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Abstract

In this paper, we prove a common fixed point theorem for weakly compatible mappings in complex valued
b-metric space and also improve the condition of contraction of the results of M. Kumar et al.[7]. Further, we
prove common fixed point theorems for weakly compatible mappings with (E.A.) property and (CLRg) property.

1. Introduction and Preliminaries

In 2011, Azam et al. [2] introduced the notion of complex valued metric spaces and established sufficient conditions for the
existence of common fixed points of a pair of mappings satisfying a contractive condition. Complex valued metric space is a
generalization of classical metric space. After the establishment of complex valued metric space, many authors have
contributed with their works in this space. Some of these results are described in [7,8,11,13,14].

In 2013, Rao et al.[10] introduced the concept of complex valued b-metric space which is a generalization of complex valued
metric space. Then, some other authors generalized this concept and proved several common fixed point and fixed point
theorems in complex valued b-metric spaces (see [3,4,5,9] and the references contained therein). Aamri and Moutawakil[1]
introduced the notion of (E.A.) property. Recently, Verma and Pathak [11] proved common fixed point theorem for two pairs
of weakly compatible mappings with (E.A.) property, and a common fixed point theorem using (CLRQ) property which was
introduced by Sintunavarat and Kumam [12].

In this paper, we prove a common fixed point theorem for weakly compatible mappings satisfying a contractive condition of
rational type in the frame work of complex valued b-metric spaces. Further application of perperty (E.A.) and common limit
range (CLRg) property are employed.

Let us start by defining some important definitions, basic notations and necessary results from existing literature.

Let C be the set of complex numbers and Z,, Z, € C. Define a partial order | on C as follows:
if and only if Re(z,) <Re(z,),Im(z,) <1Im(z,).
Thus Z,1Z, if one of the following holds:

In particular, we write ZlﬁEZ2 if Z, # Z, and one of (C1),(C2) and (C3) is satisfied and we write Z; < Z, if only (C3) is
satisfied.

Remark 1.1. we note that the following statements hold:
a,beR and a<b= azfbz VzeC.

01 2,/E2, =2, <]z, |.
2,92, and 2, <2, =72, <1,

Definition 1.2[10] Let X be anonempty setandlet S>1 be a given real number. A function d: X x X —C
is called a complex valued b-metricon X if forall X, VAS X the following conditions are satisfied:

07d(x,y) and d(x,y) =0 ifandonlyif X =Y,
d(x,y)=d(y,x),
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d(x, y)Tsld(x,z)+d(z, y)].

pair (X,d) is called a complex valued b-metric space.

Example 1.3[10] Let X =[0,1]. Define a mapping d : X x X —C by d(x,y) =|x—y[> +i|x=Yy|?, for
all X,y e X. Then (X,d) is complex valued b-metric space with S = 2.

Definition 1.4[10] Let (X,d) be a complex valued b-metric space.

() A point X& X is called interior point of a set Ac X whenever there exists O0<reC such that
B(x,r)={yeX:d(x,y)<rjc A

(i) A point X € X is called a limit point of a set A whenever for every 0 <t € C,B(X,r) N (A— {X}) # .
(iii) Asubset A< X is called an open set whenever each element of A is an interior point of A.

(iv) Asubset A X is called closed set whenever each limit point of A belongsto A.

(v) A sub-basis for a Hausdorff topology 7 on X isafamily F ={B(X,r):xe Xand0=<r}.

Definition 1.5[10] Let (X,d) be a complex valued b-metric space, {Xn} be a sequencein X and X € X.

.} is said to be

(i) If for every ¢ € C, with 0<C thereis N €N such that for all N> N, d(x,,X) <C, then {x
convergent, {Xn} converges to X and X is the limit point of {Xn}. We denote this by lim X =X or

n—oo’'n

{x, }— xasn — oo

(ii) I for every c e C, with 0 <C thereis N €N such that for all N> N, d(X, ) <C, where meN, then

! Xn+m

{Xn }is said to be a Cauchy sequence.
(iii) If every Cauchy sequencein X is convergent, then (X , d) is said to be a complete complex valued b-metric space.

Lemma 1.6[10] Let (X,d) be a complex valued b-metric space and let {Xn}be a sequence in X . Then {Xn}
convergesto X ifand onlyif |d(X,,X)|>0 as n—oo.

