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Abstract

Viscous stability criterion in a thin layer on a rotating sphere is studied. The case when the
fluid is inviscid was explained by Watson in 1981, the work was motivated by the idea
suggested by Drazin and Ried in their celebrated text "Hydrodynamic Stability’; here we will
investigate the model worked out by B. Sherif and C. Jones in the year 2005, and show the
necessary condition for instability which depends on the energy that is provided by the shear
motion of the fluid in spherical thin layer.
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1. Introduction

The primary goal of this paper is to obtain a stability criterion for the model that was studied
before [8]. In their work, they did set the equation for their model but did not explain the
viscous stability criterion when a disturbance is present in the fluid, the energy contained
within the disturbance must burst from the mean motion itself. To study the mechanism of
this transfer of energy between the mean motion and the disturbance one is important in
fluid mechanics. We will follow the same procedure adopted by Drazin and Reid [2]; the steps
are given by Synge [10]. His results were improved by Joseph [4]. The Orr-Sommerfeld
equation for our model is the essential equation for obtaining the sufficient condition for
stability [7 & 9]. The process will introduce an energy equation for two-dimensional
disturbances propagating in the direction of the basic flow. Hence in the next section we give
the governing equations of motion of the fluid, then in section 3 we state the boundary
conditions related to our problem. In section 4 we present the viscous stability criterion and
finally in section 5, we conclude with a brief discussion.

2. Governing Equations

We start, first, with the perturbation equation that has been introduced earlier [8] which is
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Note that when the right-hand side of the above equation is equal to zero, we get the
equation investigated by Watson [11], and where he obtained the onset of instability of the

differential rotation for his model. Our task then, is to find the energy equation for our model
and therefore to set the range for the point of instability for the wave that carried the energy.

We shall adapt the normal mode method to find the solution of Equation (1), and therefore to
obtain the position of growing or decaying waves as time progresses after an initial and
infinitesimal disturbance. Note that the above differentiol equation has coefficients

depending on 8 and (VH)Z, and therefore the solution will have an exponential form which is a
function of (@, t). In other words we look for a solution of the form

Y(2,6,t)= Y(B)e (2)
where lTJ(e) is the amplitude of ¢ and m is an integer which represents the longitudinal wave
number. The phase velocity of the mode is given by w =w_+ iw . Now if we let u = coscos 6 as a
new variable representing a new co-latitude and when substituting Equation (2) into Equation
(1), we get a simple ordinary differential equation for; (1) namely, we get
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Where the operator
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3. Boundary Conditions

As one can note that the Equation (3) has regular singular point at p =+ 1. Since the equation
is of the fourth order, we must exclude two singular solutions at p =+ 1.These conditions are

implemented by expanding the solution in terms of associated Legendre functions P:l(p)
which are neglected at p =+ 1. Hence, our boundary condition for our model is

(W is finite ot p =+ 1 (5)

Equation (3), with the boundary condition in Equation (), is called Orr-Sommerfeld equation.
This equation is to be solved for given differential rotation profile Q(coscos coscos 6 ); R is

Reynolds number and m is the wave number.
4. Viscous Stability Criterion

To obtain the viscous stability criterion for our model we refer the method outlined in the
hydrodynamic stability textbook by Drazin and Reid [2]. First, multiplying Equation (1) by the

conjugate of ~, which is lTJ ; then taking the integral over pue[— 1, 1]. We get
R R 1 o 1 )
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As we claimed. Note that we used the integration by parts and the vanishing of 1 — uz at the
boundaries. Therefore, Equation (6) becomes

i 1 ~ 2 1 s 1 ,
m_’i_fl L] dn = _fl(ﬂ - W)y L(W)dp - _fll |2dd—uz[ﬂ(1 — 1H)]dp. ®)

Since the second term of the right-hand side of Equation (8) is real, the imaginary part of this
equation is then
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Now consider the integral
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which is the some as
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Again, we have used integration by parts and the vanishing terms ot p = +1 in evaluating this
integration. Now the imaginary part of the RH.S. of Equation (11) is simply

w _}1[(1 - uz)‘ﬂd:i “ i%%ll_]du - Im{f—ljj (1-un )—WL } (12)

From Equation (9) and Equation (12) we obtain
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We can see that the denominator is always positive and therefore for R to be negative (to
indicate stability) we need to have

1 ~ 1 o~
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For small R, itis clear that Equation (14) will be satisfied and so the system must be stable.
Physically, this means that if the system is very viscous, disturbances must decay away. We
now seek to establish a definite value of R = R__ = such that we can prove that the system is
stable for all R <R _. We Know, from complex analysis, that Im (z) = i%L then the RH.S. of
the inequality becomes
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Taking the absolute value of this quantity
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Then Equation (16) becomes
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Since the first and second terms on the RH.S. of the above inequality are positive, then we
can rewrite Equation (17) as
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Since the second term on the RH.S. of this inequality is positive. Hence, the RH.S. of the
inequality (18) informs us with the upper bound for w. What remains to show is the condition

under which
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If we let
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Then the inequality (19) becomes
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a is either zero or positive. Furthermore, if we write the inequality (20) as
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then the inequality still holds because all the terms in the sum are positive or zero provided
that
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Now note that since
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respectively. So stability is guaranteed if

R <M, (22)
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This establishes the low Reynolds number bound. For R, satisfying Equation (22) the flow must

be stable, so all the plots of growth rate as a function of Reynolds number must have the
property that the growth rate is negative for R, less than the value in the inequality (22). Note

that higher-m modes become stable because of the leading order of m.

It is to be noted that viscous stability is still of importance in many areas; for instance, in
biology where asymptotic and viscous stability of large-amplitude solutions of a hyperbolic
system is of importance [4].

Conclusions

The stability criterion for hydrodynamic differential rotation of viscous flow in our model
requires low Reynolds number. This is due to the energy driven by the interior waves to move
the fluid particles after the initial disturbance.

The critical point for stability in our model is when R, <L'Z+1L . The steps that we have
used to obtain the critical point for stability are given in Reference [2]. Moreover, viscous
stability keeps being an important subject till recently; for instance, in getting asymptotic and
viscous stability of large-amplitude solutions of a hyperbolic system arising from biology [6]
or in the study of viscous stability and instability when polymers are involved [5]. Moreover, an
applicable method is introduced recently to verify global stability of a laminar fluid flow
against all perturbations [3]; another recent work is on the electro-hydrodynamics stability [1].
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