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ABSTRACT

In 2013, a new subclass of cyclic Goppa code with Goppa polynomial of degree 2 is presented by
Bezzateev and Shekhunova. They proved that this subclass contains all cyclic codes of considered
length. In the present work we consider a Goppa polynomial of degree three and proved that the
subclass generated by this polynomial represent a cyclic, reversible and separable Goppa code.
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INTRODUCTION

The Russian mathematician N.V. Goppa [2] proposed an extended class of BCH code that is known
as Goppa code. This class contains BCH codes as a special case and also meets the Gilbert bound
for long n. After the existence of these codes, it is possible to design an error processor modeled on
Peterson’s BCH error processor. The Sugiyama, Hirasawa and Namakwa error processor, derived
from Euclid’s algorithm was actually designed for these classical Goppa codes, after that Goppa
extending his definition by means of algebraic curves over a field. This new geometric class of code
contains many explicit codes that exceed the Gilbert bound. These codes have an efficient
decoding algorithm and also useful for applications in cryptography.

THE GOOPA CODE:
Let F = £ be the finite field, let g(z) be a polynomial over field E and let P={ 1, ...... iy be the

set of elements with the condition that none of ; is root of g(z) . then the Goppa code is defined as
the set of codewords d £ F™ such that

S(z) = &% 5= (mod g(z)). [2]

ij=1 (z—p ;'_I

Definition 1: A code C is called reversible if for any codeword d= (d, ds. .. d, )E C the code also
contains the codeword d = (dy,, dy—1.... d1,) € C [1].

Definiation2: A Goppa code is called separable if the Goppa polynomial g(x) does not have multiple
roots [1].

Bezzateev and Shekhunova [4] presented a subclass of Goppa code and proved that all reversible
cyclic codes, defined by a polynomial g(x) = x* + Ax + 1 with the roots 1,a=! where & € GF(2")
are separable Goppa codes. However the subclass of code with g(x) of degree greater than 3
remains an open problem. In this paper, we proposed a subclass of Goppa code by extending the
degree of g(x) =x + Ex?+1 with the roots w, w™! and w™> and location set L= {1 i1 v iy}, We

prove that this subclass is a cyclic, reversible and separable Goppa code.
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2: EXTENDED SUBCLASS OF CYCLIC REVERSIBLE SEPARABLE GOPPA CODES

We consider a location set P and Goppa polynomial G(x) of degree 3. Any codeword (X1, Xz....... Xn)
of code (P,G) Code satisfies the condition E;‘?:,:_x:- = 0 without having to add additional rows and

columns to the parity check matrix.

The (P,G) code is given by the following

G(x) = x* + Bx*+1 (2.1)
= (x—w)ix—w {x—w™?) where B € GF (q™) \{0} and location set L= {1, 7 cue oty
contains in GF(@™\ @™\ GF (@) W1} wi=gu ,un=1, pf =ul=u., also

Gug ) =0,p; = u;¥i =]

The Goppa polynomial (1) can be written as

G(X) =(x —wlix — w x—w™)
Suchthatw +w™t+w ™= = —B 2.2)
Given that B € GF (q°") it is apparent that wl +w T 4w = —F

Then(w?” — w)(w? 1 — 1)(w?™2 = 1} = 0, therefore

Wi =w (2.3)
wi =1 (2.4)
wi =] (2.5)

Theorem 1: The redundancy of (P,G) Code defined by (2.1) does not exceed 3m+1 and the parity
check matrix of this code has a row of 1’s .

Proof: we proof our result by using the proposed technique | n [4] .the parity check matrix of the
code is

il 1 1

pi+Bul+1 7T MR FEpR 1 upTBui+1
19 M-z Hn

H= pi+Bp+1 7T wR . TEBui .1 uptBuy+l
ui i ui

wi+Buf+l 0 uf . tBuf 1 wR+Bug+

The linear combination of the first , second and third rows of the matrix gives a row of 1's

[ pi+Bpi+d pho By +1 #?-.-E#?-_—‘l]

pi+Bui+1 T pE L 4Bpd 41 pE+Bui+l

=[1 1 1]
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Thus we discover that the parity check matrix of the code (1) can be represented by three rows

1 1 1
p+Bui+1 7 opi_ +Bui +1 ui+Bul+l
Hq Hu—q My
W+ Bui 41 7 Mao+Bupg+l ui+Bui+l
1 1 1

One of which is a row of 1’s and therefore the redundancy of the code is 3m+1.

Corollaryl: The (P, G,p4. 22 .3) Code , corresponding to the separable code (2.1) has a row of 1’s
in its parity-check matrix.

