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ABSTRACT

The aim of this paper is to develop useful rigorous results related tothe gradient observability and sensors. The concept of
gradient strategic sensors is characterized and applied to the wave equation. This emphasizes the spatial structure and
location of the sensors in order that regional gradient observability can be achieved. The developed results are illustrated
by many examples, Finally The reconstruct method leads to a numerical algorithm illustrated by simulations.
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INTRODUCTION

Various reals problems can be formulated within certain concepts of distributed systems analysis. The concepts consist of
a set of notions as observability controllability, which enables a better knowledge and understanding of the evolution of the
system. The observability concept has been studied at different degrees (exact observability, weakly observability).
Systems analysis can be done from a purely theoretical viewpoint (see[1] and [5]). But the study may be also become
concrete in some sense, by using the structure of sensors. Recently, the regional observability concept has been
developed in Zerrik and El jai (see[2]). It consists in observation of the initial state defined only in a subregion w < 2 and
then it was extended in Zerrik (see[7] and [10]) to the case where @ is a part of boundary 0Q of Q . This concept was
extended in Bourray (see[6]) to the regional gradient observability that is interested in observation the system gradient
given on a part @ of Q . Characterization results of the notion of weak and exact controllability and observability as well

as strategic actuators and sensors, are established (El Jai (see[2] and [4])), Zerrik and al. (see[6] and [9]), Boutoulout
(see[8])and Badraoui (see]]). But the almost of these works, the problems are focussed on the systems of parabolic type.
The purpose of this paper is to give characterization of the gradient observability for hyperbolic system in connection with
sensors structures. More precisely we show that there exists a sensor locations which enable a system regional gradient
observable.

The work is organized as follows, in section 2, we introduce the notion of regional weak and exact observability of
hyperbolic systems. Then in section 3, we introduce the notion of sensors strategic. Specific properties of this notion

are presented and various situations are also examined. In section 4, we give applications to the wave equation with
illustrative examples in one and two dimension.

2. REGIONAL GRADIENT OBSERVABILITY
2.1.Problem statement

We start by presenting the notations and some preliminary material. Let Q be an open bounded subset of
IR" (n =1, 2,3) with regular boundary 6Q and @ a subregion of Q. For T >0, we note Q =Qx]0,T[,
¥ = 00x]0,T[ and we consider the following hyperbolic system defined by

%(x,t):Ay(x,t) in Q
y(x,0)=y°(x)%(x,0)=y1(x) in 0 (1)
y(§,t):O on X

where A is an elliptic and second order operator. The system (1) is observed by measures given by

the output function
2(t) =Cy(t) (2)

with C: Hé(Q) — IRY operator linear and depends on the considered sensor structure. Consider the observation space

O =L%(0,T,IRY) and assume that (y°,y') e X = H(Q) x H3 ().

y(t)
o - |y ~ |0 1
yt) = %(t) .y —{y}andA—{A 0}

For (y;,¥,) eF =L2(Q)xL?(Q) the system (1) is equivalent to

. o
a(t)—Ay(t) O<t<T (3)
y) =y

augmented with the output function
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7(t) =Cy(t) (4)
with C = (C,0) defined by C(y°,y*)" =(Cy°,0)", the system (3) has a unique solution which can be expressed as
Y(t) =S(t)y° where (S(t))so is the semigroup generated by the operator A.

Let's consider a basis of eigenfunctions of the operator A , denoted (ij ,with associated eigenvalues A, with multiplicity

r.,, we can write for (y;,y,) eF

| M8
I M3t

i 1 1 1
<y1,®mj>c05(—im)2t+(—/1m) 2<y2,<1>mj>sin(—ﬂbm)2t}l>m.

