideal of M.

Proposition 3.5

if hesitant fuzzy ideal h:M — P[0,]], such that M is I -ring is hesitant fuzzy Primary ideal of M where t
€ [0, 1]. Then

1- hy (lower bounded) is a hesitant fuzzy Primary ideal of M
2- h¢t (upper bounded) is a hesitant furzy Primary ideal of M

Proof:
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1. Assume that h is a hesitant fuzzy Primary ideal of M
so hy is a hesitant fuzzy ideal of M, from definition 2.5 and Proposition 2.2

sincehy (xay)={kehxay): K<t} ={kehx)uh(lya)"ly): K<t}
={kehx Vvh(ya)ly): K<t}
={kehx):K<t}u{keh(ya)ly): K<t}
=he (%) U he ((ya)™y)

Thus hy (xay) =hy (x) U he ((y @)™ y)

Thus hy is a hesitant fuzzy primary ideal of M,

By the same way, we can prove (2).

Definition 3.6

Let M be a I'-ring. A hesitant fuzzy ideal h of M is said a hesitant fuzzy completely Primary ideal of M (in
short, HFCYI) if for any two hesitant fuzzy paints X; ,Yq € HFP(M), x; o yq € h and x: € h this implies that, there
exists n € N such that ((yq a)”'1yq) € h,forsomenéeN

Proposition 3.7
Let M be a I'-ring every hesitant Fuzzy completely Primary ideal is a hesitant fuzzy Primary ideal of M.
Proof .
Assume that h € HFCYI(M)
let h(x) U h((y a)"'y) c h(xa y) , forsome x,ye MManda €', n € N
Putt = h(xay), then h(x) U h((y a)™"y) c tand (x a y): € h.
so h(x) c t this implies (x): € h and h((y a)"y) c t
this implies ((y a)""y): ¢ h
This is a Contradiction.
Therefore forallx,y e M, a €', h(x) U h(lya)"'y) 2 h(xa y)
so h € HFCYI(M)
Definition 3.8

Let M be a I'-ring an ideal | of M is called semi primary if fora € ', n €N xay € | implies that either a
Power of x or a power of y belongs to | .

Definition 3.9

Let M be a I'-ring A hesitant fuzzy ideal of M is said to be a hesitant fuzzy Semi Primary ideal of M if for
alla,beM,aerl,eitherh(@aab) € h((@aa)"'a) orh(@ab) < h((ba)'b) forsom n, me N.

Example 3.10

let (Zo, +2) and (Z, +) are additive abelian groups then (Zy +2)is Z-ring where Z,={0,1,2} and h
:Z» — P[0, 1], define as the following:
h ={[0.1,09] if x =1[0.1,0.7]if x = 0
then we easily wee that h € HFI(Zy) , forany 0,1 € Z>
h(0 .. 0 .20) < h(0") or h(0™)
h(0 > 1 .20) € h(0") or h(0™)
h(1 22 .21) = h(0) or h(1") or h(1™)
h(L .23 .21) = h(1) or h(1") or h(1™)
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h(1 .22 .20) = h(0) or h(1") or h(0™)
Thus h is hesitant t fuzzy semi primary

Proposition 3.11
Let M be I'-ring. Every hesitant fuzzy Semi Primary ideal is a hesitant fuzzy completely Primary ideal of M .
Proof:
Assume that h is a hesitant fuzzy Semi Primary ideal of M and x,,y, € HFP(M),
Xtoyq€Ehthen (xay).nq€h,
putk=tnqg ,so(xay), €hthenk<c h(xay)
since h a hesitant fuzzy semi primary ideal of M.
Sokc h(xay) S h((xa)'x) hence k € h((x @)"'x) ,then ((xc @)™ 'x) € h
ork S h(xay) S h((xa)"'x) hence k € h((y a)™"y) ,then ((yx a)™'y) € h
so we get (x a y)« € h implies (xk @)™'x) € h or ((yxa)™'y) € h
Thus h is hesitant fuzzy completely primary ideal of M .
proposition 3.12
Let M be I'-ring and let hy,h; are two hesitant fuzzy semi primary ideal of M. then

1-  hi®h; is a hesitant fuzzy Semi primary ideal of M.
2-  hi®h; is a hesitant fuzzy Semi primary ideal of M.
3- hi@h;is a hesitant fuzzy Semi primary ideal of M.
4-  hi©h; is a hesitant fuzzy Semi primary ideal of M.

Proof: we proof the point (3) and (4) the others are similarly

3. Assume hq , h; be hesitant fuzzy Semi primary ideal , imply hy , h, be hesitant fuzzy ideal. then h1 @ h; is
hesitant fuzzy ideal since (h1@h)(x) = {t: ks € h1(x) , ko € ha(x) } V x € X

ky .
®1 if ky < kg ky#0
Where t= {;?

other wise
Now ,we must prove
(hi@hy) xay) ={t:kiehixay), ke €hxay)}
C{t: ks €hi((x a)""x), k2 € ha((x &)™ x)}
= (h@h2)((x @)"'x)
Thus (h1@hy) (x a y) € (h1@h2)((x @)™ 'x)
Similarly , we get (h1@hy) (x a y) € (hi@h2)((y a)™y)
Thus (h1@hy) is a hesitant fuzzy semi primary ideal of M.

4.Assume that hy, hz be hesitant fuzzy Semi Primary ideal imply hy, hz be hesitant fuzzy ideal imply h1©h; is
hesitant fuzzy ideal since (h1©hz)(x) = {t: k1 € hi(x) , ko € ha(x) } V X €M

Where t = (552 if ky < ky,k, #10 if other wise
—R2

Now ,we must prove

hi©h) (xay) ={t:kiehixay), ke €hxxay)}
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C{t:ki € hi((x ®)™"x), k2 € ha((x a)"x)}
= (h1©hy)((x )" 'x)

Thus (1©h2) (x a y) € (h1©h2)((x @)™"x)
Similarly , we get (h1©hy) (x a y) € (h1©h2)((y a)™y)
Thus (h16©hy) is a hesitant fuzzy semi primary ideal of M.

We can prove the rest of the points by the same way
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