Lemma 1.7[10] Let (X,d) be acomplex valued b-metric space and let {Xn}be asequencein X .Then {Xn} is

a Cauchy sequence if and only if |d(X,,X,,,)|—>0 as n—o0, where meN.

n+m
In 1996, Jungck [6] introduced the concept of weakly compatible maps as follows:

Definition 1.8. Two selfmaps fandg are said to be weakly compatible if they commute at coincidence points.
In 2002, Aamri et al. [1] introduced the notion of E.A. property as follows:

Definition 1.9. Two self mappings fandg ofametric space (X,d) are said to satisfy E.A. property if there exists
asequence {X } in X suchthat limn_. X, = liMn_. 09X, =t forsome t in X.

In 2011, Sintunavarat et al. [12] introduced the notion of (CLRg) property as follows:

Definition 1.10. Two self mappings fandg of a metric space (X,d) are said to satisfy (CLRg) property if

there exists a sequence {X,} in X suchthat limn_. X, = limn. OX, = OX forsome X in X.

2. Main Result In this section, we shall prove our results relaxing the condition of complex valued b-metric space being
complete.

Theorem 2.1. Let (X,d) be acomplex valued b-metric space with the coefficient S>1 andlet f,g: X — X .
If there exist a mappings A, B,C,D,E: X —(0,1) suchthatforall X,y e X :

() A() < A(gx); B(X) < B(gX); C( ) < C(gx); D(fx) < D(g)and E( fx) < E(gX),
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(i) X = gX,

(i) (SA+B+C+D+E)g(x) <1,

d(gx, fx)d(fy, gy)
1+d(gx, gy)

In gX is complete subspace of X, then f and g have a coincidence point. Moreover, if f and g are weakly

(v d(fx, fy)TA(gx)d(gx, gy) + B(gx)

compatible then f and g have a unique common fixed point.

Proof. Let x,eX, From (i) we can construct sequences {X,} and {y,} in X by
yn = an+l = fxn!n = 011121___-
From (1), we have

d(yn+l' yn) = d(fxn+l' fxn)
ﬂ A(gxn+1)d (gxn+1! gxn)

= A(T%:)d Yy, Yot) + B(X,) d(f;yé?;d (; ”'zn_l)

d(y,.¥,.)d(Y,.
T AG%,)d (Y, Yo s) +B(0X,) (yln+y&+(1; <yyn g)
n! Jn-1

Thus, we have

since |1+d(Y,.y00) PlA(Yn: Yoa) | we have

A(Y,) + D(Y,) <1
1- B(yo)

Now | d(yn+2! ynJrl)IS 5' d(yn+l’ yn) |S 52 |d(yn' yn—l) | -
sofor Mm>n, [d(Yy, Ya) IS8 (Yas Vo) [+51d(Yoirs Vi) |

where O =

n

SO
Therefore, [d(Y,,Y,) [
erefore, |d(y.,V¥,)| Y

[d(y,,Yy) >0 as n—co,

Hence, {yn}isaCauchysequence in gX .But gX isacomplete subspace of X ,sothereisa U in gX suchthat

Y,—>U as N 0. Let Ve g_lu.Then gV = U. Now,we shall porve that fv =u.
X=V and Y = X _;in (1), we get,
Letting N —> 00, we have

thatis | d(u, fv) <O implies that fv =u. Thus, fv=u = gv and hence V is the coincidence pointof f and Q.
Now, since f and g areweakly compatible,so U= fv = gv impliesthat fu = fgv = gfv = gu. Now we claim that
gu = U. Let, if possible, gu # U.

From (1), we have

that is
Since |1+d(u,gu) [>|d(u,gu)|, we have
which implies that (A+C)(u) >1, a contradiction.

Hence gu =U = fu. Therefore U is the common fixed pointof f and @.
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For the uniqueness, let W be another common fixed point of f and g suchthat W= U.

From (1), we have

that is

Since |1+d(w,u)[>|d(w,u)|, we have

|d(w,u) [ (A+C)(wW)|d(w,u)| implies that (A+C)(wW)>1, a contradiction. Hence f and g have a unique
common fixed point.