§(t)(y1): m 1J 1_ J
y2 r E 1 l
—(—/1m)2<y1,cl>mj )sin(—ﬂm)2t+<y2,<bmj >cos(—/1m)2t}cl>m_

J

M8
| M7

m=1j=1
then the output equation can be expressed by
Z(t) =CS(M)y =K(®)y, t€l0,T[

where K be the observation operator defined by

K: X — 0
Z — CS()z
which is linear and bounded with the adjoint K* given by
—%
K :0 - X
o T

7 5 [ §SOCT (M
0

Consider the operator ﬁ .given by the formula

VIH§(@QxHg(©Q) — (LX) x(L* ()"
(Y1, Y2) B V(L Ya) = (VY1 VY,))

where
ViHi (@ - ()"
oy oy
vy=(—,..,—
= (6x1 X,
Its adjoint V" is given by
V@) (@) - HA(©)x H (@)
(Y1, Y2) B V(YY) =(V Y=,V ¥, =V,)

where Vv; (i =1,2) are the solutions of the following Dirichlet problem

—div(y;) in Q
0 on 0Q

>
(|
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The initial state 70 and its gradient 6)70 are assumed to be unknown.

For a nonempty subset @ of € with positive Lebesgue measure, let Za) be the restriction operator defined by

7, @) x(@)" - (@) (@)

(Y1:Y2) B 2V ¥2) = (2 Y10 7, Y2)
where
X, (@) = ()"
S x,6=¢1,
and

7, Q) > (@)
EP X5 =51,

*
and ;?w denotes its adjoint operator, defined as follows

7?:0 HL (@) x (L (@)" > (@) < (L (@))"

{(yllyz) in

(yl,yz)Hﬂ?z,(yl'yz): 0 in (Q, )

Let us recall that sensors form an important link between a system and its environment. Sensors have an active role and
are used to receives the information of the system. This means that the sensors will appear as a right-hind side member of
a model, their structure will depend on the shape of the support, the location of the support and the spatial distribution of

the measure. A sensor is mathematically de_ned by a pair (D, f), where

1. DcQ isthe support of the sensor.

2. f is the spatial distribution of the measure on the support D . In the case of pointwise sensor(internal or
boundary), D is reduced to the location {b} of the sensor and f =4J(.,b) where §, is the Dirac mass
concentrated inb .

Problem statement

The system (1) together with the output (2) , the problem of gradient observability of the reconstruction gradient of the
initial condition in the subregion @ < Q . This is a natural extension of the observability concept.

Then we introduce the operator H = 7, VK™ from O into (L*(@))" x (L*(w))".

Let us recall some de_nitions about the regional observability of the gradient.

Definition 1

1. The system (1) together with the output (2) is said to be exactly gradient observable in @ or exactly G -
observablein @ if  ImH = (L%())" x (L?(w))".

2. The system (1) together with the output (2) is said to be weakly gradient observable in @ or weakly G -

observablein @ it ImA = (L2(0))" x (L2(@))".

Definition 2

1. Asensor (D, f) is said to be gradient strategic in @ if the observed system is weakly G -observable in @ .
2. Asequences of sensors (D, fj)<i<q . is said to be gradient strategic or G -strategic if there is one sensor

(D, fi,) which is gradient strategic.

1359 | Page Aug 10, 2013



&)

3. SENSORS GRADIENT STRATEGIC

Consider the system (1) and assume that the measurements are given by way of sensors (Di' fi )1<i <q
The output equation is then given by:
2(t) = Cy(t = (2,0, (@) (5)

with D, ={b} and f = 5(.—bi) in the pointwise sensor.
and D; = Q with f e L?(D;) for the zonal sensor.

We assume that (CDm]_ )]Sjgm ms1 form a complete system in H3(€2), orthonormale in L2(Q).

More we assume that r =supfr,, <o, so we have the following
m

Proposition 3

The sequence of sensors (D, f;)<i<, is G -strategic in @ if and only if

. qzr

. rang(G,y0)=r,, vm=>1

n oo, i
X <aTJ’ fi)LZ(Di) in the zone case
k=1
where (Gp);j = N o
) L (0) in the pointwise case
k :1 an

with 1<i<qg and 1Sj£rm.

y _
and yp=| i | with ' =(r5t*) i=1...r, and m>1
mr
Vo
M = (D =1..,r. and j=>1
7(0 mi’ AR R | J

P10 )
Proof

We show that if rang(G,y0) =T,,, ¥m >1, then, the system (1) together with the output (2) is weakly G -observable
in .