Theorem2: The proposed code (2.1) (P, G) code is a reversible code.

Proof: It is sufficient to raise every element of the matrix H to the power of g™

1 1 1
CuEeBpi1 7 pEo 4B 41 pR+Bal+d
My Hn-z Hn
#E—E;ﬁ_—‘l #:E';—:_E#::'-_—*__i H:E'-__E#::'-._i
1 . 1
r 1 1 1
(L3 +Bul+ g™ ™" (wd_y+Buy  +1g™ (w3 +Bud+ g™
Hq Hu—q Ly
(W3 +Bul+1)g™ " (ea—y +Bup_y + g™ (u+Bui+1)g™
L 1 il 1
r 1 1 1
pd_ +Bul  +1 77 pd+Bui+1  pd+Bul+d
1 Hq My
Wi +Bui +1 " Mg tBui+l  pi+Bui+l
L 1 1 1

Hence the code (1) is reversible.

Corollary2: The (P, G,p1.¥:.%3) Code corresponding to the separable code (1) is reversible if

Theorem3: The separable Code (1) with Goppa polynomial G(x) == {x — w){x — w ™ ){x —w ™ Jis a
cyclic, reversible Goppa code.

Proof: The reversibility of the code was proven in theorem 2.

Now for the proof of cyclicity of code (2.1) we will use the approach proposed in [4]

The parity check matrix of the code is
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1 1 1
1 1 1
=y W—pn-s w1l
H=| 1 1 1
u.l___#_ I.IJ_.'__#;\FL_ I.IJ___1
1 1 1
W, u.l_:_".o!;v-__ w— =1
r 1 1 1 T
w1 =1 wE=1
—w - ——w
— s LS o=
=| w21 _ -1 _ T _
— 1 d — 1 d — 1
I.IJ___#_ I.IJ___".‘!:FI__-'_ o __1.
w31 —a w1 w1 —a
— = = — = - — g =
Log ™ =— g [ e P w™ i1 -
ro1 1 17
aps—1 Gfn—s—1 1
= W= fn—y
= w1 s =1 1 (31)
TRy e T
T s RPN P |
Ha d Hr £ 1
ST WS s -
: wp=1 il I i T piaT3=1  pjwT -1
Obviously * , — 7 = and ——
LTy WTEop Wiy w=d—p i

Now let us consider three possible cases (3), (4) and (5) for the Goppa polynomial G(x)

T
Casel: w® =w

First for w
(u.n,:eg—‘l*.l"—"”l-: ,:4:'%.:—‘1
w—p A et
_ ST
opi—1
i
— (u.l'.o!l 1||
ci—pgp A
A I AR .
This implies [ == =1 foralli=1,2...n.
wi=1 - . . ..
Let we assume that —— — = p; it is obvious that the number of different elements g; distinct from
o m g4+l
the unitis equalton —1=g" and g’ =1
Then for w™?!
[#im—i_ixllqmzﬁi—'_m—'__i
Wt/ Wt
W
piwT =1
i T — .1
:[—F!‘_f ! I|
WIS
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,'.4-'...:“1—1‘ '-':'m_'l
(B=—) =1 foralli=12..n
TS
. . pia -1 o =17 -1 —1
And in addition =— :[ — | =p.
S S )

Finally for ™=
m

[#im—:_i'\llq - (“"#L_il"l_:

- Fi

wmEp L=

C e —E 1~\.qm_:
[*““’ " =1,foralli=1,2...n
e

. . '-'u_l_:—'l o —1% -2 _"
And in addition ©=— = ( ) =pt
e w4 *
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The parity check matrix of the reversible separable Goppa code of the length n= g™+ 1 and

generator polynomial g(x) with g(u*)=0,1=0,18&2, 1 € GF(g™), ,u'*"-m‘i = 1lis represented as
1 1k 1
H= 21w Pp-r 1 (3.2)
Tlect w1 '
I W
Case2: w? “2=1 since the polynomial G(x) should not have roots among the elements of the

location set u: = GF (@°™)\ (¢°™)\ GF (™) Y{1,2}, _u'fm_: -1

First for w
o _ o
(u.lp!{—'lxul i uEsEeel
w—pi b @ i-ut
I
piwTi=1
_ 1-pje®
pi—e®

1—piw?®
Let us we assume that —— = ¢
pi— o
Then for w™?

m ..
(mur'-—i*.l"? _mi w1

—A e ZT_ T
T g s =

_wiomg

-1

pi—a®

1-pest
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:@g_i

Finally for w2

Proceed like above we get

=i ixﬁ'm 1 T
[.J-.u-' ) =[ rz-_-u1 2@—:

T hmp pi—w? )

Therefore the parity check matrix of reversible cyclic code of length n= g™ — 2 and generator

polynomial g(x) withg (#*)=0,1=0, 1 &2, u € GF(g™), pi" =1 s represented as
1 e 1 1
@1 e Ppg 1
H— @1—1 s C,-'J:;l-l l (33)
ort e 1

Case3: w? ~1=1 in this case, the code length n= g™ — 1 | since the polynomial G(x) should not

have roots among the elements of the location set «; = GF (q*™)\ (¢°™)\ GF (q™) {1}, _ufm_1 =1

Let us now examine the elements of a parity check matrix of such a code:

(m#:—._ixllfe'”;_ #;Lm_:_i
w—p; 1 0 ....n"——,u:_-_:
wpii—1
T wmp
wi—1 .y £ :
Let = = ; :GF:__Q"'},f0r|=1,2...n

W

And same as in the previous case for w™! and w™?

-1 2 2

We get “'f___:i = (“’i:1 and“i“_’:__;__1 = (“’i:1 . The parity check matrix (6) of such a
reversible separable (L, G) Code is:

1 S | 1

5, , 1
H— 5\-1—1 ol 5:}1 l (34)

8y 2 e |

This the required matrix of a reversible cyclic code of length n=g™ — 1 and generator polynomial
g with g(pi)=0,1=0%1&2,u EGF(g™), pT 1=1,

Hence we are done.

Theorem4: The Code (P , G, 1y, f:,t3) whose gernator polynomial G(x)=

-

((x—w)) (x —w™1) 1

- . —_—Ty - - .-, . m —
J7ix —w™ )% and location set P == { i1 4z o fiyy), With condltlon_u'f = U

and none of u; is root of G(x) is a cyclic Goppa code.

Proof: The Code (P, G, t1, t2.%t3) has the parity check matrix H is expressed as
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1 1 1
=y W=n—s w1
1 1 1
Cea—pegdFs leo—pin—o )02 (aa—1)Fz
1 1 i
H= Wt @t i1
1 1 1
PR L P VL.
1 1 1
[ el Y u.l_:—,'..h-l__ w— =1
1 1 1
L{ *—,'_.ea_:'fs I:|_._|_=—,'_.e:,____-f'= (ea—2—1)Fz |

r 1 1 il T
s —1 Ghpdn—e—1 w—1
Ty G- w—1

(u;,_—1)*'— (u;ﬁ_ —1) 1 -
L= - (u—l:l
.'.o!-'_LIJ_L_:I- L w =1
| et (AT i1
(#-w __1).: : (#n—'_'--'_:—i)rz (u—’——i )rf
Wi E T w— =1
pawTi=1 i e B!
w™Imp, L T w™ -1
(#»_u“—i)rs D et A (u‘=—1 )
Sl i T w1 &
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Taking in to account of theorem 3 , the parity check matrix of the (P , G, 1, t;.f3) can be

represented in three cases as:

(a) For the case wl = w

T

=

!
. AT

a

|

=
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1 ... 1 1
_|PL e Prma l—H @.1)
“ler o paoy 1 R '
Pi T Ppeg 1
where “52 = o and t=max. (ty o ts) fori=12..co..n.

the parity check matrix (9) represented the reversible cyclic code of length n=g™ + 1 and

Generator polynomial g(x) with g(u*)=0,1=0,1 &2 , u € GF(g™) , pu? 1=1

(b) For the case w? =1
ro1 1 17
1 W—1 1
@y @1° 1
=l =1l
H r':‘l:l‘_l_ P 1
P17° Pn-1" 1
E'5'1._: ':."Jr_!—:‘l 1
Ly Ty C."-"r!—‘l_ﬂh l-
Where ﬂ = @, The parity check matrix of reversible cyclic code of length n= g™ — 2 and
pi—ow®
generator polynomial g(x) with g () =0,1=0, +1 &2, u € GF(g™), u? =1,
(c) Forthe case w? ~1=1
Similarly the parity check matrix in this case is
o1 1 17
'5"‘1 Ii:'-|.1'!—1 1
8 1 & 1
5 5.1 - .
Hl 1 "t 11 where ——=GE GF{g™), fori=1,2...n.
ﬁi_r' ) 5_“_—1_r 1
g " S 1
_51_::-5 . 5_,,!_1_::-' l_
Hence we are done.
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3. Conclusion:

The present search will give birth to some other interesting subclasses of Goppa codes .In
the next paper we will work on Goppa polynomial of degree 4 and also try to find the
conditions for the existence of nonreversible cyclic separable Goppa code of degree 3 and
more.
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