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ABSTRACT 

The present paper attempts to obtain the optimal solution for the fuzzy transportation problem with mixed constraints. In 
this paper, authors have proposed a new innovative approach for obtaining the optimal solution of mixed constraint fuzzy 
transportation problem. The method is illustrated using a numerical example and the logical steps are highlighted using a 
simple flowchart. As maximum transportation problems in real life have mixed constraints and these problems cannot be 
truly solved using general methods, so the proposed method can be applied for solving such mixed constraint fuzzy 
transportation problems to obtain the best optimal solutions.  
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Illustration of proposed algorithm using numerical example. 

INTRODUCTION  

The most successful and noteworthy contribution of quantity analysis for solving business problems erstwhile in the 
physical distribution of products and services, is commonly referred to as transportation problems. The main objective is to 
minimize the cost of shipping goods from one site to another so that the requirements of each arrival area are met and 
every shipping site operates within its capacity. 

The Transportation problem finds wide application in various industry, communication network, scheduling, planning 
transportation and allotment etc. The transportation problem was initially developed by Hitchcock [2] in 1941. In 
conventional transportation problems it was assumed that decision maker is sure about the exact and precise values of 
transportation cost, availability and demand of the goods. However, in real life applications, the situation and conditions 
are different since various parameters of the transportation problems may or may not be known precisely due to various 
existing uncontrollable factors. This type of imprecise and vague data may not always be well represented by random 
variable selected from a probability distribution. Therefore, fuzzy numbers introduced by Zadeh [1] may help in 
representing this kind of data. Method of fuzzy decision making, thus, is needed for real world problems. Fuzzy 
transportation problem (FTP) may be defined as the problem of minimizing fuzzy valued objective functions with fuzzy 
source and fuzzy destination parameters. At the same time in real life, most of the problems have mixed constraints but 
one use the FTPs for optimal solutions with equality constraints. However, the FTPs with mixed constraints are not 
addressed in the literature because of the rigor required to solve these problems optimally. A literature review about mixed 
constraint FTPs revealed no efficient method for finding its optimal solution. The More-for-less (MFL) paradox in a FTP 
occurs when it is possible to ship more „total goods‟ for less (or equal) “total fuzzy cost‟ while shipping the same amount 
or more from each origin and to each destination, keeping all shipping fuzzy costs non-negative. The mixed constraints 
transportation problems under crisp data have comprehensively been studied by many researchers in the past [3], [4], [5]. 
In 1974, Bridgen [10] considered the transportation problem with mixed constraints. Bridgen solved this problem by 
considering a related standard transportation problem having two additional supply points and two additional destinations. 
H. Isermann [9] studied transportation problem with mixed constraint and develop its solution technique in 1979. Gupta et 
al. [7] and Arsham [6] in 1992 obtained the more-for-less solution, for the TPs with mixed constraints by relaxing the 
constraints and introducing new slack variables. While obtaining the best more-for-less solution, their method is very 
difficult to understand since it introduces more variables and requires solving sets of complex equations. In 1998 Adlakha 
et al. [14] obtained a quick sufficient solution to the More-for-Less paradox in the transportation problem. Later in 2000, 
Adalkha and kowalski [22] provided a technical note on the procedure MFL for a more-for-less solution in transportation 
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problems. In this note they modify the procedure to address issues raised by readers for their paper in which they obtained 
a quick sufficient solution to the More-for-Less paradox in the transportation problem, the method though efficient, does 
not provide specific directions in some instances. In 2001, Adalkha and Kowalski [13] developed a heuristic algorithm for 
solving transportation problem with mixed constraints, which was based on the theory of shadow price. In 2006, Adalkha 
et al. [12] provided a heuristic algorithm for solving transportation problems with mixed constraints and extend the 
algorithm to find a more-for-less (MFL) solution, if one exists. Adalkha et al. [11] in 2007 developed a simple heuristic 
algorithm to identify the demand destinations and the supply points to ship more for less in fixed charge transportation 
problem. Pandian and Natrajan [8] have developed fourier method for solving transportation problems with mixed 
constraints in 2010. They converted all the constraints in less than or equal to type constraints and eliminated variables 
one by one with addition of a specified constraints. In 2012, Joshi and Gupta [21] discussed the identification of more-for-
less paradox in the linear fractional transportation problem using objective matrix. Pandian and Anuradha [18] have 
introduced path method for finding a MFL optimal solution to Transportation problem in 2013. Pandian et al [15-17] also 
studied new method to solve transportation problem with mixed constraints in 2014. In 2014 Osuji George et al. [19] 
discussed an efficient statistical algorithm for computing paradox in linear transportation problem if paradox does exist. 
Kavitha and Anuradha [20] in 2015 proposed a new algorithm for finding the cost sensitivity analysis which determines the 
interval of perturbation to keep the current more-for less (MFL) optimal solution to the transportation problem remaining 
optimal.  