—o*_* . * o o 2 n 2 noo > _o*
We suppose that KerKV Z #{0}, then thereexists z =(z ,z2° ) e(L(®))" x(L°(@))" with (z- ,z° )#0 and
—_—— * *
KV 7,z =0. with
_* * * gk * ok
Zp? =(x, 2 2, 2
xx I - *
:(;(a)zl v X gyl 1 X gl v Z gy )

And then
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= Z Z Z (7 Zqu) ,)cos(— )2t
m= 11—1k 1

I 1
+ () 2<;2sz Dy ) Sin(=p,

=0 Vi=1l..q
with <;( zk,QD 0= ; § 7wmk(zk @) 2() i=12 , then
I=1s=
— K _k gk % o In n I im, o 1
KV 2,z 27)= X ¥ X [Z > M (D) 2,y COS(—Ap )2t
:11_1k 11>1s=1
Il O | Im 1 GCD
2 S L e, O )
I=1s=1
=0 Vi=1l..q
1 4
For T large enough the functions {sin(—4,)2(.),cos(—4,)2 (.)},»; constitute a complete orthonormale set of 12 (0,T),
then
'm B T ™ P, s
YT X ™ D), (— T ep, =0 Vm21 Vi=l..q, Vk=1..,n
g s (@) X i7L5(Dy)
j=21s 21 K
fm o [ | o* aq)m .
Y X% eE Oy o e, =0 YM21 Vi=l..q, Vk=L..n
_ w )\ oy L*(D,)
j=ll=1s=1 K
> o In o 0
or Zk = Z Z Z z ]<Zk ¢)| >L2(a)) VK=1,...,n
m=1j=1k=1s=1

. 1* . 1*
it 22 #0then 3 ky, 1<ky<nl >1 and 1<s<p with (7 , D) =0

L* (o)

Let's consider :

A @

---(ZE::‘DHO ' '11>L2(a))

(z%*,(b| 1,2 2
L () L (o)
7 =
<211*1<D|1rm1)

o * o
O o )

() () ()

then we obtain G|1;/('}jzt =0 or Zﬁ #0, then rangG,lyz'}, # Ij, this is contradiction with rangG,,, =ty,, Ym=>1, and the

x
same for 22 € (L2(0))" and 22 #0.
Finally KerKﬁ*;?Z) ={0}, then the system (1) together with the output (2) is weakly G -observable in @ .

Conversely, we assume that there exist |1'>1 such that rangGI.yl) * rI , then, there exist
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1 K
IR 1o B 1
7. = and G,z =0

1 Ko n
PATRR JE R AN

' f * 2 n P
Let's consider z© € (L°(w))" satisfying

*
k
<Zﬁ ’(Dl's> Zpg

= vs=1...r,Vk=1...n

(zﬁ*,dns =0 Vl=l',vs=1...5, Vk=1...n

) 12(e)
*
Let's consider 22 e (L2(w))" satisfying

2* _ Sk — —
(Zg D) =z, Vs=1...r, Vk=1...n

L*(w)

2 o, =0 Vl=1'vs=1...1, Vk=1...n

>L2(CU)

, * * ok 3 _
As G,.yl)z,. =0, thenwe have z = (zl .22 )#0 and e KerKV*;?Z) (ie) the system (1) together with the output (2)

is not weakly G -observable in @ .
Finally, the system (1) together with the output (2) is weakly G -observable in @ then rangG,,y, =r, Vm=>1.

Remark 4

1. Proposition (3) implies that the required number of sensors is greater than or equal to the largest multiplicity of
the eigenvalues.

2. By infinitesimally deforming the domain, the multiplicity of the eigenvalues can be reduced to one (see[3]).
Consequently, the regional G -observability in @ can be guarantied using only one sensor.

3. The above result can easily be extended to the case of pointwise sensors(internal or boundary).

4. APPLICATIONS

Let us apply the previous results to the case of diffusion systems (1) in one or two dimensions with the output may be
pointwise or zone. The system domain will be €, =]0, a[ in one-dimensional space and €, =]0, d,[x]0, d, [

in two-dimensional space. The time interval is O, T[ with T >0 .