Corollary 2.2. Let (X,d) be acomplex valued b-metric space with the coefficient S>1 andlet f,g: X — X.
If there exist a mappings A, B,C,D: X —(0,1) suchthatforall X,y e X :

() A(Tx) < A(gx); B(fx) < B(gx); C(fx) < C(gx); D(fx) < D(gx),

iy X <oX,

(i) (SA+B+C+D)g(x)<1,

d(gx, &X)d(fy,gy)
1+d(gx, gy)

In gX is complete subspace of X, then f and g have a coincidence point. Moreover, if f and g are weakly

vy d(fx, fy)T A(gx)d(gx, gy) + B(gx)

compatible then f and g have a unique common fixed point.

Proof. By putting E =0 in Theorem 2.1, we get the result of Corollary 2.2.

Corollary 2.3. Let (X,d) be acomplex valued b-metric space with the coefficient S>1 andlet f,g: X — X.
If there exists mapping A: X — (0,1) suchthatforall X,y e X :

M A(fg) < A(gx),

i X <gX,

(i) (sA)g(x) <1,

(v) d(fx, fy)TA(gx)d(gx, gy).

3)In gX is complete subspace of X, then f and g have a coincidence point. Moreover, if f and g are weakly

compatible then f and g have a unique common fixed point.

Proof. By putting B=C =D = E =0 in Theorem 2.1, we get the result of Corollary 2.3.

Theorem 2.4. Let (X,d) be acomplex valued b-metric space with the coefficient S>1 andlet f,g: X — X .
If there exist a mappings A, B,C,D,E: X —(0,1) suchthatforall X,y e X :

M A(fx) < A(gx); B(x) < B(gx); C(x) < C(gx); D(x) < D(gx)and E(fx) < E(gx),
(i) X = gX,
i) (SA+B+C+D+E)g(x) <1,
d(gx, x)d(fy,gy)
1+d(gx, gy)

If f and g satisfy (CLRg) property and f and ¢ are weakly compatible then f and ¢ have a unique
common fixed point.

(iv) d(fx, fy)T A(gx)d(gx, gy) + B(9x)

Proof. since f and g satisfy the (CLRQ) property, there exists a sequence {X.} in X such that

for some X in X.
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From (4), we have
d(gx, &x)d(fx,9x,)
1+d(gx.0%,)

d(fx, fx,) T A(gx)d (gx, 9%,) + B(9x)

Letting N — o0, we have
which implies that |d (X, gx) [<0 thatis fx = gx.

Now, let U= fX =gX. Since f and g are weakly compatible mappings, therefore fgx = gfx which implies that
fu = fgx = gfx = gu.

Now, we claim that gu = U. Let, if possible, gu # U.

From (4), we have

that is

Since |1+d(u,gu) [>| d(u,gu)|, then we have
which implies that (A+C)(u) >1, a contradiction. Hence gu =u = fu.
Therefore, U is the common fixed point of f and g.

the uniqueness, let W be another common fixed point of f and g such that W=#U. From (4), we have

d(w,u) = d(fw, fu)

|d(w,u) [ d(w,u)|
[1+d(w,u)|

Since |1+d(w,u) [>|d(w,u)|, then we have

is |[d(w,u) |<A(W)|d(w,u)|+C(w)

implies that (A+C)(w) >1, a contradiction. Hence f and g have a unique common fixed point.

Corollary 2.5. Let fandg be self mappings of a complex valued b-metric space (X,d) satisfying all conditions
of Theorem 2.4 and the following:

d(fx, fy)T A(gx)d (gx, gy) + C(gx) 2 (&% M)A (ax. y)

1+d(gx,ay)

(6)
forall X, yinX ,where (SA+C)g(X) <1. Then fandg have a unique common fixed point.
By putting B =D = E =0 in Theorem 2.4, we get the Corollary 2.5.

Corollary 2.6. Let fandg be self mappings of a complex valued b-metric space (X, d) satisfying all conditions
of Theorem 2.4 and the following:
d(ogx, fy)d(gx,
PN (I VI
1+d(gx, gy)

@)
forall X,yinX ,where (SC)g(x)<1. Then fandg have a unique common fixed point.
By putting A =0 in Corollary 2.5, we get the Corollary 2.6.

Corollary 2.7. Let fandg be self mappings of a complex valued b-metric space (X,d) satisfying all condition of
Theorem 2.4 and the following:

d(fx, fy)T A(gx)d(gx, gy)
®
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forall X, yinX ,where (SA)g(x) <1. Then fandg have a unique common fixed point.

By putting C =0 in Corollary 2.5, we get the Corollary 2.7.