In the present paper authors have attempted to find the optimal solution for fuzzy transportation problem with mixed 
constraints using Improved VAM method. In literature maximum work is done for the transportation problem with mixed 
constraints under crisp data but in real life problem there is existence of only fuzzy data. In this paper, we are using 
Triangular Fuzzy numbers and for the comparison of triangular fuzzy numbers we are using the ranking function. 

The present paper is organized as follows: In Section-2 few basic definitions, arithmetic operations of Triangular Fuzzy 
numbers and method for comparing fuzzy numbers are reviewed. Section-3 is Mathematical formulation of fuzzy 
transportation problem with mixed constraints. In Section-4 the Proposed Algorithm and the logical representation of 
algorithm using flowchart are given. In Section-5 Numerical example is solved explaining the algorithm. Section-6, 
presents the significance and conclusion of the present study.  

PRELIMINARIES 

Fuzzy Set 

A fuzzy set is characterized by a membership function mapping element of a domain, space or universe of discourse X to 

the unit interval [0, 1] i.e.  = {(x,  (x); x   X}, here  (x): X → [0, 1] is a mapping called the degree of membership 

function of the fuzzy set A and  (x) is called the membership value of x ε X in the fuzzy set A. These membership 

grades are often represented by real numbers ranging from [0, 1].  

Triangular Fuzzy Numbers 

It is a fuzzy number represented with three points as follows:  

Ã = (a1, a2, a3), this representation is interpreted as membership functions and holds the following conditions  

(i) a1 to a2 is increasing function. 

(ii) a2 to a3 is decreasing function.  

(iii) a1 ≤ a2 ≤ a3. 

 

 

                           

                           0                                  𝑥  < a1 

                                         a1 ≤ 𝑥  ≤a2 

          (x)=                              a2 ≤ 𝑥  ≤ a3  

                           0                                   𝑥 > a3  

 

Fig 1. Triangular Fuzzy Number 

Properties of Triangular Fuzzy Number 

1) Triangular fuzzy number Ã = (a, b, c) is said to be non negative triangular fuzzy number Iff a-c ≥ 0  
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2) A triangular fuzzy number Ã = (a, b, c) is said to be zero triangular fuzzy number Iff a=0, b=0, c=0.  

3) Two triangular fuzzy numbers Ã1 = (a1, b1, c1) and Ã2 = (a2, b2, c2) are said to be equal Iff a1= a2, b1= b2, c1 
=c2. 

Arithmetic Operators for Solving Triangular Fuzzy Number  

If  = (a1, b1, c1) and = (a2, b2, c2) two triangular fuzzy numbers then the arithmetic operations on   and  are as 

follows:  

Addition  +  = (a1+a2, b1+b2, c1+c2)  

Subtraction  -  = (a1-a2, b1-b2, c1-c2)  

Ranking Function 

A ranking function is defined as 

R: F(R)  R 

where F(R) is set of fuzzy numbers defined on real numbers mapping each fuzzy number to real number. 

In 2012, Akyar et. al. [23], gave a convenient method for ranking triangular fuzzy numbers based on their incenter and 
inradius. To compare triangular fuzzy numbers authors used lexicographical order by their ranks, that is, for triangular 

fuzzy numbers  and , <  iff Rank ( ) <L Rank ( ), where <L denotes lexicographical order. 

 Let  = (−0.3,−0.2, 0.1) and  = (0.2, 0.3, 0.4). Using 

[44], we find 

 = 0.1633,   = 0.0905 , 

 = (−.1195, 0.1633),   = (0.3000, 0.0905) , 

and  we get 

Rank( )=(−0.2012,0.8367,−0.2),                   

Rank( ) = (0.2548, 0.9095, 0.3) . 

Since (−0.2012, 0.8367,−0.2) <L (0.2548, 0.9095, 0.3) 

we conclude that  < (as shown in figure) 
 

MATHEMATICAL FORMULATION OF FUZZY TRANSPORTATION PROBLEM WITH 
MIXED CONSTRAINTS 

Let 𝑚 be the number of sources and 𝑛 be the number of destinations. Suppose that the cost of transporting one unit of the 

commodity from source 𝑖 to the destination 𝑗 is  Let  be the quantity of the commodity available at source 𝑖 and   be 

the quantity required at destination 𝑗. Thus  ≥0 and   ≥0 for all i and 𝑗. Then the general formulation of the 

transportation problem with mixed constraints, as described by Pandian and Natarajan [10], is as given in table 1 