Let Q =Q.x]0,T[ and the boundaries X, = 0. x]0, T[.

4.1.Pointwise sensor

Let us consider the system with the output may be pointwise sensor (b, 5b)

2 ()= ay(x n Q i-12
Y0 =YL (10 =y() in O =12 (6)
y(£,1)=0 on %, i=12

4.1.1. One-dimensional case

Choose a region @ =]a, S[<]0,a[ In this case the eigenvalues and eigenfunctions of the system (6) are given by
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(7)

(=)

-m*z? 2 .
ﬂm—m,(pm(X)— mSlnmﬂ'
2k+1I 0<k< m—l}.
2m 2

the eigenvalues are of multiplicity one. we have
Corollary 5
The sensor (D, 8,) is G -strategic in @ if and only if (2% & o= U{
- m=1
measurement
- 1
el

2,

D
DD
— 2 Ay ay 1
Fig 1: Location of pointwise sensor.
p {hl 1<k < m}.
m
:U{2k+1| 0<k< m—l}.
m 2

G
m=1

m=1

Remark 6
e The system (6) is not weakly observable in ]0,a[ ifand only if = ¢ § = U
b
a

The system (6) is not weakly G -observable in ]0,a[ ifand only if = < S

[ )
We have SG < S, which shows that there exist sensors which are G -strategic without being strategic. +
4.1.2. Two-dimensional case
.. =
g2 . )g
~ - &
O < <k
Fig 2: Location of pointwise sensor.
The system (6) is considered by replacing Ql, 21 by QZ, 22 . In this case, the eigenvalues and the eigenfunctions for
the Dirichlet boundary conditions are given by
m’> n’ mzXx nzy
mn — _2+_2 ﬂz’qomn(x’ y): Sin sin (8)
d?  d: dd, d, d,

If—l2 ¢ Q, the multiplicity of 4, is I, =1 and one sensor may be G -strategic.
2013

Aug 10,

2
2
The output function is given by z(t) = y(b,t), with b = (&, ) € Q. Then we

have the following result.

Corollary 7
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The sensor (b, 8, ) is not G -strategic if there exist My, Ny € IN” such that

(%+&jsin(M+M}r:[%_&jsin[mﬂ_M]ﬂ
dl d2 dl d2 dl d2 dl d2

The proof derive immediately from proposition (3).

4.2.Zone sensor

In this case we consider the system (6) augmented with the output Z(t) = j y(X,t) f (X)dX which corresponds to
D
sensor located in the domain D .

In the one or two-dimensional cases, the eigenvalues and the eigenfunctions
are given by (7) or (8).
4.2.1. One-dimensional case
measurement

I 4 - % i
0 ay — I xy Ay +I o

2,4
Fig 3 :Location of zone sensor.
Assume that D =[x —/, X, +/]c Q and f € L*(D), we have the following result.
Corollary 8

If f is symmetrical with respect to the line X = X, , then the zone sensor (D, f) is not G -strategic if one of these
conditions is verified

%

i — e[ .
a

« mx, 1
ii. Thereexist Mell such that (—X1 _E) el .
a

4.2.2. Two-dimensional case

Y
measurement

i
i
|

Fig 4: Location of zone sensor.
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2
We assume that —12 ¢[] and r, = 1, then one sensor may be sufficient to ensure the gradient observability. In this

2
case we shall consider the following two situations.