Theorem 2.8. Let (X,d) be acomplex valued b-metric space with the coefficient S>1 andlet f and g be self
mappings satisfying all conditions of Theorem 2.4 and the following:

(@ f and g satisfy E.A. Propertyand f and ¢ are weakly compatible,
(b) gX isaclosed subset of X.
Then f and g have a unique common fixed.

Since f and g satisfy the E.A. property, there exists a sequence {Xn}in X such that

forsome X in X.
)
Now, gX is closed subset of X , therefore lim , 0X 6 =ga, for some a€ X . So from (9), we have
lim, . X, =ga weclaimthat fa=ga.

From (4), we have
d(ga, fa)d(fx,, 9x,)

d(fa, )1 A(ga)d (g2, 0x,) + B(ga) ===

Letting N —> o0, we have

which implies that |d(fa,ga)|<0, thatis fa = ga.

Now, we show that fa is the common fixed pointof f and . Let, if possible fa = ffa.
Since f and g are weakly compatible, gfa = fga implies that ffa = fga = gfa = gga.
From (4), we have

d(dfa, ffa)d(fa, ga)

d(ffa, fa)T A(gfa)d(gfa, ga) + B(gfa) 1+d(gfa, ga)

d(gfa, fa)d(gfa, ga)
1+d(gfa, ga)

+C(gfa)

d(ga, fa)d(gfa, ga)
1+d(gfa, ga)

d(gfa, fa)d(fa, ga)
1+d(gfa, ga)

+ D(gfa)

+ E(gfa)

d( ffa, ffa)d(fa, ga)
1+d(ffa,ga)

= A(ffa)d(ffa, fa) + B( ffa)

d(ffa, fa)d( ffa, ga)
1+d(ffa,ga)

d(ga, fa)d(ffa, ga)
1+d(ffa,ga)

d(ffa, fa)d(fa, ga)
1+d(ffa,ga)

+C(ffa)

+ D( ffa)

+ E(ffa)
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d(ffa, fa)d(ffa, fa)

= A(ffa)d( ffa, fa)+C(ffa) 1+d( ffa, fa)

that is,
| d( ffa, fa) [< A(ffa) | d(ffa, fa) |

< C(frayld( T, ) d(fla, fa)|
11+d(ffa, fa)|

Since |1+d(ffa, fa) |>| d(ffa, fa)|,
we have |d(ffa, fa) |< (A+C)(ffa)|d(ffa, fa)|, a contradiction, since (A+C)>1.

Hence ffa = fa = gfa. Thus fa is common fixed pointof f and g.

Finally, we show that the common fixed point is unique. For this, let U and V be two common fixed point of f and g
such that U # V.

that is

Since |1+d(u,v) [>|d(u,v)]|,

we have |d(u,v)|<(A+C)(u)|d(u,Vv)|, acontradiction, since (A+C)>1.
Hence f and g have a unique common fixed point.

Corollary 2.9. Let (X,d) be a complex valued b-metric space with the coefficient S>1 and let f and g be
self mappings satisfying the following:

0 X coX,
@ f and g satisfy E.A property and f and g are weakly compatible,

(i) (SA+C)g(x) <1,

y 4(9x fy)d(gx gy)

av) d(fx, fy)T A(gx)d(gx, gy) +C(gx
1+d(gx,ay)

(10)

forall X,y in X.
Then f and g have a unique common fixed point.

Proof. By putting B=D = E =0 in Theorem 2.8, we get the Corollary 2.9.

Corollary 2.10. Let f and g be self mappings of a complex valued b-metric space (X,d) satisfying all
conditions of Corollary 2.9 and the following:

d(fx, )9 C(gx) d(‘ix_; ;y();ix(ggxy,)gy)

forall X,y in X ,where (SC)g(x)<1.

(11)

Then f and g have a uniqgue common fixed point.

Proof. By putting A=0 in Corollary 2.9, we get the Corollary 2.10.

Corollary 2.11. Let f and g be self mappings of a complex valued b-metric space (X,d) satisfying all
conditions of Corollary 2.9 and the following:

d(fx, fy)T A(gx)d(gx, gy) (12)
forall X,y in X ,where (SA)g(X) <1.
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Then f and g have a uniqgue common fixed point.

Proof. By putting C =0 in Corollary 2.9, we get the Corollary 2.11.
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