Table 1: Transportation problem with mixed constraints 

 
1 2 3 ……. n Supply 

1 c11 c12 c13 …… c1n ≤ / = / ≥ a1 

2 c21 c22 c23 …… c2n ≤ / = / ≥ a2 

3 c31 c32 c33 …… c3n ≤ / = / ≥ a3 

…
 

…
 

…
 

…
 

…
 

…
 

…
 

m cm1 cm2 cm3 …… cmn ≤ / = / ≥ am 

Demand ≤ / = / ≥ b1 ≤ / = / ≥ b2 ≤ / = / ≥ b3 …… ≤ / = / ≥ bn 
 

If  is the quantity transported from source  i to destination j then the transportation problem is written  

as  

 

                                               Minimize    Z=  
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Subject to                           ,             i= 1,2,3………………m 

                                             ,             j= 1,2,3………………n 

                 0 

The above formulation represents a Linear Programming Problem (LPP) with m x n variables and m + n constraints. If the 
LPP is small, we can solve the problem by using any simplex method, but in practical life LPP can be very large, which is 
difficult to solve by analytically. This type of problem can be solved very easily by using computer programming.  

Remark 1 

If all constraints are of equal (=) sign, then the problem becomes the transportation problem with equality constraints. 

ALGORITHM 

This section demonstrates the proposed algorithm. This algorithm is illustrated by the authors with the help of a numerical 
example in next section.    

PROPOSED ALGORITHM 

Step 1: Balance the given transportation problem if either (total supply>total demand) or (total supply<total demand).  

Step 2: Obtain the TOC matrix. (The TOC matrix is obtained by adding the "row opportunity cost matrix" (row opportunity 

cost matrix: for each row, the smallest cost of that row is subtracted from each element of the same row) and the "column 
opportunity cost matrix" (Column opportunity cost matrix: for each column of the original transportation cost matrix the 
smallest cost of that column is subtracted from each element of the same column))  

Step 3: Determine the penalty cost for each row and column by subtracting the lowest cell cost in the row or column from 

the next lowest cell cost in the same row or column.  

Step 4: Select the rows or columns with the highest three penalty costs (breaking ties arbitrarily or choosing the lowest-

cost cell).  

Step 5: Compute three transportation costs for selected three rows or columns in step 4 by assigning as many units as 

possible to the lowest cost square in the row or column selected.( If the assignment unit contains sign, then assign as 

lowest unit as possible. If the assignment unit is of  sign, then assign the possible maximum value.) 

We will follow the following Table to assign the supply and demand unit. 

Table 2: Chart to assign Supply and Demand units 

SUPPLY (  DEMAND (  ASSIGNMENT 

= = Min (  

= 
 Min (  

= 
  

  
0 

 
= Min (  

   

  Min (  

 
= 

 

   

 

Step 6: Select minimum transportation cost of three allocations in step 5(breaking ties arbitrarily or choosing the lowest-

cost cell).  

Step 7: Eliminate the row or column that has just been completely satisfied by the assignment just made. 

Step 8: Repeat step 3-6 until all requirements have been meet. 

Step 9: Compute total transportation cost for the feasible allocations using the original balanced-transportation cost matrix.  
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Step 10: Check the optimality of the solution obtained using MODI method. 

LOGICAL REPRESENTATION OF ALGORITHM USING FLOWCHART 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

START 

READ  ai, bj, cij and all mixed 

constraints  

Obtain TOC matrix by adding the ROC and COC, which are obtained by subtracting the lowest 

cost from each entry in each row and lowest cost from each entry in each column respectively 

Subtract the lowest cost in row or column from the next lowest cost in same row or column to 

obtain the penalty cost 

Identify the row or column with highest three penalty costs 

Assign as many units as possible to the lowest cost square in the row or column 

selected. 

IF ai is = 

constraints? 

IF ai is ≤ 

constraints? 

IF bj is =  or ≤ 

constraints? 

No Yes 

IF bj is ≥ 

constraints? 

SUM = SUM + cij x min (ai, bj) 
max(ai, bj) = max(ai, bj) -  min(ai, bj) 

SUM = SUM + cij x  bj 
ai = ai -  bj 

Y 

Y 

N 

IF bj is ≤ 

constraints? 

N 

SUM = SUM + cij x  0 
ai = 0 ,  bj = 0 

Y 

IF bj = 

constraints? 