4.2.2.1. A rectangular support

spatial
Support

——————————— 3> ofthe

sensor

digtribution of

the sensor

dy

a-l, a, aly

Fig 5: Location of zone sensor with a rectangular support.
Here the sensor supportis takentobe D=[a, —/,,a +/,]x[a, —¢,,a, + (,] = Q,, we have
Corollary 9

If f symmetrical with respect to the line X =@, and Y = a,, then the sensor (D, f)is not G -strategic if one of these

conditions is verified

a
. B ,—2el .
d, d,
. m 1 na, 1
ii.  There exist My,N, €[] such that (Lal——) el and (22-2)el.
d 2 d 40
4.2.2.2. A circular support
spatial
digtribution of Support
the sensor 2> ofthe
sSensor
\ [
Q. \ [
\ [
\ l
Crm ;‘,;i,,_IC,;Adm
— g
g o
d C1 d]

Fig 6: Location of zone sensor with a circular support.
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Let C=(C,,C,) be the center of the disk D = D(C, ) of radius I, then we have

Corollary 10

It f symmetrical with respect to the line X =C; and Y =C,, then the sensor (D, f)is not G -strategic if one of these
conditions is verified

i. &ED ,C—ZED
d, d,
* m n.,c
ii.  Thereexist My,N, €[] such that Lcl—l ell and 02 —1 el .
d 2 d, 2

The proof of corollary (8); (8) and (10) derive immediately from proposition (3).
This shows that regional gradient observability is linked to location of a disk center and the distribution of measures.
Remark 11

1. A sensor which is strategic is also G-strategic.

2. We note that the sensor support given above corresponds to real geometry of a sensor in difusion system. The
hypothesis of symmetry distribution is physically realistic. For example this would be the case if the sensor was

equally distributed over its support (T = 5)(,3) , where y, is the characteristic function and D < Q is the
zone in which the measurements are carried out.

3. From a practical point of view, the distributed system is most often approximated by a finite-dimensional system.

Then the conditions of the weakly G -observability can be also verified for the finite-dimensional system. For
instance, in the pointwise sensor case, if the system is approximated by a three-dimensional system, then the

condition of the non G -observability is % I, where 1, ={1/2,1/3,2/3} with f=0.
1

5. HILBERT UNIQUENESS METHOD

In this section, we present an approach which allows the reconstruction of the initial state gradient of (1) in @ . This
approach is an extension of the Hilbert Uniqueness Method (H.U.M.) developed by Lions and does not take into account
what must be the residual initial gradient in the subregion €2, ®.

Let's consider the set
G ={(h",h?) e (P(Q)"x(2(Q)"| h'=h*=0 sur Q, w}
V(L 2] (FY F2) e Hg(Q)x Ho ()}

For (¢°,¢") € Hy () x Hy(€2) , we consider the following system

2

it_f(x,t):Ag)(x,t) in Q

P00 =0 (0. L(x0) =) in 0 (9)
p(&,1)=0 on X

which admits a unique solution ¢ € C(0,T; Hé(Q)) NCHO,T; L2(QY). (see [5])
We develop our reconstruction approach in the case where the system (1) is observed by pointwise sensors.

Let us define the semi-norm on G by
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@ ) (@ P o =[ | (ijx—‘/)(b,t))Zdtr (10)

We introduce the auxiliary system

o’y o 0 dp L
2 (x,t)—Az//(x,t)+kZ:l:an (b,)5(x-b) in Q
zﬁ(x,T)zo,%(x,T)zo in O (11)
%(f-t)zo on X

ov

The solution 7 of (11)isin C(O,T;Hé(Q))mCl(O,T;LZ(Q)). (see [8)).
The resolution of the system (11) provides 17(X,0) =17°(X) and %// (x,0) =17 (x).

When the semi norm (10) is a norm, we also denote by G the completion of G and we consider the operator

*

A:G —> G
((50!@1) = P(_\ill’lilo)

¥ =Y

where P=yx%, and -
{\I—’O =W°,....7°%)

with ¥(x,0) = ¥°(x) and %(X,O) =¥ (x)

We introduce the system

(ZVZ (x.1) =Al/7(x,t)+kznl:%(b,t)5(x—b) in Q
W(X,T)zo,%—f(x,T) ~0 in O (12)
8_1/7(5,0 =0 on X

ov

it (#°,@") is chosen such that 17" =" and 17° =7° in @, then the system (12) looks like the adjoint of the system

(1) , and the regional gradient observability amounts to the conditions for solving the equation

A@°, @) =P (-9, ¥°) (13)

Pe =,...., )

Remark 12

N7 oy oy _
where {\Pl = (&£, El//) with i/ being the solution of (12)

Among choice of ¢° and @ who realizes 7° =7 and 7' =7* in @.

For 70 = yio and ' = yil, this choice is not unique but if we show that the operator A is an isomorphism then (13)

admit a unique solution ((bo,(ﬁl) which will coincide with (yio, yil) in .
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We consider the decomposition of the initial state as
0 1 .
o Iy in o 1y in e
=1 andy'=’ (14)
y, in Q\w y, in Q\w

and the decomposition of the gradient of the initial state as follows
v in o vl in o
vy° = ?0 and vyt = %1 (15)
y, in Q\w y, in Q\w
Proposition 13

If the sensor (b,5b) is G -strategic in @, then the semi norm (10) becomes a norm and the equation (13) has a

unique solution ((50, (bl) which corresponds to (yio, yil) the gradient of the initial state to be observed in the subregion
.

Proof

If the system (1) together with the output (2) is weakly G -observable in@ , then (10) defines anormin G

Let's consider (q)m) the eigenfunctions of the operator A, without loss of generality, we assume that the eigenvalues

A, are simple (see[3]).

Lets (@°,@") €G suchas| (@°, @M c=0, we showthat (¢°,%") =(0,0) ;| (@°,@ N o= Ogives

ZZ[@ D)y COS AN+ () 2 By Y, SIN(A)PE }Zq’ () =0

k=1 i=1

1 i
for T large enough the functions {(sin(—4)2t),.,, (COS(—4)?t),.,} form a complete orthonormal set in L?(0,T),

we obtain

@ ®>L2(Q)Zaq" ®)=0 and (¢, ®>L2(Q)z 2 y—0 vizl

or the sensor (b, ;) is G -strategic, then Z D, (b) 20 Vi=1 then (¢°, D, )= (¢", D, =0 Vi=1 which
%)

k=1 Xk
implies (¢°, ") = (0,0) then (¢°,¢") = (0,0)

We show that A is an isomorphism

0
Multiplying (11) by a—(p and integrating over Q , we obtain
X

[l <8"’( )0, (D) = ] <a¢(x 0 AG(X D), g

Lk, 3 22 20,0500,
Xy | =1

which gives
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T

{STT (X,t)’%(x’t»ﬁ(n)} <_ (6_¢ Gt w t)>L2(Q)}

0

+

ox, ot

_,00 ”
= (a (X, 1), A (X, t))LZ(Q) dt

L bt)z ¢ (b, tydt

]< . azf(xvt),lﬁ(x,t)>Lz(Q)dt
!
'([axk = OX

with the final condition, we obtain

200 a‘” 2 (x,0) a 8¢’ %2 (5,05, 0)

LZ(Q) L*(Q)

op -
A <A67 (X072 o,

Kk

- 6_(0 (x,1), A‘/7()(’t)>L2(Q)

k

+j iy (bt)za¢ (b, t)dt

X = O

Using the Green formula, we obtain

_<27(i (X, 0), 68‘[_‘/; (X, 0)>L2(Q) -+ <ia_<0 (X, 0)' 1/7()(, 0)> Lz(Q)

= j a¢ (b t)z 2‘/’ (b, t)dt

1=1

and then

(- (x 0.7 (x 0, (22 20 0);;¢ (X0 ey = j - (bt)zg;"(bt)dt

Thus
i a L) o 0¢ Nt O ", O
kzzl:«_&k(x’o)"”(x’o»'(&(X’O)E&k(x’o)»“(m = ;!&k(b’t).zﬂ:a_m(b't)dt
Finally
NG =] (Z‘*”(bt» dt

4 (9", ~1)" V(9" ¢")eG

which proves that A is an isomorphism and (13) has a unique solution which corresponds to the gradient of the initial
condition to be estimated in the subregion o .