N 

SUM = SUM + cij x min (ai, bj) 
max(ai, bj) = max(ai, bj) -  min(ai, bj) 

SUM = SUM + cij x  ai 
bj = bj -  ai 

N Y 

SUM = SUM + cij x min (ai, bj) 
max(ai, bj) = max(ai, bj) -  min(ai, bj) 

SUM = SUM + cij x  ai 
bj = bj -  ai 

Y 

N 
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NUMERICAL EXAMPLE 

Consider the following fuzzy transportation problem given below. All the data in this problem is represented by triangular 
fuzzy numbers. The problem is solved by the method proposed by the authors of this paper. The X clothing group owns 
factories in three towns that distribute to four dress shops (A, B, C, D). Factory availabilities projected store demands and 
unit shipping costs are summarized in the table 3. 

Table 3: Tableau representation of Numerical problem 

 A B C D Supply 

Town 1 (9, 12, 15) (1, 4, 7) (6, 9, 12) (2, 5, 8) = (50, 55, 60) 

Town 2 (5, 8, 11) (0, 1, 2) (3, 6, 9) (3, 6, 9)  (35, 40, 45) 

Town 3 (0, 1, 2) (1, 2, 3) (1, 4, 7) (4, 7, 10) (25, 30, 35) 

Demand = (35, 40, 45) = (15, 20, 25)    

 

Using step 2 the TOC matrix obtained from table 3 is shown in table 4 given below 

Table 4: Tableau representation of TOC Matrix 

 A B C D Supply 

Town 1 (17, 19, 21) (1, 3, 5) (10, 10, 10) (1, 1, 1) = (50, 55, 60) 

Town 2 (10, 14, 18) (0, 0, 0) (5, 7, 9) (4, 6, 8)  (35, 40, 45) 

Town 3 (0, 0, 0) (2, 2, 2) (1, 3, 5) (6, 8, 10) (25, 30, 35) 

Demand = (35, 40, 45) = (15, 20, 25)    

 

Using Table 2 the first allocation made with the minimum transportation cost of three allocations (using step 3-6) we 

obtain table 5 given below 

Table 5: Tableau representation of the first allocation using proposed algorithm 

(17, 19, 21) (1, 3, 5) (10, 10, 10) (1, 1, 1) = (50, 55, 60) 

(10, 14, 18) (0, 0, 0) (5, 7, 9) (4, 6, 8)  (35, 40, 45) 

(25, 30, 35)           (0, 0, 0) (2, 2, 2) (1, 3, 5) (6, 8, 10) (25, 30, 35) 

= (35, 40, 45) = (15, 20, 25)    

 

Eliminate any row or column that has just been completely 

satisfied by the assignment just made. 
If all shipments 

are complete 

Print SUM 

Yes 

STOP 
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Now eliminating the third row the second allocation is made similar to that as done in table 5. Second allocation is shown 

in table 6. 

Table 6: Tableau representation of the second allocation using proposed algorithm 

(17, 19, 21) (1, 3, 5) (10, 10, 10) (1, 1, 1) = (50, 55, 60) 

(10, 14, 18) (15, 20, 25)      (0, 0, 0) (5, 7, 9) (4, 6, 8)  (35, 40, 45) 

= (10, 10, 10) = (15, 20, 25)    

 

Similarly all other allocations can be made using the proposed algorithm and the final table obtained is shown in table 7 

below. 

Table 7: Tableau representation of best feasible solution 

 A B C D Supply 

Town 1 (9, 12, 15) (1, 4, 7) (35, 35, 35)            
(6, 9, 12) 

(15, 20, 25)           
(2, 5, 8) 

= (50, 55, 60) 

Town 2 (10, 10,10)                     

(5, 8, 11) 
(15, 20, 25)                   

(0, 1, 2) 
(10, 10, 10)             
(3, 6, 9) 

(3, 6, 9)  (35, 40, 45) 

Town 3 (25, 30, 35)                 
(0, 1, 2) 

(1, 2, 3) (1, 4, 7) (4, 7, 10) (25, 30, 35) 

Demand = (35, 40, 45) = (15, 20, 25)    

After applying proposed algorithm, X13 = (210, 315, 420), X14 = (30, 100, 200), X21 = (50, 80, 110), X22 = (0, 20, 50), X23 = 
(30, 60, 90), X31 = (0, 30, 70) and the best feasible solution obtained for this problem is X0 = (320, 605, 940). Using step 
10 the optimal solution obtained is also X0 = (320, 605, 940). 

SIGNIFICANCE & CONCLUSION 

1) This is a new method for solving transportation problem of More-For-Less (MFL) solution with mixed constraints. 

2) The solution obtained using the proposed algorithm is very close to optimality and is among the most effective to tackle 
the difficult real life problems at hand. Moreover, the optimal solution obtained is fuzzy in nature, which is more realistic.  

3) The algorithm does not require any deep knowledge and understanding of complex concepts like linear programming or 
goal and parametric programming, etc. 
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