6. ESTIMATION OF THE INITIAL CONDITIONS
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In this section we show how one can solve the equation (13) and we give explicit expressions for yio and yil in @ . which

can be used for numerical simulations as shown in the next section. Using standard optimization techniques, it is well
known that solving (13) is equivalent to the minimization problem

R(.5)=> SN ). (@7~ (P (¥ (0. F(0). (5°,7)
2 (16)
=1 . =0 4
j ( b, t)] dt+(¥,6°) —(¥ 5
=1

with P (¥ (0), ¥(0)) = (¥, %)

(¢, @
From ¢@(b,t) = Z {(q) ) )cosa/ t+ ——=- y_ st t:l(Dm(b)

n o nax (¢', ® m
We have > G_(b’t): SR {go (0] >cosa/ t+ —=- \/_ st t} (b)

I =19% I=1im=1
Then
2
2 Tl hE® (@D, . oD
T D dp = >3 | (@ @) cos Ay t+ =" sin A, t =" (b) | dt
J-(I 10% (bt)J '[O L:lm:l[ - Nt /m 28
1 ¢7( 0o _B¥-. il n f
we obtain lim — Pot|d== % {( e 2R ——¢ 1,q>m>2} D
T—)+®2TJO(| 16X|( )J 4m:1 % ﬂ'm g |_1a| ()

For T large enough we have

2 - n 2
Y bt di— ¥ | ®,)°-—(s"D, }[ P b]
ZI"[I 15X|( )j 4m:1{<¢ > ﬂmw ) 1=1 % i

o0 o0
Bt @00 = 3 (@, DD (x) and @ (X)= T (9, )P (X)
m

=) m=1
Then (0= 3 (X0 VD,() and  FX)= 3 (P D WVD,(X)
m=1 m=1
=< _ n (e’e) i oD
(PL3% = > X (p° o, X7, )
Ei l=1m=1 X
inally n o o,
(PO, oY= > X (o', D X2, v
|l=1m=1 X

inf T § {«po @ >2_i<¢1q> >2}{§ o, (b)T
4021 " "z

o0 n
+ 3 @0 T @ Py (g, cDm> z <‘° m>]

with separation of the variables we obtain
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n s n
inf z L«p @) (z (Dm(b)] +(@°, @) T (7 m>]
I

P’ m=1 =10 =1
© |[_T1 n o0 o 0D
inf % ——<qo1,c1>m>2[z m(b)} ~(¢' >z i
prm=1 4 /m =1 -1
n od ’ n
wehave Lo § S0 sif oy s Dm0 vmet
dp| 4 1=1 % 1=t &
which is equivalent to
Jl
<(/)°,CI>m>=—E ALY > Vm=1
T 0 oo
m
(b)
= 1 8X|
Idem for
Js 0
(P Dy =—2m FLVOm) g

T n 2
{ oD, (b)J
| =1 8X|

and it is known that @ (X,t) = kZ Y D () with 7, (t) = pd (b)J' g ay (b s)sin H(s—t)ds
=1

but 7(4,0) = 7°(x) = kz @000t L (x0) =) = T DD, ()
=1 k=1

S Dy (b)

en 7’ = Z (bs)sm sds®, ()
th k 1\/—I \ﬁ k

o0 T N
and = > —®k(b)jo > g(b,s)cosaf—/lksds@k(x)
k=1 i=19%
. OO D, (b) n oD
finall (PO, Vo, )= > s 2 b, s)sm1/— sds(®d, ,—m) ,
inally | =1k = 1\/_21(_“ ( & ENCTAE)

n oD
and (PLVD,) = z Z —D, (b)j 8y (b s) cos /—ﬂk sds{(®,, —6Xm>"2(“’)
=1k =1 '

Finally we obtain the explicit formulae for the initial gradient yio and yil :

n
Iz kz RNOIN = ay (0,9)cos [ sy, s P
—1k =1 X

oD 2
! (% a”‘(b)}
=1 9%

0 Q\w

2
Y10 xX)= Tm

||M8

Vfl)m(x) Xew (17)
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2 © [ k°° ch(b)J. Z 6y(b s)sm\/deS(CDk' m>L2([u)
=1 1
| g VO (X)) X
yll(X)Z T m=1 m ( g: aCDm (b)Jz m( | - (18)
=1
. Q\w

These formulae are of interest for practical use. We can make approximations by considering only 1< m<M . The

terms Z 5 @, (b) are # 0O since the sensor is supposed G -strategic. +
= X
Let us the system (1) and the output function z(t)=Yy(b,t) beQ te[0,T] (19)

The purpose is to reconstruct the unknown gradient initial (yio, yf) using the output function (19) . The couple

(yf, yf)) is given by the formulae (17), (18) . We consider a truncation up to the order M , then we obtain

n M I [
ay oD,
5> |§1k21_®k(b).|. Z (b e _;LdeS«Dk'WhZ(M) VD
. __I__mzl = b ; m) xew (20)
{ > ax, (b)
Q\w
And
n
o ® I k q)k(b).[ Z (b s)sin =4, sds(®, , CI)m>L2(w)
_1 l
| i VD
oo ) Tmzlﬂm o 2 m®) Xxew (21)
> (b)
I'=1 %%
4 Q\w

We define a final error (depending on the choice of the sensor location (b) ) by considering
E? 0Y° 90Tt 0y’ — 7y (22)
The good choice of M will be such that E < & where & is precision test assumed to be small enough.
The general algorithm for computing yi° and yf is the following :
Algorithm:
1. Choice of the sensor location b and ¢ .

Repeat

Choice of the approximation order M .

Computation of y° and ¥, by the formulae ((20) and (21)).

v VvV Vv DN

M« M +1.
Until E<e¢.
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The estimated initial conditions ¥, and §,! corresponds to the initial gradient to be observed in the
subregion @ .
7. SIMULATIONS-EXAMPLE

In this section we present a numerical example, the results are related to the choice of the subregion and the

gradient to be observed. Consider the system.

o? o? .

at—zy(x,t) - 0.0lgz(x,t) in 10,x]0,T[

Y 0=y L0 =y'0 in 10l (23)
y(0,H)=y(1,t)=0 on ]0,T[

Let's consider @ =[0.20,0.80]and y°(x) = a(2x3 —3x2 +x)and y1(x)= LX(L—Xx)(2x 1) be the initial gradient to be
observedin @ .

For numerical considerations, « and £ are chosen in order to produce a reasonable amplitude for ylo and yll. Here the

output is given by means of a pointwise sensor Z(t) = y(b,t) with b = 0.54 and T — 6, then we obtain the
following figures.

.25

0.20

015

0,170

0,05

P ST I I

0. 00
-0.05

-0,10

i S |

-0.15

0. 20

' |

A o
0.25 ' 3 T 3 T

Fig 7 : The exact (continuous line) and estimated (dashed line) state gradient In @ .

Fig 8 : The exact (continuous line) and estimated (dashed line) speed gradient in @ .
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The reconstruction is obtanied with error equals to: E =1.72x1072.

For @ = €2 we have the following results :

0.25

0,20

0.15

0,170

0.05

0,00

0,05

-0,.10

-0,15

| BV BT IOUR Il (A ) W Ok T

-0,20

Q.0 0.2 Q.4 0.6 0.8 1.0

Fig 10 : The exact (continuous line) and estimated (dashed line) speed gradient in @ .

7.1.Reconstruction error- subregion area

Here we study numerically the dependence of the gradient reconstruction error with respect to the subregion area of @,
we have the following table.

Table 1: The reconstruction error with respect to the subregion area.

The subregion Reconstruction error
o, q 4.8672x1072
10.10,0.90 3.7339x1072
10.15,0.89] 2.6591x1072
10.25,0.89 1.8642x107°
10.20,0.80[ 1.7255x1072
10.24,0.78 1.2939x1072
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From Tablel, we note that the reconstruction error and the subregion area increase or decrease. This means that the
larger the subregion error is the greater the error is. The G -observability is realized by means of one pointwise sensor
located at b = 0.54 . The results are similar for other types of sensors.

8. CONCLUSION

In this work, we studied the notion of regional gradient observability of hyperbolic systems in connection with the sensors
parameters. The obtained results are applied to the wave equation in one and two dimensional cases and which give
characterization of sensors location. The obtained results are illustrated through numerical example and simulations and
can be extended to the boundary case.
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